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PREFACE 


The Kinetic Theory of Gases, developed by Clausius, Maxwell and Boltz- 
mann, has since those days expanded so widely and deeply that the name 
is now entirely inadequate, and its descendent theory may be held to cover 
all those properties of matter in bulk which may be referred to its atomic 
constitution. The theory is not concerned with the properties of individual 
atomic systems — that is a matter for Quantum Theory — but with all 
properties displayed by large collections of such systems interacting with 
one another, so long as these properties are recognizably dependent upon 
the properties of the individual systems or their laws of interaction. One 
may hope that the ultimate content of the Descendent of the Kinetic 
Theory of Gases will be the whole field of the properties of matter in bulk — 
treated of course from the atomic standpoint and derived from atomic 
properties and the atomic constitution of matter. But as yet this field is 
not co-extensive with the properties of matter in bulk ; it is more restricted 
and may be conveniently described as the field of the (Uomic projierties of 
matter. Examples of properties which still fall outside the field are 
properties of fluid motion in gases or liquids, and the elastic and plastic 
properties of solids. Some such distinction will doubtless remain a per- 
manent feature of theories of the properties of matter, for even when 
possible it will surely not always be convenient to treat all properties as 
atomic. It is unnecessary to attempt any more precise definition of these 
two fields; in practice no difficulty ever arises in distinguishing between 
them. 

The old Kinetic Theory of Gases has thus developed into The Atomic 
Theory of the Properties of Matter in Bvlk. In so doing it has bifurcated 
into (i) The Theory of the Properties of Matter in Equilibrium, and (ii) The 
Theory of Transport Phenomena, including theories of other rates of change 
such as Chemical Kinetics. The former branch is commonly referred to, 
perhaps rather inaccurately, as Statistical Mechanics. This branch has 
proved the easier in which to progress. Its field is coterminous with that of 
Thermodynamics, and its theorems have something of the same generality, 
hftin g true no matter by what mechanism the equilibrium state in question 
may be reached or pteserved. It is with this branch that we shall be 
mainly concerned in this book. Since the explicit introduction of the 
atomic structure of matter into Thermodynamics by this theory often 
leads to the direct and precise evaluation of thermodynamic functions, 
i nn liiHi n g various constants of integration undeterminable in classical 



viii Preface 

thermodynamics, and to a clearer understanding of the content of thermo- 
dynamic theorems, we have called the book Statistical Thermodynamics, 
The title covers adequately its contents except for the chapter on Chemical 
Kinetics. This subject belongs properly to a treatise on the second branch, 
but it does not lie conformably on an exposition of the theory of Transport 
Phenomena in Gases, which is the only other section of the second branch 
as yet well developed. Since moreover at this preliminary stage the 
application of equilibrium properties to further the study of chemical 
kinetics is peculiarly simple and direct, and since this subject is of particular 
interest to many students of Physical Chemistry, whose needs we have 
particularly in mind, it seems proper to include some account of it here. 

The title Statistical Thermodynamics could almost as well have been 
applied to the monograph Statistical Mechanics (the theory of the pro- 
perties of matter in equilibrium) by one of us, of which a second (enlarged) 
edition has recently been published. But it appeared to us that there were 
cogent reasons for preparing the present version of the theory in a form 
more suitable for the t3q>e of student whom we have in mind. Statistical 
Mechanics contains considerable sections of purely astrophysical interest, 
and many passages devoted entirely to mathematical details of the proofs 
of the required theorems. Moreover, on many occasions it deliberately 
avoids the use of ordinary thermodynamic methods. For many students 
of Physics and Chemistry all these features are far from advantageous. 
We have therefore tried to present here a modified version of Statistical 
Mechanics, in which the theory is developed, as nearly as may be, parallel 
to Thermodynamics, so as to be complementary to a presentation of that 
subject. Mathematical details of proofs are taken for granted, and the 
applications confined to terrestrial physics and chemistry. At the same time 
we have attempted to keep the book up to date by including an account of 
progress made during the past three years. 

Our book then is so far as possible a link between pure Thermodynamics 
and pure Statistical Mechanics. It differs from Classical Thermodynamics 
in that the thermodynamic functions for the assemblies and phases with 
which we deal are not left unspecified, or to be derived solely from measure- 
ments, but are always constructed a 'priori by the application to particular 
molecular models of the fundamental theorems of Statistical Mechanics 
with which we start. We are thereby limited to substances or phases of not 
too great a complication, but within such limits benefit from the greater 
detail provided by such models. At the same time our book differs from 
most expositions of Statistical Mechanics in that once the laws of Thermo- 
dynamics have been derived, full use is made of them wherever this seems 
advantageous. We believe that no such extensive exposition making full 
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use of all available a 'priori evaluations of thermodynamic functions has 
yet been attempted, although their employment has become increasingly 
frequent and successful. 

We have referred above to the generality of the fundamental theorems 
of statistical mechanics. These theorems lay down the rules by which the 
equilibrium state of an assembly and its thermodynamic functions are to 
be calculated. They are formulated here in Chapter i, but their truth is 
assumed without further analysis. Our present interest lies solely in their 
applications. Their truth, however, is far from obvious or elementary, and 
they merit profound analysis, which leads to a field of study quite distinct 
from the field of this book. We have been the more willing to omit all 
reference to any such analysis of the fundamental theorems for two reasons. 
In the first place, an adequate discussion requires a book of much the same 
size as our discussion of the applications. In the second place, just such a 
book, almost entirely devoted to a study of the foundations, has recently 
been written by Tolman (Foundations of Statistical Mechanics, Oxford, 11)38), 
and the student who wishes to study this field cannot do better than turn 
to Tolman. 

In accordance with the utilitarian nature of our book, we have tried to 
give sufficient references to enable the reader to find more detailed in- 
formation on the subjects discussed, but we have almost entirely omitted 
references with regard to that part of the theory which has now become 
classical. In using experimental data for comparison with theory we have 
tried to select the most reliable and accurate data and have not included 
data which are now of merely historical interest. 

We wish to thank all our friends and colleagues who have so freely 
given us the benefit of their expert knowledge. Unfortunately they are 
too numerous for us to mention them all, but we are particularly indebted 
to Dr M. Blackman, Dr R. A. Buckingham, Dr T. S. Chang, Dr H. Jones 
and Professor F. Simon. 

It is a pleasure to acknowledge the unfailing helpfulness and efficiency 
of the Cambridge University Press. 

For mathematical proofs or finer details we shall frequently refer the 
reader to Statistical Mechanics (Cambridge, 1936), which will be denoted 
by S.M. For derivations of classical thermodynamic formulae we shall 
give references to Modern Thermodynamics by the Methods of Willard 
Qibbs (Methuen, 1933), of which we have adopted the thermodynamic 
notation with only a few alterations; this book will be denoted by M,T. 

R. H. F. 

E. A. G, 
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Boltzmann’s constant 
Avogadro’s numbor 
Mass of molecule with unit molecular 
weight 

(Charge of electron 
Mass of electron 
Syjeed of light 
Planck’s constant 
Bohr’s magneton 

• Birgo, Phya. Soc. Rep. 


I -380 X 10“^® erg deg."^ 

6 023 X 1()23 molecule molo~* 

1- 60() xl0-“g. 

4-8025 X !()“»« e.s.u. 

9-107 xl0“28g. 

2- 998 X UP** cm. sec."^ 

6-624 X erg sec. 

9-273 X 10 ^^erggauss"^ 

r. Phya. 8, 90 (1941). 


Conversion factors of various energy units to centigrade degrees 
~ 7-244 X 10*® deg. /erg — 1-4385 deg. /wave number 
= M605 X UP deg. /electron volt. 

=NA' = 8-314 X 10’ erg deg.“* mole.~* = 8-314 joule deg."* mole."* 
= 8-205 X 10" ^ litre atm. deg."* mole."* = 1-986 cal. dog."* mole."* 

Two numerical factors frequently required 

= 3-25 (100/3fT)* cm.® m mass of molecule in g. 

M chemical molecular weight. 

h^lHn^AkT = 39-6/10®® AT A moment of inertia in g.cm.® 


In the table below the symbols for the chief thermodynamic functions are 
correlated with those used by other authors. 
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CHAPTER 1 


INTRODUCTION 

THE FUNDAMENTAL ASSUMPTIONS OF 
STATISTICAL MECHANICS 

§ 100. Introduction. The object of Statistical Mechanics, or the theory 
of the properties of matter in equilibrium, is to derive the properties of 
matter in bulk from the known or assumed atomic structure of matter and 
the laws of interaction between its constituent atoms. The properties of 
matter in bulk exhibited to our senses, even when reinforced by the most 
sensitive instruments, are the properties of large collections of individual 
atoms. The behaviour of an individual atom or molecule is never here in 
question, only the result of the combined behaviour of the multitude. The 
establishment of the pro])erties of individual atoms and their laws of inter- 
action is no part of the programme laid down for statistical mechanics. This 
is the programme of the quantum theory, and in this book all such properties 
and laws as are required may be assumed to be known. At the present time 
much indeed is known in this field, but there are still vast gaps in our know- 
ledge, and in the absence of direct information we may and shaU make any 
definite assumptions concerning such properties and laws as may seem 
reasonable and compatible with the general body of exact knowledge. 

A particular homogeneous piece of matter may be a gas, a liquid, a solid, 
or a surface film. In the case of a gas we have to deal with a collection of more 
or less independent atoms or molecules which only occasionally interact 
sensibly with one another. In the case of a solid the atoms or molecules arc 
very far from being nearly independent, but we can often analyse the motions 
of the atoms into nearly independent vibrations of the solid in its normal 
modes. In other cases such an analysis into nearly independent systems may 
be less accurate or at present practically im})os8ible. It will then be found 
that progress in the application of statistical mechanics becomes in- 
creasingly difficult. In fact, progress made may in general be measured by 
the extent to which it has been possible to analyse the states and motions 
of the complex material into the states and motions of suitable almost 
independent systems. For this reason a convenient habit has grown up of 
referring to the matter under discussion as an Assembly of Systems. The 
systems may or may not be atoms, but whatever they are, their properties 
are determined by quantum theory and are assumed to be completely 
known. The assembly contains a large number of systems, and the deter- 
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mination of the observable equilibrium properties of the assembly, under 
given laige scale conditions, is the primary object of statistical mechanics. 
In the most recent successful applications, the distinction between the 
assembly and its constituent systems is sometimes impossible or incon- 
venient to preserve. The assembly may then be taken to consist of a single 
system, but in that case the system itself is a complicated one, and possesses 
a very large number of possible states densely distributed in energy. The 
necessary treatment will be found to be unafiFected. Though the description 
of matter as an assembly of a very large number of systems is thus inessential 
and not always convenient, it will tend to clarity to use it, wherever pos- 
sible, and we shall do so through aU the earlier chapters. 

As we have already said, the behaviour of an individual system in an 
assembly, for example an atom of helium in a litre of helium gas at normal 
temperature and pressure, is never in question here. This is a fortunate fact, 
for the behaviour of the individual atom is impossibly complicated by the 
numerous interactions with the walls and the other atoms of the gas, and 
no matter whether we try to calculate its behaviour by the laws of quantum 
mechanics, or, in the simpler limiting case, by the laws of classical mechanics, 
we find its course equally impossible to follow. Its quantal course, it is true,- 
is not a definite trajectory like its classical course, but this can scarcely make 
almost complete confusion any worse confounded. It is therefore at first 
sight somewhat surprising that the relevant properties of an assembly can 
be successfully calculated, when the individual behaviour of any one of its 
systems lies far beyond the power of our analysis to determine. A little 
reflection, however, shows one that one’s surprise is unjustified and that in 
fact one is familiar with similar states of affairs in everyday life. For in the 
first place in determining the relevant molar* properties of the assembly 
we are stating incomparably less about the assembly than if we could specify 
the complete trajectory of a single atom, a specification which would actually 
involve specifying the trajectories of all the atoms. In the second place, 
such a determination of molar properties is really (as we shall soon see) a 
statement of the average or most probable behaviour of a large number of 
systems, and significant statements about averages are familiar to us in 
everyday life in the practice of insurance companies. It is completely im- 
possible to say whether a given man of thirty, now alive and in apparently 
good health, will or will not die within the year. But it is at the same time 
perfectly possible to state accurately the average number of such persons 
in the present population of Great Britain who will so die, or in other words, 
the chance of death within the year to which each individual is subject. 

• By motor we mean the properties of the matter in bulk or of the assembly as a whole; in the 
example chosen, its pressure, heat capacity, and atomic distribution laws. 
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§ 101 . The first fundamental assumption of statistical mechanics. 
The atomic structure of matter. We have probably already made it 
sufticieiitly clear that statistical mechanics starts with 

Assu7)iption 1 . The atomic constitution of matter. 

To-day this hardly ranks as an assumption, but it is relevant to start by 
recalling that it is made, since any reference to atomic constitution is 
foreign to classical thermodynamics. 

An atom itself is of course not a simple system, but consists of a nucleus 
and a set of electrons in motion about the nucleus. It is often necessary to 
take explicit account of the electronic structure of the atom (or the molecule) 
in statistical applications, thougli not in the simplest of these. The electrons 
of all atoms have identicial properties and a negative charge which we 
denote* by — | ^ | . Each electron has also a spin with angular momentum 
\(hj2n), where h is Planck’s constant, which may be oriented either parallel 
or antiparallel to any applied field. The nucleus has a charge -i- Z | e j, where 
Z is the atomic number. The behaviour of the atom or molecule is given in 
detail by quantum theory and we shall assume that any properties we 
require have been so determined.! 

The above analysis of atoms into electrons and nuclei may not always be 
sufficient for the needs of a statistical problem. The nucleus itself (except 
for hydrogen) is not a simple system, but is composed (probably) of Z 
protons and A Z neutron.s, where A is the mass number, that is the nearest 
integer to the atomic weight of the specu^s of atom in question on the 
chemical scale. In some applications of statistical mechanics it is necessary 
to take explicit account of the detailed structure of the nucleus, but this is 
seldom or never necessary in applications to terrestrial physics or chemistry. 
All that is commonly necessary for such problems is to remember that the 
structure of the nucleus may manifest itself through the nuclear spin. We 
may be required to allow for various nuclei having various possibilities of 
orientation. It is fortunate that we require no further detail, or else the 
a])plications of statistical mechanics to terrestrial physics and chemistry 
would be held up for lack of a sound theory of the more detailed structure of 
the nucleus; just as this lack is likely to hold up many astrophysical applica- 
tions. 

The comments we have just made should make it clear that the first 


• There is thus no danj^er of confusion as to whether the symbol e denotes the algebraic or the 
numerical charge on the electron. 

t There are many excellent expositions of Quantum Theory, some of which will be familiar to 
most of our readers. Those who have not already read a standard work of this type may find it 
convenient to refer to Pauling and Wilson, Introduction to Quantum Mechanics <McGraw-Hill. 
1935). This book contains all the qiiantal formulae that we shall require tp use. 
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assumption of statistical mechanics would be more correctly described 
thus: 

Assuinpiion /. Matter is composed of electrons, protons and neutrons. For 
ordinary purposes the protons and neutrons may be regarded as combined into 
a number of 2 >ermanent nuclei of definite constitution, internal energy and spin. 
Any assembly is therefore strictly to be regarded as an assembly of a large 
number of electrons, protons and neutrons, whose behaviour is controlled 
by the laws of quantum mechanics. In more refined discussions than any 
w^e shall attempt here, })08itive electrons, negative protons, quanta of 
radiation and possibly neutrinos may also have to be admitted. This 
extension of the field actually causes no formal difficulty when it is necessary. 

As we have already mentioned, what we, as terrestrial physicists and 
chemists, require to know about such an assembly is what will be the 
ordinarily observable properties of the matter it represents when left to 
itself to conic to equilibrium with its surroundings. 

We know , to start with, that the assembly obeys the laws of quantum 
mechanics, and that, in suitable conditions frequently reahzed in practic^e, 
these laws may be taken to reduce to their simpler limiting form, classical 
meclianics. We shall assume without proof any general results of quantum 
or classical mechanics necessary for the discussion here, and it will be con- 
venient now to summarize the more important of these, which form the 
basis for Assumption II of statistical mechanics shortly to be introduced. 

§ 102. General nature of the states of an assembly. The assembly of 
electrons, jirotons and neutrons, or of electrons and nuclei, is a part of all 
matter. All other matter in the universe may naturally be idealized into 
fields and walls which are regarded as a more or less conservative* field of 
force under w hose influence the assembly has certain properties which we 
wish to determine. Under such conditions the equation of Schrodinger for 
the assembly can be set u]) and in })rinciple solved. If the assembly is con- 
tained in a finite volume with suitable walls, it is known that the quantal 
equation of Schrodinger admits of discrete eigen values E^, • • • of the 

energy, to each of which there correspond one or more distinct solutions of 
the equation wdiich are called eigen functions. The eigen functions them- 
selves are often not of primary importance in statistical mechanics; what 
is here of primary importance is the mere fact that such solutions exist, 
representing possible states of motion of the assembly. Such states of motion, 
which are of fundamental importance, are called stationary states or simply 
states. By a state in this sense we always mean a state of motion corre- 

* By conservative we mean that the field of force ia derived from a potential energy which is a 
function of position only and is independent of time. 
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spending to some one distinct solution of Schrodiiiger’s equation for the 
assembly — to each solution one state and vice versa. For a large assembly of 
ideally almost independent systems there may be a very large number of 
eigen functions and therefore of states corresponding to any one })os8il)Ie 
energy value of the assembly. For other large assemblies there will be in 
any case a large number of states corresponding to eigen values of the energy 
ill the range E, E -}- dE. It is in any event more natural to discuss a 
small energy range than an exact energy, since no actual assembly is really 
subject to exactly conservative fields of force, but is continually losing and 
gaining small amounts of energy to its surroundings by atomic encounters, 
even in an equilibrium state. 

We therefore consider our assembly with a given energy or range of 
energies, to which there corresponds a large number of possible states, and 
have next to ask how suc^h an assembly will behave according to the laws 
of quantum mechanics. 

If Schrodinger’s equation which we have set up to describe the complete 
assembly were exact, and if it included exactly every interaction between 
the systems of the assembly and every interaction with walls and outside 
bodies, then in principle we could suppose it to be exactly solved and every 
eigen value and eigen function would then belong to a true stationary state 
in which the assembly (genuinely isolated) could persist for an indefinite 
time. The properties of the assembly would then be the properties of this 
single stationary state. Such a state of affairs however is never actually 
realizable even to the roughest approximation. In the first place we have 
neglected radiation and radiative processes in the formulation of Schro- 
dinger’s equation, and have assumed that all the interactions of the assembly 
with the external world can be represented by conservative forces. It is in 
principle impossible to represent the possible interactions with radiation 
by any time-independent conservative fields of force; nor can the action of 
the actual walls and external systems be represented by time -independent 
terms in the potential energy. The result of this is that it is impossible for a 
strictly conservative Schrodinger’s equation to be set up, and the exact 
solutions, apparently possible in principle, are actually in practice illusory. 
The most that is possible even in principle is to set up and solve exactly an 
approximate Schrodinger’s equation, which must be regarded in principle 
as subject to time-dependent disturbances, technically known as perturba- 
tions, inevitably causing transitions from one would-be stationary state to 
another. Thus it is in principle never the properties of a single (true) sta- 
tionary state that concern us, but some sort of average over, or selection 
from, a large number of stationary states, all perhaps of the same energy 
or distributed over a small energy range. 
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Now that we have been forced to admit the principle that it will never 
be possible for any assembly, with which we are concerned, to be regarded 
as existing ^permanently in a true stationary state, no matter how assiduously 
we set up and solve Schrbdinger’s equation, we may frankly admit that in 
j)ractice Schrodinger's equation could never be set uj) and solved to the 
required accuracy. When in practice we actually set up and solve 8chro- 
dingcr’s equation for an assembly, we could never aim at such refinements. 
We rather aim to set up an equation of sufficient accuracy which can actually 
be sufficiently accurately solved. Its eigen values and stationary states are 
necessarily only apf)roximate, and transitions between the stationary states 
are necessarily present, due to all the neglected interactions, which now 
include for convenience some interactions (more or less weak or infrequent) 
between the systems of the assembly itself. But the state can be nearly 
stationary, the eigen values good approximations to the best possible for 
the assembly; the properties of the assembly can be sought for by averaging 
in the correct manner over the properties of the right selection of these 
approximate stationary states. 

We are now confronted w ith the following situation. We have set up and 
solved the approximate Schrodinger’s equation for the assembly, the errors 
in this equation being represented by perturbation terms, which con- 
tinually induce transitions amongst the group of stationary states for the 
approximate Schrddinger’s equation, lying in a more or less strictly defined 
energy range. We may regard such a formulation as exact in principle, since 
there is nothing in principle to prevent an ideally exact formulation being 
made of the perturbation terms. For time -dependent terms are now admis- 
sible, while they were not admissible in an exact equation w hich was to 
possess perfect stationary states for its eigen functions. Such an assembly 
left in unaltering surroundings may theoretically be expected to present 
certain features, invariable to our senses and instruments, which we may call 
its observable equilibrium properties. Since in fact assemblies always do 
})resent such invariable features, we shall if necessary make use of this fact, 
in default of rigorous proof, that such properties of the assembly must exist 
and are determinable. It only remains to determine from our assumed 
knowledge of the properties of the individual stationary states of the 
assembly what its actual observable properties must be. 

Here we meet the essential difficulty, for we have to find out how to 
select the correct stationary states, whose properties will dominate and 
determine the observable properties of the assembly. We have to decide 
whether the assembly, when left to itself in the w^ay already specified, tends 
to settle down mainly into one or other of a small preferred group of sta- 
tionary states, whose properties are or control the equilibrium properties 
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of the assembly; or whether it shows no such discrimination, but wanders 
apparently or eflFectively at random over the whole range of stationary 
states made accessible by the general conditions of the problem. In the 
latter case the equilibrium properties of the assembly can only be those of 
the vast majority of stationary states, and we can only hope to calculate 
equilibrium properties by taking a suitable average over all stationary 
states, or by selecting the properties of the moat abundant or most probably 
occupied type of stationar}^ state, or by some other such device, for the use 
of which we shall require justification. 

§ 103. The second fundamental hypothesis of statistical mechanics. 
The rule for averaging. The choice of states, which must be made for the 
purpose defined in the preceding section, cannot yet be based on completely 
rigorous a priori reasons. It can be made in a variety of ways all of which 
lead fortunately to identical physical results when applied to large assem- 
blies. We shall not describe these varieties of choice here, nor the background 
of theory which makes them plausible, but shall formulate at once that 
version of the necessary fundamental hypothesis, which we shall adopt in 
the rest of this book.* The ultimate justification for any version of the 
fundamental hypothesis is its unbroken success in application. We adopt 
therefore here from among several alternatives the following : 

Assumption 11. Enumerate all the distinct states of the assembly consistent 
with a specified energy or energy range and any other given general conditions. 
The value Q of any property Q of the assembly, which will be found to charac- 
terize the equilibrium state of the assembly, subject to the specified conditions, 
may be obtained by averaging over all these states, attaching to each stale an 
equal weight (unity). Formally 

Q ~ ^states C>/2sta,cel- (103,1) 

This statement is .still somewhat vague and must be further refined. •!* 

We have already selected states of given energy for the averaging process. 
This seems perfectly natural, even without further analysis, because the 
assemblies that we contemplate are supposed to have constant or approxi- 
mately constant energies, so that in such a condition the properties of states 
of other energies can hardly be expected to be relevant. But one may well 
question whether there are not other functions of the atomic variables of 
the assembly equally important, whose constancy may form part of the 
other general conditions mentioned in the enunciation of Assumption II. 

* One may the more readily omit any discuBNion of the theoretical foundation of the fundamental 
hypothesis since it has recently been elaborately re-examined by Tolman, The PrincipltB of Siatia 
tical Mechanics (Oxford, 1938). No short or simple discussion is of any great value, 
t This enunciation is repeated in a refined form in § 107. 
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A search for such functions will put us in the way of understanding the 
general concept of accessibility ^ which must be introduced before a sharply 
defined form of Assumption II can be given. 


§ 104. A description of a classical assembly. We have hitherto 
avoided all reliance on classical mechanics, and almost all reference to it, 
since we know nowadays that classical mechanics is in principle inapplicable 
to atomic assemblies, and gives correct results only in suitable limiting cases. 
But it will be convenient at this stage to describe a classical assembly and 
study conditions of accessibility in classical mechanics, since this forms a 
natural introduction to the somewhat more subtle conditions of accessi- 


bility imposed by the quantum theory. 

An assembly obeying the laws of classical mechanics is fully described 
when its energy is given as a function of N' generalized coordinates and the 
N' generalized momenta corresponding to them. If the external fields of 
force to which the assembly is subject are conservative, the energy of the 
assembly may be written in Hamilton’s form H{x,p^), where x is short for 
the N' coordinates ...,0;^^*, and for the corresponding momenta 

Pxi^ Px^y •••yPxy- case* no other variables enter H. For the idealised 

assembly in a conservative field of force the classical Hamiltonian equations 
of motion are 

(lj: nn nn 

(104,1) 


dx 

di 


dH 


^ 2 ? 

dt 


dH 
■ dx' 


2N' equations in all. The coordinates x may be any suitable set, which must 
just suffice to describe the geometrical configuration of the assembly at any 
moment. For example, for a set of N structureless particles each of mass w, 
a natural set of coordinates would be the 3N cartesian coordinates 


^ayVxy^a (a= 1, 2, ..., A^) 

of the N particles. The corresponding (technically conjugate) momenta are 
then the variables 

mz^ (a = 1 , 2, . . . , iV). 

From equations (1) one can deduce that 



(104,2) 


which tells us that the 
in the integrated form 


energy does not vary with time. We can write (2) 


= E, 


(104,3) 


• If the assembly is not in a conservative field of force, for example, if the walls and other bodies 
external to the assembly are defined by coordinates, other than the x’s in //, which are themselves 
functions of the time ,this time-dependent part can be abstracted from H and introduced later on 
as a perturbation. These time-dependent forces we shall for the moment neglect, remembering, 
however, that in principle they can never be absent from any actual assembly. 
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where £ is a constant. Any such relationship, in which a definite one-valued 
function of all or any of the 2N variables a;, is constant throughout the 
motion of the assembly, is called a uniform integral of the equations of 
motion. Thus formula (2) tells us that the energy is a uniform integral of the 
equations of motion. 

The complete behaviour of a classical assembly is known when all the coor- 
dinates X and momenta are known as functions of the time. This suggests 
a geometrical representation of the (classical) state of the assembly which 
is found helpful in any general discussion. The state of the assembly at any in- 
stant being fully known when all the x’s and pf^ are known, we represent the 
state of the assembly by a point in hyper-space of 2N' ( = ^N) dimensions, the 
a;’s and^^’s being cartesian coordinates of the point. This space is known as 
the phase space of the assembly, and the path traced out by the point in phase 
space as its trajectory. This trajectory obeys the equations of motion (1) of 
the assembly, and for a conservative assembly is fully defined by these 
equations and its starting point. Two trajectories of a definite conservative 
assembly can never intersect. Any trajectory is moreover confined to the 
hyper-surface in phase space determined by (3). When non -conservative 
perturbations are acting, corresponding extra terms must be included in 
these equations, and the perturbed trajectory is naturally more com- 
plicated. It can best be thought of as approximating, over more or less 
lengthy periods, to one or other of the family of unperturbed trajectories 
through all points of phase space enclosed between two neighbouring energy 
surfaces separated by not too wide an energy interval dE, and making from 
time to time more or less gradual transitions from one trajectory of the 
family to another. The trajectories of the family may be so defined that they 
are the exact trajectories of a suitable conservative assembly, approxi- 
mating to the actual perturbed assembly. 

The value to us of a discussion of a classical assembly resides in the Limiting 
Principle, that the classical assembly can always be regarded as a limiting 
form of the corresponding quantal assembly. In order to be able to use 
classical theorems as an illustration of the corresponding exact quantal ones, 
it is necessary to know how the discrete eigen states of the quantum theory 
compare in distribution with the .continuously variable states corresponding 
to points in classical phase space. Fortunately the complete answer to this 
question has long been known. It is that for an assembly of JV' degrees of 
freedom each distinct eigen function, satisfying the proper boundary con- 
ditions and Schrodinger’s equation for the assembly, corresponds to an 
extension h^‘ of classical phase space. This correspondence is suggested in 
the first instance as a general theorem true for large quantum numbers as 
part of Bohr’s Correspondence Principle, and can be checked by direct 
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evaluation in numerous simple cases.* For our purposes in this book it is 
sufficient to accept as a fact the correspondence between each quantal state 
and an extension h^' of phase space. 


§ 105. Accessibility; mainly classical. In classical assemblies of the 
type just described, it is known that other uniform integrals, besides the 
energy, may well exist in certain circumstances. The components of linear 
and angular momentum of the assembly are unaffected by the interactions 
of the systems among themselves, and when not upset by the outside world 
are said to be conserved. They are then such uniform integrals. It is con- 
ceivable a priori that the class of uniform integrals might have yet other 
members. Any such uniform integral has a far-reaching effect on the trajec- 
tory of the representative point in phase space. A uniform integral is, as 
we have ah'eady explained, a relationship of the form 


F{x,p^) = const. (105, 1) 

For example, the constancy of the ^-component of linear momentum in an 
assembly of simple particles of mass m is expressed by the relation 


= const., (105, 2) 

and the constancy of the x-component of angular momentum by the 

= const. (105,3) 


The function F in question is a one- valued (uniform) function of position 
in phase space. The existence of the uniform integral confines the trajectory 
to a particular surface in phase space, or, if a small range of the constant in 
question is allowed, to the region enclosed between two such neighbouring 
surfaces, exactly as the energy integral confines the trajectory to a single 
energy surface or a small range of such surfaces. 

The possible existence of such additional uniform integrals besides the 
energy integral clearly shows the need for caution in our choice of the scope 
of the averaging or enunciation required by Assumption II. When such 
uniform integrals exist they must be explicitly recognised as part of the 
general conditions mentioned in the enunciation. We shall be required, when 
other uniform integrals exist, to average only over such regions of ])hase 
space, or in quantal language over such states of the assembly, as conform 
to their extra requirements. Such regions or states we call accessible phase 
space or accessible states (or complexions), and great care must be taken that 
all the requirements of accessibility are properly allowed for. 

The possibility of the existence of the uniform integrals for the com- 
ponents of linear and angular momentum is commonly ignored, and rightly 


* See Chapter n, §§ 202-204. 
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so, though the correct reason is not immediately obvious. Any terrestrial 
assembly is usually thought of as enclosed in an envelope, of more or less 
ideal properties, which is not itself part of the assembly. The envelope is 
usually idealized to the degree that it is represented by perfectly reflecting 
walls with which the systems of the assembly excliange no energy. It is a 
small step to idealize further and assume that the reflection is specular, like 
that of light from a mirror. The components of linear momentum are not 
then conserved by the assembly, as the component of any system normal to 
the wall is reversed when the system rebounds from the wall, and the 
equations of motion of the assembly admit no integral of any comj)onent of 
linear momentum. If the ideal enveloj)e is spherical internally, components 
of angular momentum about the centre of the sphere will be unaltered by 
collisions with the envelope, and the components will there! ore be con- 
served by the assembly as a whole. Actual envelopes do not have, of course, 
these ideal properties, and the systems exchange energy with the enveloj)e 
as well as all components of linear and angular momentum, since the surface 
of the envelope is necessarily rough on the atomic scale. When we include the 
envelope in the assembly so that the uniform integrals of the energy and the 
momenta exist for the completed assembly, we shall find that the condition 
for the balance of the energy exchanges between the envelope and ot her parts 
of the assembly is equality of temperature, out of which arises the whole of 
thermodynamics. The conditions for the balance of the momentum ex- 
changes however turns out to be the trivial one that the different parts of 
the assembly must form a unit moving like a rigid body. These conditionh 
introduce nothing essentially new, since we may always ignore the mass 
motion of any part of an assembly, and consider only its internal properties 
relative to the motion of its centre of mass, which are unaffected by the 
mass motion. It makes no difference therefore in any thermodynamic 
discussion whether we consider that the uniform integrals of linear and 
angular momentum exist or not. If we wish to regard them as non-existent 
we consider the assembly as contained in a fixed rough envelope, and all 
parts of the assembly must then be at rest relative to the envelope. If we 
wish to regard them as existent we include the envelope in the assembly. 
The whole assembly must now be moving like a rigid body, and, if it is 
rotating, the parts of it may even be in motion relative to one another and 
the envelope, but their thermodynamic study is unaffected. If the systems 
form a gas and the envelope is rotating, the “centrifugal force will affect 
the distribution of density from place to place in the gas, but the effect of 
this force is no different from that of the usual external force field. We shall 
therefore make no further reference to the uniform integrals of linear and 
angular momentum. 
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One might expect that other uniform integrals are possible for classical 
systems, but no others are known. One concludes that for classical assem- 
blies the whole of phase space subject to the energy conditions is in general 
accessible, and therefore to be covered in the averaging process. 

In drawing this conclusion, however, we have been somewhat rash, and 
have excluded all possibility of temporary or metastable equilibria, which 
are of great practical importance, and which a more careful analysis of 
acjcessibility will include in the theory. We have assumed in fact that there 
is effective free intercourse between all parts of accessible phase space during 
times of the order of the time of an observation or the preparation of an 
experiment. The qualification “effective” is essential here. It is easy to 
imagine conditions under which the representative point will not cover the 
whole of accessible phase space in such times, but that will not matter if it 
covers in its wanderings a representative selection of accessible phase space. 
It might, however, be the case that, while the representative point would 
cover effectively all accessible phase space given a long enough time, during 
times of the order of the time of an experiment it is effectively restricted to 
special regions of phase space, which alone should then be regarded as 
accessible, but covers these restricted regions completely. A simple example 
is provided by a gaseous mixture of oxygen and hydrogen at room tempera- 
ture. This is in metastable equilibrium, the true equilibrium state corre- 
sponding to the almost complete conversion of the mixed gases to steam or 
water. The processes leading to the conversion of hydrogen molecules and 
oxygen molecules to water molecules are however exceedingly rare at such 
a temperature, and the initial numbers of oxygen and hydrogen molecules 
do not change during ordinary experimental times. These initial numbers 
are in fact effectively uniform integrals of the complete equations of motion 
of the assembly, and accessible phase space is effectively restricted to those 
regions in which these numbers retain effectively their initial values. Though 
the equilibrium is metastable with respect to the change consisting of the 
formation of water, it is otherwise perfectly normal, and all the ordinary 
processes of thermodynamics and statistical mechanics may be applied to 
evaluate its properties. 

Such points are well known, but they are not always sufficiently em- 
phasized in this connection. The important point to realize is that, even with 
classical assemblies, every grade of metastability is possible. In the example 
quoted the restrictions on the region of accessible phase space are practically 
perfect over long times. In other examples the restrictions may hold effec- 
tively only over limited times, and then only somewhat imperfectly. In 
such cases thermodynamics and statistical mechanics apply only approxi- 
mately. To apply them with rigour one must always be able to lay down exact 
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rules of accessibility. Certain regions of phase space are completely 
accessible and certain other regions completely inaccessible. In practice 
this means that we must be able to say that corresponding statements of 
accessibility are effectively true for the conditions of the problem. In terms 
of atomic processes this means that we must be able to place all rates of 
change in one or other of two classes: those that are so slow that their effect 
can be neglected in the time of an experiment, and those that are so fast that 
they enable the representative point of the assembly to cover effectively 
the whole of phase space that they render accessible. When intermediate 
rates are present, thermodynamics and statistical mechanics cannot be 
applied. The translation of these conclusions from the language of classical 
phase space to that of quantum states is simple and we need not pause 
to undertake it. 

We have emphasized these points, because their proper appreciation 
makes the new conditions of accessibility introduced by quantum theory 
appear much more natural. The finer detail of quantum mechanics has 
shown that not all the states of an assembly of similar systems are accessible 
one from another. They may be analysed into groups of non-combining 
states by means of their symmetry properties. The symmetry type of any 
suitably specified state is an absolute constant of the motion, equivalent to 
an exact uniform integral in classical terms. The set of accessible states for 
the purposes of Assumption II is the set of states (in the proper energy 
range) of the correct symmetry. 

§ 106. Accessible states for assemblies of similar systems. The 
symmetrical and the antisymmetrical group. In the next chapter we 
shall consider in detail all possible states and accessible states for an assembly 
of a number of similar systems, and shall derive therefrom the important 
standard formulae of the equilibrium state. Here we can confine attention 
to general principles and determine merely how the symmetry requirements 
restrict accessibility. 

We start with an assembly containing a set of similar systems (e.g. 
electrons, hydrogen molecules, helium atoms, ...). Let us consider first an 
assembly containing one such system whose energy in Hamilton’s form is 
For such a system Schrodinger’s equation will then be 

We use e for the energy of a single system to distinguish it from the energy 
of the assembly which we have denoted by E. Possible states of the system 
correspond to possible solutions of this equation, for which \Jr satisfies the 
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correc t boundary conditions and is bounded and one-valued in the ar-space 
{roiijiguration space) of the system. For an enclosed system the permissible 
values of e can be shown to be discrete, though if the enclosure is a large one 
the values of e may lie so close together over parts of their range that they 
may often be treated by a limiting process as a classical continuous dis- 
tribution. These permissible values (the eigen values of the equation) will 
be supposed to be enumerated by a subscript taking the values 0, 1 , 2, . . . , so 
that no two values of e with different subscripts are equal. Corresponding 
to any eigen value of e there exist one or more eigen functions of 
equation (1). The number of such eigen functions is denoted by and is 
called the weight of this state. If the system is degenerate 1) we can 
assume that it is reduced to a non-degenerate one by including 

suitable conservative perturbing fields, if it is convenient to do so foi: 
purposes of discussion. 

Let us suppose next that our assembly is built up of two such similar 
systems 1 and 2 with very weak interactions, so that to a first approximation 
the Hamiltonian of the pair is the sum of the separate Hamiltonians. Then 
the complete equation of Schrodinger for the assembly is 

It can be seen that the equation separates into two parts and that the j^er- 
raissible values of E are + and the corresponding solutions 

(106,3) 

where e„ and are eigen values of e in (1) and corresponding eigen 

functions. It is of the utmost importance to observe that in the limit of 
vanishing interaction the pair of systems is essentially degenerate except 
when (7 = 7 even if the single systems are not degenerate. For if (t^t, at 
least two eigen functions, obtained 

by j)ermuting the individual systems, correspond to the same eigen value 
E = If the single systems are degenerate {w^y 1), then the total 

number of distinct eigen functions corresponding to E ~ is 

2w„rn, (cr¥^T), or (o- = t). 


The argument is quite general. If the assembly consists of N weakly 
interacting systems, the complete equation of Schrodinger for the assembly is 



,hd\ 

^ 27T dxj ^ 


(106,4) 
(106, 6) 


To the eigen value 


E = e,, + + . . . + e„. 
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no pair of the subscripts cr, r, being equal, there corresponds a set of 
N ! eigen functions obtained by permuting the systems 1 , 2, . . iV among tlie 
subscripts of the eigen values cr, t, — (o. A simple eigen function is 


- (I00,b) 

For degenerate systems the total number of eigen functions corresponding 

to the eigen value (5) is , 

^ ^ ^ ( 10 (>, 7 ) 

If finally we consider the completel}’^ general eigen value 

E - + + (106,8) 

where the individual eigen values are equal in groups of n^, . . so that 

a^-}~ = iV, (106,0) 

N\ 


then there are sets of 


n^\n^\ ...nj. 


( 106 , 10 ) 


distinct eigen functions obtainable by permutation, of which 

■■■ ••• ^,(-«n„+nr) ■■■ II) 

is typical. The total number of distinct eigen functions in the degeneralt 


case IS 




( 10 «, 12 ) 


More detailed explanation of these enumerations will be found in § 205. 

Any linear combinations of these eigen functions are equally eigen fune- 
tions for the same value of E, and an equal number of any such independent 
linear combinations may be used in })lace of those so far constructed. 

If to the assembly thus constructed we add another set of similar systems 
distinct from the set hitherto considered, we obtain a new set of eigen func- 
tions similar to (1 1 ), each of which can be combined by multiplication with 
each one of (11) to give an independent eigen function of the complete 
assembly. We may not of course |)ermute a pair of distinguishable systems, 
for we do not so obtain a solution of Schrbdinger’s equation for the assembly. 
Thus for an assembly of two distinguishable sets A and B of similar systems 
corresponding to the eigen value 

E = n„e„ + njer + (106, 13) 


where the primed symbols refer to the B systems, the number of com- 


plexion is 




^ . 71 ! 

.... . 


. . ■ 


(106, 14) 


The formulae (12), (14), and similar generalizations, must be used for 
enumerating the accessible states over which we have to average, provided 
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that the introduction of weak interactions between systems of the assembly 
or between the assembly and the outside world allows the assembly to pass 
from a state described by one of these eigen functions to any other. But this 
may not be so. It has been shown that the eigen functions (ll).of a set of 
similar systems, after reorganization into suitable linear eombinations, 
necessarily divide into a number of groups, JS, S, defined according 
to their symmetry properties. These groups contain between them all the 
eigen functions belonging to all the eigen values, and they possess the 
extremely important property that no interaction of whatever type or strength 
between the systems, or between the systems and the oiitside world, so long 
as it is symmetrical in the coordinates of the similar systems, can ever change 
the assembly from an eigen function of one group A to an eigen function of any 
other group B, Thus if the assembly is originally represented by an eigen 
function of group A , it will for ever be confined to eigen functions of group A . 
Only these states are accessible. 

From among the various non-combining groups two stand out, con- 
spicuous for the simplicity of their properties and their mathematical form. 
One is the group of eigen functions which are symmetrical in all the systems. 
This group we shall call simply the symmetrical group 8, Any eigen function 
of the S group remains unaltered when we interchange the coordinates of 
any two of the component systems. The other group consists of eigen func- 
tions which are antisymmetrical in all the systems. This we shall call the 
antisymmetrical group A. Any eigen function of the A group changes sign 
when we interchange the coordinates of any two of the component systems. 
These groups are unique in that for non -degenerate systems they alone 
contain at most one eigen fimction for any given eigen value E = 

There is always exactly one member of the 8 group; there is one member of 
the A group if all the cr’s are different, that is if all the n’s are 0 or 1, and 
otherwise no member. This is easily verified if we observe that the anti- 
symmetrical eigen function must take the form of the iV-row determinant 

■■■ fMs) 

^r(^2) ■■■ fMs) 

( 106 , 16 ) 

while the symmetrical eigen function is the same expression expanded with 
all its signs positive. 

These simple enumerations for assemblies of non-degenerate systems can 
be generalized directly to degenerate ones. For example, if > 1 the other 
izj’s being unity as before, there are alternative ^^’s which may be used in 
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constructing V. It may be shown that there are therefore 


w„\ 




(106, 16) 


eigen functions in the A group if ^ and otherwise none. In the S 
group it may be shown that there are 


(^cr+ 


(106, 17) 


eigen functions for all values of n^. It is however unnecessary to establish 
or use these general formulae, as it is easier to pass from non -degenerate 
systems to degenerate ones at a later stage; we shall therefore confine 
attention at first to non -degenerate systems. 


§ 107. Symmetry type of the eigen functions for actual assemblies. 

We know as yet no a priori reason why eigen func^tions of only one group, 
or of one group rather than another, shouki be found in nature for assemblies 
of particular systems. To determine the aj)propriate group we must still 
appeal to observation, and the appro})riate group will vary from system to 
system. All material assemblies may, we believe, be correctly analysed into 
assemblies of elecjtrons, protons and neutrons, at least for the ordinary 
purposes of thermodynamics. For these systems it is certain that the 
appropriate group in each case is the antisymrnetrical. For electrons this 
follow s from the fact that the laws of interaction of electrons must embody 
Pauli’s exclusion ])rinciple, which is fundamental to the interpretation of 
spectra. According to this principle we know that two electrons in any atom 
may never possess the same four quantum numbers, or as we should now say, 
may never have the same eigen function (including spin). The group A is 
the only group of assembly eigen functions which possesses just this pro- 
perty, that it has no member whenever two systems have the same system 
eigen function. Since the eigen functions for the collection of electrons in 
any atom belong to group A , one must suppose that this is due to the nature 
of the electron, and that the eigen functions for the electrons in every 
assembly belong to group A . For protons the evidence is less extensive but 
equally conclusive, depending on the interpretation of the hydrogen band 
spectrum, and the theory of the rotational heat capacity of hydrogen at low 
temperatures. For neutrons the evidence is less direct but still adequate, 
being derived mainly from a study of the properties of the deuteron, and the 
rotational heat capacity of deuterium. We shall assume these symmetry 
requirements throughout this book; the statistical evidence in support of 
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them will be found in its natural place among the applications described 
later. 

Since all assemblies, as we have said, can be analysed into sets of electrons, 
protons and neutrons, we therefore enumerate correctly all those distinct 
states whose eigen functions are antisymmetrical in the electrons, protons 
and neutrons separately. Each such state will be called a complexion. So 
far as is known there are no further absolute restrictions to be imposed on 
accessibility, and in view of the successes of statistical mechanics it is 
unlikely that any have been overlooked. We may however in special pro- 
blems at any moment encounter partial restrictions, which for suitable time 
scales function as absolute ones. The metastable equilibrium of a gaseous 
mixture of oxygen and hydrogen is one such example already mentioned. 
We shall meet with others in the study of heat capacities of ordinary gases 
such as oxygen and nitrogen, where each vibrational state exchanges 
vibrational energy so slowly with the kinetic energy of translation and 
rotation, that in the rapid adiabatic compressions in a sound wave each 
vibrational state functions as if its vibrational energy were a constant of the 
motion, and therefore as if the molecules of given vibrational quantum 
number were a distinct gaseous component in a gaseous mixture. We meet 
with yet another example, and one of the most striking, in the study of the 
properties of hydrogen at low temperatures, where, owing to the very small 
forces available for making the exchange, molecules with zero resultant 
nuclear spin and tliose with unit spin interchange only slowly, and for 
ordinary experiments the gas behaves as a mixture of two distinct gases 
with different rotational heat capacities, unless the interchange is suitably 
catalysed. 

We have now thoroughly surveyed the field of general conditions that 
may or may not limit the accessibility of one quantum state (or region of 
phase space) from another. This is a convenient moment to summarize the 
investigation by re-enunciating our adopted version of Assumption II in 
its final form, the most precise available. 

Assumption II. (Adopted version of the fundamental hypothesis . ) Enumerate 
all the distinct accessible states or complexions of the given assembly, each cha~ 
ra^cterized by one linearly independent eigen function, consistent unth a specified 
energy or energy range, taking account if necessary of the time scale allowed for 
the establishment of equilibrium. The value Q of any property Q of the assembly, 
which will be found to characterize the equilibrium state of the assembly subject 
to the specified conditions, may be obtained by averaging over all these accessible 
states, attaching to each stale an equal weight (unity). Formally 

Q ” ^acc. states Q/^acc. states 


(107,1) 
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§ 108. Short cuts for enumerating accessible states for ordinary 
assemblies. The symmetry requirements which we have already laid down 
are in theory sufficient to enable us to enumerate correctly the accessible 
states for any assembly. But it is inconvenient, and gives little physical 
insight into the nature of an assembly, to regard it as a collection of so many 
electrons, protons and neutrons when it is actually an assembly, say, of 
helium atoms or hydrogen molecules, themselves systems of almost perfect 
permanence. It seems wiser to use these units themselves as quasi-funda- 
mental systems with secondary derived symmetry rules. 

Suppose such a complex system contains I electrons, p protons and n 
neutrons. Then, since interchange of a pair of complex systems means inter- 
change of / + p + n pairs of electrons, protons and neutrons, in each of which 
pairs the eigen function of the assembly is antisymmetrical, the eigen function 
of the assembly will be symmetrical in the complex systems if I p n is even, 
and antisymmetrical if l-\-p + n is odd. This necessary derived symmetry 
rule has also been proved rigorously to be sufficient.* 

We are therefore able to avoid the difficulty, or rather inelegancy, men- 
tioned above. When we have decided a priori from our knowledge of the 
properties of the secondary systems — nuclei, atoms, molecules, crystals — 
what systems can be properly regarded as the permanent population of the 
assembly in any particular problem, then we can appeal to the following 

Theorem. It is sufficient in enumerating complexions (accessible states), or 
rather the eigen functions of the assembly representing them, to construct 
formally and so to enumerate all those linearly independent eigen functions 
which have the correct symmetry properties in the ''permanent*' systems 
(regarded as wholes) of which the assembly is composed. The eigenfunctions of 
any "permanent" system must have the correct symmetry properties in the 
electrons, protons and neutrons of which that system is composed, but the direct 
analysis of the complete assembly into electrons, protons and neuXrons may be 
omitted, for the number of complexions is not thereby affected. 

In conformity with this principle it is possible in most statistical problems 
to treat atomic nuclei as permanent complexes. No matter what the correct 
analysis of nuclei into more fundamental particles may be, we may always 
proceed by satisfying the symmetry requirements of the assembly merely 
in all sets of equivalent nuclei and in the extra-nuclear electrons. The 
symmetry rule for nuclei which holds universally, so far as is known at 
present, is that the eigenfunctions must be antisymmetrical in all similar 
nuclei when the nuclei have an odd mass number and symmetrical when the 


Ehrenfest and Oppenheimer, Phys. Rev. 87, 333 (1931). 
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mass number is even. The mass number is equal to the number of protons 
and neutrons in the nucleus. 

We have so far formulated the theorem for the analysis of “permanent ” 
complex systems into electrons, protons and neutrons, but there is no need 
so to restrict it. It applies equally to the analysis of “permanent ” complex 
systems into any “permanent*' secondary systems. For example in an 
assembly of chlorine atoms the assembly eigen functions must be anti- 
symmetrical in the ®*C1 nuclei. But the assembly will often consist entirely 
of “permanent§ ** molecules ^^Clg. Applying the principle therefore, we see 
that the symmetry requirements of the assembly will be satisfied, and that 
the enumeration of eigen functions will be correct, if we make the eigen 
function of each molecule antisymmetrical in its nuclei and then make the 
assembly eigen function symmetrical in the molecules. 

The same principle may be extended to an assembly consisting of a crystal 
in equilibrium with its vapour. The crystal is merely a su]:)er-molecule, a 
system of which only one is present. We satisfy the symmetry requirements 
of the assembly by giving its eigen functions the correct symmetry in the 
free molecules in the vapour phase ignoring those in the crystal, provided 
that we correctly enumerate the states of the crystal itself regarded as a 
“permanent” system composed of that number of molecules which it 
happens to contain in any particular example. 

§ 109. The enumeration of complexions for localized systems. 

The practical considerations of the preceding section are of value chiefly 
for gaseous assemblies, or at least for assemblies or parts of assemblies in 
which the similar systems have to be treated as on a precisely equal footing, 
using eigen functions from a common store; atoms or molecules in the same 
enclosure in a gas, or electrons in a single atom or in a single piece of metal 
are examples. The primary rules for electrons, protons or neutrons apply of 
course to all matter and all assemblies without exception, and in the above 
cases reduce to the practical secondary rules, whose application need 
merely be extended to the limits defined in the preceding sections. When, 
however, we need not regard the eigen functions to be used as all drawn from 
a common store, but may discriminate between them, the secondary rules 
can be still further simplified and limited. 

These further limitations can perhaps be approached best by means of 
the following example. Let us consider an assembly which contains two 
different enclosures each containing electrons. We may suppose that the 
electrons can pass from one enclosure to the other, though only with some 
difficulty. In equilibrium the electrons will be partitioned between the two 
enclosures in a proportion which it is part of our business to determine. 
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But the enclofcurea may be supposed to l)e sufficiently distinct for a descrip- 
tion of electronic states as belonging to either one enclosure or the other to 
be a good approximation. Let the states of the electrons belonging to one 
enclosure have the eigen functions and the corresponding energies 
and those belonging to the other enclosure and e'. Let us suppose that 
the assembly contains five electrons, and consider the partition in which 
there are three in the first enclosure occupying the states represented by 
respectively, and two in the second enclosure occupying the 
states represented by There is of course just one accessible state of 
the assembly with this specification, with an eigen function antisym- 
metrical in all the electrons, namely that given by the determinant 


H^c) H^d) H^e) I 
Hh) H^c) hM 
H^a) H^c) ifpe) 

fiM 


in which the subscripts a, 6, c, d, c of the ccxjrdinate x specify the electrons. 
Sup[)osc however instead of introducing this j)erfect antisymmetry we 
consider that electrons a, 6, c really belong to the first enclosure and elec- 
trons d, e to the other. If then we construct an eigen function for the assembly 
with this limitation, in which the factor for the electrons in each enclosure 
is separately antisymmetrical for the electrons of that enclosure, we again 
get just one eigen function, namely 


fiM hM 


fpi) f'K) 


( 109 , 2 ) 


and one, as we have seen, is the correct number. It can be proved (and 
indeed it is almost obvious) that this equivalence is perfectly general. If 
the assembly has any number of parts which may be regarded as distinct, 
each containing a definite number of similar systems, then we obtain a 
correct enumeration of the accessible states of the assembly by making its 
eigen functions show the correct symmetry properties for the exchanges of 
similar systems in each distinct part of the assembly. It is unnecessary in 
this enumeration to allow for any exchange of systems between the distinct 
parts or enclosures. 

The permissible ignoration of symmetry requirements may thus be pushed 
still further. In cjertain assemblies the number of distinct parts or enclosures 
may be legitimately increased so far, that we reach a limit in which every 
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system belongs to its own distinct enclosure or location; the atoms in a 
crystal lattice provide an example. Each distinct paji; of the assembly now 
has its own one system, and if we apply the foregoing rule we see that we 
shall enumerate correctly the accessible states of the assembly, if we keep 
each system fixed in its own location, but impose no other symmetry 
requirement. Such an assembly or part of an assembly is called an assembly 
of localized systems, and if states are enumerated in the way described no 
further symmetry restrictions are required. 

One important consequence of the lack of symmetry requirements for 
such assemblies is that the quantal enumeration of accessible states reduces 
to identity with the classical enumeration which has long been familiar. 
Suppose that the localized systems of such an assembly have states of 
energies ..., which are non-degenerate, each possessing one eigen 
function. The distribution laws of such an assembly should tell us how many 
of the systems {N in all) will be found on the average in each state. For this 
study we shall find in Chapter ii that we require to know how many accessible 
states of the assembly correspond to a state of affairs in which systems 
have an energy Cj, Wj an energy and so on. This number is plainly the 
number of ways in which the N systems can be parcelled out into groups 
containing ... members, nj + nj-l- ... -t-n, being equal to N, This 

number is known to be 


_ Nl 

njlnj! ...n,!’ 


(109,3) 


which is therefore the required number of accessible states with the given 
energy distribution. 

The physical difference between an assembly of localized systems which 
requires the classical number (3) of accessible states for all values of the n'a 
and an assembly of similar systems in a single enclosure which takes the 
quite different number restricted by symmetry requirements, may be 
illustrated as follows. In an enclosure containing similar systems there is 
no physical sense in saying that one system has such and such an energy 
here and another one there. Here and there (within the enclosure) have 
ceased to have any meaning in terms of the eigen functions which describe 
the states. But in assemblies of localized systems here and there still have a 
physical meaning. The assembly with a system in its rth state here is phy- 
sically distinct from one with a system in its rth state there, and therefore 
counts as in a distinct state. 



CHAPTER II 


THE GENERAL THEOREMS FOR ASSEMBLIES 
OF PERMANENT SYSTEMS 

§200. Introduction. We shall establish in this chapter all the usual 
theorems of statistical mechanics for assemblies of permanent systems 
(absence of chemical reactions and change of phase), which are in the highest 
possible degree independent of one another. These are the assemblies most 
amenable to exact treatment, about which most is known. The most natural 
application is to perfect gases, but the treatment is readily extended to 
crystals. It is, however, convenient to postpone this extension to crystals 
to Chapter tv. 

The highest degree of independence is attained when it is sufficiently 
accurate to assume throughout the calculations that the energy of the 
assembly is the sum of the energies of the individual systems, and contains 
no j)art depending on the coordinates of more than one such system. On 
this assumption, universally if sometimes tacitly made, some comment is 
needed. Su(;h an assembly is an ideal limit to which an actual assembly may 
approximate but can never attain. For it is essential to the wdiole idea of 
an assembly that it should form a connected dynamical system with a single 
energy integral, not a number of separate ones. If, indeed, the energy were 
really entirely independent of such cross terms, whi(*h rey)resent the inter- 
actions of the systems, the systems would never interact and the assembly 
would not be connected. We have therefore to assume that some such 
interactions do occur, but, in this limiting case, so rarely that their con- 
tribution to the total energy of the assembly may be neglected. They still 
suffice to preserve connection and ensure that only a single energy integral 
exists. This is an example of the general assertion underlying the whole 
theory that, while there must exist mechanisms of interaction, their mere 
existence is sufficient, their nature being irrelevant to the laws of equi- 
librium. 

§201. The assignment of weights. We have stated in Chapter i 
that, in averaging to determine the equilibrium state, we shall attach a 
weight unity to every distinct accessible state {complexion) of the assembly, 
each complexion being defined by an eigen function linearly independent 
of all others so used. This means that the average value Q of any quantity 
Q is to be calculated by the equation 

Q - 


(201,1) 
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where denotes the value of Q for the particular complexion cr, the sum- 
mation is over all complexions and C denotes the total number of 
complexions, so that formally 

^ C = S^1. (201,2) 

Formulae (1) and (2) can often be rearranged. In the first place a number 
of different complexions may for many j^urposes possess indistinguishable 
properties, e.g. the same value of Q. We can then regroup the summations 
of (1) and (2) so that they read 

Q = (201,3) 

(201,4) 

where the summations are now over the grouf)8 of complexions. It will 
often be legitimate for conciseness of expression to speak of each of these 
groups of complexions, between whose properties we cannot or do not care 
to distinguish, as a single state of the assembly of weight 

We next recall that our assemblies are always to be regarded as collections 
of practically independent systems, between which, to an approximation 
usually sufficient, there are no interactions. It may be shown to follow that 
Schrbdinger’s equation, which determines the eigen functions and energies 
of the states of the assembly, immediately separates into equations for the 
distinct systems. The eigen function T for the assembly can then be con- 
structed out of products of the eigen functions ^ for the systems. Now to 
any one value of the energy of an individual system there may belong a 
number m^. of distinct eigen functions for the system, between which we 
need not distinguish. We speak of as the weight of the system in the given 
state. It is convenient to use the term degenerate to describe states for which 
w^>l, and non-degenerate for = 1. If the assembly consists of N such 
systems, and in a particular state of the assembly there are ... 

specified systems in states of weight and if no special 

limitations of accessibility arise, then the weight of this group of com- 
plexions is given by the equation 

12^= (201,5) 

The formula (5) arises as follows; to each specified system can be assigned 
any one of its possible eigen functions, and this assignment is independent 
of the assignments of eigen functions to all the other systems. Thus in the 
case cited the first eigen function can be assigned in Wq ways, the second in 
tHq ways and therefore the first two together in rzrg ways; to each of the first ng 
systems eigen functions can be assigned in tuq ways, and therefore to the 
group of no in rujo ways. The second group can similarly be assigned eigen 
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functions in tuJi ways, and so on. The argument and the result assume that 
the various specified systems are physically distinguishable in some way, so 
that the assignment of eigen functions ^(1) ^'(2) is distinct from 1 ) v^(2), 
and both lead to distinct complexions. 

The number of complexions given in (5) refers, as the proof shows, to 
the complexions provided by groups of distinct specified systems, when a 
given set of systems, Uq in number, are in a state of weight tttj, and so on. The 
number of complexions is much greater if any n^ out of a total of N systems 
may be chosei^for this state, and so on for the groups in the other states. 
The number is then increased by a factor equal to the number of distinct 
ways in which groups of n^, ..., n^, ... systems can be chosen from a total 
of N. This factor is , 




f 


( 201 , 6 ) 


and now 




N\mQ>*mp ... ... 

nQ\n^l...n^\ ... 


(201,7) 


We may again mention that these formulae hold only if there are no si)ecial 
restrictions of accessibility. 


§202. Weights of simple harmonic oscillators treated quantally 
and classically. At the end of § 104 we formulated the limiting principle, 
which asserts that, for large quantum numbers, one obtains effectively the 
same result by assigning unit weight either to each linearly independent 
eigen function of a system or to each volume of classical phase space of 
extension A®, where s is the number of degrees of freedom of the systems.* 
This limiting principle can be deduced from the laws of quantum theory, 
but the general proof is not simple. We shall therefore merely illustrate its 
truth by considering its application to several important types of system. 

Let us start by considering the simple case of an ideal linear harmonic 
oscillator. If its mass is m and its classical frecjuency v, its classical energy 

equation w ^ ^ J ( 27 rr)* mx^ = e, (202, 1 ) 

where x is the ]) 08 itional coordinate, the momentum and e the energy, 
taken to be zero at rest in the position of minimum potential energy, namely 
the origin. In quantum theory the total energy is obtained from the corre- 
sponding equation of Schrodinger 

{*■ - mx^} f = (202, 2) 

• The content of this limiting principle is distinct from the much wider Correspondence Prin- 
ciple of Bohr which arose from it, and which was finally superseded by the precise relationships 
of quantum mechanics. But these developments have retained the limiting principle unimpaired. 
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and is known to have the form 

= {v+\)hv, (202,3) 

where the quantum number v can have the values 0, 1,2, .... To each v 
corresponds just one eigen function 

Now consider any possible orbit in classical phase space (two-dimen- 
sional in this case) whose equation is given by (1). This is an ellipse with 
semi-axes (2r/i6)* and (26/m)*/27rr. The area enclosed by this ellipse is 

7r(2me)* (2c/m)*/27rp, or ejv. 

Any such orbit is a classical possibility but quantum theory restricts the 
possible values of ejv to {v-\-\)h with v a positive integer or zero. The area 
of ])hase space between two consecutive orbits is A.. It follows that for large 
quantum numbers r, when the permitted orbits are close together but still 
separated by areas h, an element of phase space of area h corresponds to each 
(quantum state. This verifies the correctness of the limiting principle for a 
simi)le harmonic (wcillator. 

§ 203. Weights of the states of isotropic oscillators in more than 
one dimension. A two-dimensional isotropic harmonic oscillator is suitable 
for the next illustration of weight counting, and of the limiting princi])le. 
Its classical energy equation is 

= e. (203, 1) 

The corre8|)onding equation of Schrodinger is 

3 + 3 ^ A*”" ^ ^ 

This equation separates in x and y. The eigen functions are of the form 

3) 

where and i/r^^iy) are eigen functions for a simple harmonic oscillator. 

The corresponding energy values are 

e + (v^ = 0, 1,2, ...; Vy = 0, 1, 2, ...). 

(203,4) 

Each energy value is specified by a distinct value of v^ + Vy = v, say. But each 
value of V can be obtained by v -I- 1 distinct combinations of Vj. and Vy. 
Thus the value of e given by e = (r + 1) corresponds to r -h 1 distinct eigen 
functions. The energy level e = {v-\~l)hp therefore has a weight r-h 1. To 
verify the limiting principle we have therefore to show that the volume of 
classical phase space associated with one quanta! energy level has a value 
which for large values of v is not significantly different from (t;4-l)A*. 
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Now the classical phase space {x,y,p^,Py) enclosed by the surface of con- 
stant energy e has the volume 


jdx jdy jdp^ 


dPu 


(203, 6) 


extended over the region for which 

i{27rvf m(x^ + y^) + \(fpl + ^ e (203, 6) 

If we make the substitutions 

^ = (\rn)^2nvx, Y — (\m)^27tvy, Z = (2m)“*Pj., W = (2m)“*Py, 

(203, 7) 

the integral (5) becomes 

the integration now extending over the interior of the four-dimensional 
hypersphere X^+ Y^ + Z^+W* = e (203, 9) 


of radius e*. The volume of a four-dimensional hypersph^re of radius R can 
be shown* to be In^R^. Evaluation of the integral in (8) thus leads to 


2m 


s 


2p2 _ _ 


(203, 10) 


lm{27Tp)^^ 2ii^‘ 

The extension of phase space enclosed between the surfaces e = hp 

and e = {v-\-\)hv, which is the region most naturally associated with the 
quantum states of energy e = (v -f- 1 ) is therefore 


+ = A2(v+1), (203, 11) 

in agreement with the limiting principle. 

In the same way, for a three-dimensional isotropic oscillator, the number 
of distinct eigen functions, which correspond to the energy value 

e = {v^l)hv, 


is equal to the number of w^ays in which positive integral or zero values can 
be assigned to Vy, so that = v. This number can be shown to 

be ^(t;-|-l)(v-h2). Now the classical phase space (a:,y, enclosed 

by the surface of constant energy e can be shown to have the volume 

% 

dxdydzdpj.dpydpg, (203, 12) 

the integration extending over the region for which 

J(27r»')* (a;* + y* + z*) + ^{pl+pl + pl)^€. (203, 1 3) 



* Such integrals are known to mathematicians as DirichJet integrals. See for example Whittaker 
and Watson, Modern Analysis, p. 258, Ed. 4 (Cambridge, 1935). 
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By making substitutions similar to those of (7), it can be verified that the 
integral (12) is equal to ^ 2 ^ \\ 


\lm(27Tv)^ 


(203, U) 


where / denotes the volume of a six-dimensional hyjKjrsphere of radius e*. 
This can be shown to be !, so that the required v olume of phase space 

\lm(27rpf\ () "fir** (-03, J5) 

The extension of jjhase s])ace between the surfaces 

€^(r-^2)hv and e = (i’+l)^r, 


which is the region most naturally associated with the quantum level 
e = (v-\~\)hv, is therefore 

iA*((r + 2)* - (r + 1 )*} = A* \{v^ -h 3r + J), (203, 16) 

which for large v does not differ significantly from A* J(?; -}- 1 ) («^ + 2), in agree- 
ment with the limiting principle. 


§ 204. Weights of the states of a rigid solid of revolution without 
axial spin (diatomic molecule). Another example is the rigid rotator 
with an axis of symmetry but no spin about that axis, which has important 
applications to gaseous diatomic molecules. The motion of the centre of 
mass separates and can therefore be ignored here. 

l.«et A be the transverse moment of inertia of the molecule, and 0, ^ the 
usual spherical polar coordinates of its axis. Then the conjugate momenta 
are given by ^ ^ (204.1) 

and the classical energy equation is 




The corresponding equation of Schrodinger is 

1 ^ I , ..oil/ \ 1 d^\If Hn^A 


sin 0 3(4“*"* ^ doj'^ sin* ^ ^ ■ 


The possible values of the energy are 
A* 


(j = «. 1,2,...). 


(204, 2) 


(204, 3) 


(204, 4) 


and the corresponding eigen functions are the 2j + 1 spherical harmonics* of 
order j. The weight of the jth state is thus 2j + 1. The extension of phase 

* See, for example. Lamb, Uydrodjfnamics, Chap, v (Cambridge, 1924). 
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space enclosed by the surface of constant energy e is given by 

( 204 , 6 ) 

subject to {pi + j < t. (204, 6) 

The integration over gives the area of an ellipse of semi -axes (2Ae)^ 

and (2Ae)^ sin d\ this area is 27r^e8in 0. Hence the integral (5) reduces to 

2vAe f ^inOdO f = >^n^Ae. (204,7) 

Jo Jo 

The extension of ])hase space between the surfaces 

= (j+i)U+l) and e = ( j - i ) ( j + ^ ) h^lSn^A , 

which is the region most naturally associated with the quantum states of 
energy e = j{j 1 ) is thus 

hH(j + J ) (j + 1) - (j - i) 0 * + i)} = hH2j + 1 ), (204, H) 

in agreement with the limiting principle. 

§ 205. Enumeration of accessible states (complexions). It is neces- 
sary next to consider in greater detail how to enumerate complexions in 
terms of the states of the component systems of an assembly. It is here and 
only here that an important divergence is possible between the classical and 
the quantal enumerations. We recall the distinction between locahzed and 
non-localized systems defined in Chapter i. The number of accessible states 
(complexions) of the assembly will be different according to whether the 
assembly is composed of localized or non-localized systems. We shall now 
consider a simple example of each type of assembly in which the states of 
the systems are all non-degenerate. 

Type I. Consider first an assembly containing a set of N similar linear 
oscillators, not necessarily harmonic, which have fixed positions in the 
assembly. They may for example be thought of as electrons suitably bound 
to the atoms of a solid. Each oscillator has a similar discrete set of stationary 
states which may be specified by a quantum number r, having the possible 
values 0, 1, 2, .... The eigen function for electron a bound to atom a in its 
rth quantum state may be written where is the coordinate 

specifying the position of electron a. When nQ,ni, are the numbers 
of oscillators in states with quantum numbers 0, 1, we have a group of 
states of the assembly, which may be regarded as a single state of weight 
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equal to the number of distinct states in the group. As we saw in (201, 6) 
we can construct 

( 205 , 1 ) 


no!ni!...n,! 


distinct eigen functions, of the type 




(206, 2) 


belonging to the complexion being considered and containing Uq factors 
Hi factors ^ 1 , and so on; the total number of factors is N, It is assumed 
that we are indifferent as to where amongst the fixed oscillators those with 
{)articular degrees of excitation are situated. A distinct function of the same 
type 18 — — /OOK 


(205,3) 


in which just the energy levels of the electrons a and I have been inter- 
changed. In all these eigen functions each electron belongs to the same atom 
and they are not antisymmetrical in the electrons. But by permuting the 
N electrons among the N atoms we can, as described in §§ 108, 109, make up 
exactly one eigen function, from each of those enumerated in (2), which is 
antisymmetrical in the electrons. Hence the enumeration (1) is correct 
though it ignores symmetry requirements and treats the electrons as 
permanently attached to their own atoms. 


Type II. Assembly of non-localized systems. Consider next an assembly 
containing a set of N electrons (or other systems all similar) free to move 
about in the same enclosure of given volume. The eigen function.s now lose 
their distinctive superscripts a, ...,ac, .... When now nQ,7ii, are again 
the numbers of electrons or other systems in states of given quantum num- 
ber r, we can still make up unsymmetrical eigen functions of type (2) to 
the number given by (1). But now when we attempt to construct an eigen 
function for the assembly antisymmetrical in all the electrons, we can con- 
struct only one, if every n is equal to 0 or 1, and otherwise none; and if we 
attempt to construct a symmetrical eigen function for another type of 
system, we can always construct just one, as shown in § 107. 

We now have all the data required for calculating the average properties 
of an assembly of either type. This we now proceed to do, commencing with 
an assembly of localized systems. 


§206. Anassemblyof two sets of localized linear oscillators. For 

simplicity of exposition we consider first this special case, which will serve 
to bring out all the distinctive features of the problem and the method. Let 
us suppose that the assembly consists of two large sets of localized linear 
oscillators A and jB, of total numbers and N^. Each oscillator A has a 
series of stationary stated of weight unity, in which its energy takes the 
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values €q, e^, . . . , , and each oscillator B similarly has a series of stationary 

states of weight unity, with energy values 7^, .... We may empha- 

size once again that in assigning individual stationary states and e^rgies 
to the systems separately we tacitly assume that they are practically in- 
dependent systems, each pursuing its own motion undisturbed for the 
greater part of time. This is essential to the energy specification and there- 
fore essential to the treatment of assemblies composed of large numbers of 
practically independent systems. At the same time we must assume that 
exchanges of energy between the oscillators are possible and do occasionally 
take place, otherwise the systems will not form a connected assembly, and 
obviously cannot possess unique equilibrium distribution laws. In the 
present very special case we may think of the exchanges of energy as 
effected by a few free atoms in an enclosure containing the oscillators — so 
few in number compared with the oscillators that we may ignore their 
energy altogether. 

It is our object to determine the distribution laws of this assembly, that 
is, the equilibrium or average distribution of the oscillators among the 
various states which they can occupy. A specification of this distribution 
— equilibrium or not — may be referred to as a specification of the statistical 
state of the assembly. This conveys correctly the idea that it is only the 
macroscopic state of the assembly that really interests us, not the micro- 
scopic state. If, for example, forty -seven systems A have the energy , we 
are not interested in which of the systems these forty -seven may be. At 
the same time, since the systems are localized, a statement that such and 
such of the systems are these forty -seven is significant. 

An accessible statistical state of the assembly can be specified by choosing 
any set of positive integers (zero included) n,., n' which satisfy the conditions 

= (206,1) 

= A^, 2) 

A, (206,3) 

where E is the energy of the assembly. For quanta! assemblies there is no 
temptation to use anything but an exact value of A in (3), but the whole of 
our preliminary discussion in Chapter i referred to a small given energy 
range A, E + dE rather than to an exact value. This refinement is cus- 
tomarily omitted and we shall justify this omission in § 207. At the moment 
we must admit that logically (3) should be replaced by 

A ^ -I- ^ A -f* dA, (206,3) 

where A, A-fdA define the range in which the energy of the assembly may 
be assumed to lie. It will however be convenient for the sake of simplicity 
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to carry through the discussion first for an exact value of E using (3) rather 
than (3)'. 

For given Xf, Njf and E any set of positive or zero integers w', chosen 
in this ay, des(Tibee a possible statistical state of the assembly. The energies 
of the A systems may be referred to an arbitrary zero and likewise the 
energies of the B systems; these two arbitrary zeros of and of rj^ determine 
the zero that is to be used for E. The conditions (1), (2), (3) express the facts 
that the total number of A systems is iV^, that the total number of B syst/ems 
is Ny, and that the total energy is E. Since the assembly is of type I and the 
system weights are all unity, the number of complexions corresponding to 
this statistical state is 






nAn 


\n.\ 


.71 » . 


(206,4) 


by obvious extension of (201,6). The total number C of complexions is 
given by the equation 


6'" = ^ . 








(206, 6) 


summed for all n, n' subject to (1), (2), (3). 

The equilibrium distribution laws for the assembly are obtained by 
averaging over all complexions. We can therefore find at once an expre.ssion 
for the average value n, of n„ or of any similar cjuantity, for we have, as 
in (201,3), 

n,A^! 






tiqItIi! ...71^! ... Tijlng! ... Wg! ’ 


(206,6) 


One of the most important average quantities is the average energy of 
the systems A . This is given by 


CE^ = X S,. 


(Lrn,e^)N^\ 


N„\ 


noln,! ... n/. 




(200, 7) 


All such summations are of course over the values of n, n' satisfying (1), 
(2), (3). We shall now show that expressions such as (5), (6) and (7) are all 
coefficients in certain rather simple power series. The mathematical opera- 
tions, on which we shall rely, are much simplified if all the e,., are integral 
multiples of the unit of energy without common factors. This condition can 
hardly ever be fulfilled exactly, but by choosing a suitably small unit of 
energy we can fulfil it to a high degree of approximation. We shall assume 
that the unit of energy has been so chosen. It can be shown that though it 
may be impossible to fulfil these conditions, the final result is not affected.* 


S.M. § 3 - 8 . 
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We commence by constructing the function /^(z) defined by 

fjz) = 2^0 + 2^1 + 2«* 4- . . . = 2 «r, (206, 8) 

called the partition function for the systems A, and we consider the product 

(206,9) 

If this is expanded* by the multinomial theorem in powers of 2 , the general 


term is 


w-o ! ! . . . w,. ! 


— = N^), 


Similarly, if we construct f^{z) defined by 

/ b( 2^) = 4- z’* 4- . . . =2^ z’% 

and expand {/b(z)}^^ in powers of z, the general term is 


N^\ 


= Ns), 


(206, 10) 

(206,11) 

(206, 12) 


By multiplying these series together it follows that the coefficient of z-® in 
the expansion of 


IS 




N^\ N^\ 


(206. 13) 

(206. 14) 


summed for all positive (or zero) integral values of n, n' satisfying just the 
conditions (1), (2) and (3). Thus C is the coefficient of in the expansion of 

{jAi^)}^HfB(^)r^ (206,16) 

in powers of 2 . 

A similar expression for CEj can be similarly determined. We have just 
seen that ■ 


{fjzr^ - ^"no! ^n7! - 
If we differentiate both sides with respect to 2 and multiply by 2 we obtain 


z — ifjz)}^^ = S z^rTlrCr 

On multiplying both sides by {/jj(2)}^* we find 


(206, 17) 


jz|l/^(z)r^}{/i,(zr' 


= S,.S„- 


2V^!(2,.n,e,) 




r>_ - z^r«r‘r+Z,n.'v,, (206, 18) 


'* " no ! ni ! . . . w, ! . . . ni ! nj ! . . . n' ! . . . 

These summations are taken over all positive integral values of n and n' 
satisfying (1) and (2). If therefore we select from (18) the coefficient of z® 

• A eiinple generalization of the familiar binomial theorem. 


FC 


3 
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we can see by referring to (7) that we obtain VE^. Thus CEj^ is the coefficient 
of in the expansion of 

d 


dz 




(206, 19) 


We can determine a similar formula for 6'n,. We have 






no! n, nil. ..n;!, 


(206, 20) 


where 2^ S„, diflFers from 2„ 2„. in that the summation is for all positive 
(or zero) n„ n, satisfying 


2;n, = ivr^-i, 
2,n: = W, 




(206,21) 
(206, 22) 
(206, 23) 


S'n^e, + i:,n'y, = E-e,. 

If now we expand the function 

(206,24) 

in powers of z and pick out the term in 2 ^"" we find that its coefficient is 
just the expression (20), the summations being subject to (21), (22), (23). 
Consequently Cn^ is the coefficient of in the expansion of 


(206, 25) 

It thus appears that the expressions for such quantities as 0, CK^, Cn^ 
are the coefficients in certain power series. A raj)id and powerful method of 
evaluating these is provided by expressing them as contour integrals and 
evaluating the integrals by the method of steepest descents. In the next 
section we shall outline briefly the method of procedure without giving 
detailed proof. The reader interested in the mathematics wdll find these 
given in greater detail elsewhere.* The more general reader, for whom the 
present book is intended, will probably be more interested in the results. 
These are given explicitly at the beginning of § 208, and he may accept the 
fact that these results follow by purely mathematical computations from 
the formulae (15), (19) and (25). Actually the method used leads directly to 
formulae for average quantities such as n^ without the necessity of 
evaluating C explicitly. 


§ 207. Summarized description of the method of steepest descents. 

The quantities that we require are the coefficients in certain power series. 
By using Cauchy’s theoremf these can conveniently be expressed as com- 

• See<S.if.§2*31. f Whittaker and Watson, Modem Analysia^ Chaps, v, vi,Ed. 4 (Cambridge, 1935). 
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plex integrals taken round a contour enclosing the origin z 
find, according to (206, 15), (206, 19) and (206, 26), that 

= 0. Thus we 


(207,1) 

[/.('a”') {/.(*))"■. 

(207,2) 


(207,3) 


The contour of integration y may be any contour lying within the circle of 
convergence of these power series (radius unity) and circulating once counter- 
clockwise round 2 = 0. 

These integrals are exact and hold for all values of iV^, and E. They 
are, however, physically significant only when and E are large, since 

all assemblies that we can observe contain a great number of systems. We 
therefore require primarily the asymptotic values of these integrals when 
Njj and E tend to infinity in fixed ratios. This means, physically, that 
we require the limiting properties of the assembly when its size tends to 
infinity without alteration of its intensive properties, that is all those 
properties which are independent of size or extension. The properties of 
the finite assembly can be shown to deviate only trivially from these limiting 
properties. These asymptotic values can be rigorously established, in this 
and in the general case, by the method of steepest descents. We shall do no 
more than outline the method here, referring the reader to other sources 
for details.* 

Consider the factor multiplying dzjz on the positive real axis. It tends to 
infinity as 2->0 and as 1; somewhere between, say at z = #, there is a 
unique minimum. For y take the circle of radius and centre the origin, 
that is z = Then for values of z on y, if iV^, and E are large, the 
modulus of this factor has a strong maximum at z = a = 0. Owing also 
to the fact that the differential coefficient of the integrand vanishes at 
a = 0, the complex terms there are trivial and the whole effective contribu- 
tion to the integral comes from near this point. This remains true, when 
there are extra factors in the integrand such as 

which are not raised to a high power such as E or N, and in effect such extra 
factors may be taken outside the sign of integration, if in them we replace 


* See S.M. §§ 2-31. 2-32. 
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z by d‘. The position of the critical unique minimum of the integrand on the 
real axis at z = is determined as the real root, lying between 0 and 1, of 

the equation a l[^( 2 )r-[/„(z)r-j 

dz\ z*- I' ’ 

(207,6) 

an equation which ie equivalent to 



(207, 6) 

By comparing (1) and (2) we thus find that 


¥--w 

(207, 7) 

Similarly ^ . 

(207, 8) 


By comparing (7) and (8) with (6) we see that the essential equation 

(207,9) 

is satisfied. These equations determine the partition of energy among the 
two sets of oscillators in a large assembly. 

In the same way, by comparing (1) and (3) we find 

nt = (207, 10) 

which from the definition satisfies the essential equation 


Knr^^A- (207,11) 

This seems a suitable place to resume the discussion of the effect of con- 
sidering a small range of energy values and using (206, 3)' instead of (206, 3). 
We shall show that the change in the resulting formulae is insignificant and 
may be ignored. 

In (206, 16) we state that, using (206, 2), the value of C is the coefficient 
of in the expansion of 


[/^(2)r-[/i.(^)p- 


(207, 12) 


in powers of z. The same arguments show that, if we use (206, 3)', the value 
of C is the sum of the coefficients of all powers of z between and 
inclusive in the same expression. Similar changes must be made in the other 
expressions. Thus CE^ is now the sum of the coefficients of all powers of 
z between z^ and inclusive in the expansion of 

|zg,[L(z)r-)[/i,(2)]^*, (207,13) 


and Cuf in that of 


(207, 14) 
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Evaluating these new expressions as contour integrals in the manner used 
above, we find at once that (1), (2) and (3) are replaced by 


c = 

1 

2ni^ 


+_L1 

z^^l 

1 [/.4(2)r4/B(2)r'. 

(207, 15) 


1 j 

r dz f 1 

1 ] 

1(0 ) 


II 

2nij 



|j2 9,[/.4(z)r^)[/B(2)F*, 

(207, 16) 

II 



(207, 17) 


The only new feature is the inclusion of the extra factor 


in each integral. 

It can now be seen that every formula which involves only the ratio of 


two such integrals, in particular the formulae for and for n^, will be 
absolutely unaltered in form by the extra factor. The only change enters by 
formula (6) for locating the position of the minimum of the integrand on the 
real axis, a formula which we have seen leads to the determination of # in 
terms of E. This formula is now 


d 

dz 


[L(2)r4/B(2)] 


1 1 11 

+ ( 207 , 


19) 


and (6) which follows from (5) is replaced by 


«91og^(^) , X, oSlog/aW _ dE+\ 1 


It can be shown that the extra terms for all values of ^ between 0 and 1 lie 
in the range 0, dE. Equation (20) may therefore be discussed in the form 

E < ^E + dE. (207, 2 1 ) 

Now it is always presupposed that dE<^E. It follows at once that the 
difference between (21) and (6) is insignificant. 

We see then that there is no significant difference between averages based 
on (206, 3) and those based on (206, 3)'. It will not be necessary to refer to 
these wider types of averages again. All formulae established for exact 
energy values hold without modification for the more correct averages over 
a small energy range. 


§ 208. Average values and temperature on the statistical scale. 

We recapitulate here the results obtained in § 207 by purely mathematical 
operations and reasoning performed on the formulae of § 206. We shall, 
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however, slightly generalize the statement of these results by removing 
the trivial restriction that there are only two types of systems A and B, 
We consider an assembly consisting of systems A, systems B, 
Nfy systems C, and so on, where ... are all large numbers. If 

the systems A can exist in states 0, 1, 2, ..., all of unit weight and energies 
' • • » f average number of systems A in the state r is given by 

n, = (208, 1 ) 

in terms of a certain parameter of which the significance will be made 
clear shortly. The average number w' of systems B in the state s of energy 
V, is similarly ^ ^ (208, 2) 


There are similar formulae for the systems of other types. According to 
(1) and (2), the essential formulae (208 3) 

2X = A^ (208,4) 

are satisfied automatically. 

The average distribution of energy among the various types of systems 
is the following. The average value of the energy of all the systems A is 
given by 01og/^(^) _ 

, (208, 5) 

which satisfies the essential equation 

(208,6) 


The formulae for Eg, and so on are similar. Finally we have the necessary 

equality - E^ + Wg + Ec-^ ... = E. (208,7) 


If E is given, this fixes Alternatively if # is given, this fixes E. 

It ren\ains to discuss the significance of the parameter d- which, while 
mathematical in origin, is obviously fundamental in describing the state of 
the assembly, and should be identifiable with some physical property of 
the assembly. The striking feature of ^ is that the average properties of the 
systems A, those of B^ those of C and so on are all determined by one and 
the same Thus d' is a parameter helping to define the state of our assembly 
which mxjist have the same value for all sets of systems in the assembly. This is 
precisely the property which distinguishes the temperature from other 
parameters,* and we are therefore forced to the conclusion that d" plays the 
role of temperature. To be sure it is not the temperature measured on the 
usual scale, and we shall therefore call ^ the statistical temperature, or the 


* See, for example, Bom, Phynkal. Zeii. 22, 218, 249, 282 (1921 ) or Lewis and Randall, Thermo- 
dynamics, p. 51 (McGraw-Hill, 1923). 
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temperature on the statistical scale. We shall shortly derive the relation 
between this temperature scale and the usual thermodynamic scale T. 
We may anticipate this derivation by stating that the relation is 

( 208 , 8 ) 

where T is the temperature on the absolute (Kelvin) scale, and A; is a uni- 
versal constant. 

§ 209. Systems of several degrees of freedom and degenerate 
systems. Up to the present we have discussed the average proi)erties of 
an assembly of localized linear oscillators, but we have made no specific 
assumptions about the oscillators except that they have a discrete series of 
states specified by a quantum number, and that no two of these states have 
the same energy value. The formulae obtained will therefore apply to any 
kind of system with only one degree of freedom. Actually the most important 
systems with only one degree of freedom are linear oscillators. But although 
we assumed that the states of our systems were specified by only one quan- 
tum number, we never made any use of this assumption. Consequently our 
formulae remain true for systems with p degrees of freedom if by the state 
r we mean the state defined by the quantum numbers ...,rp and of 
energy , provided no two of these energy values are equal. 

Our next step is to remove the restriction that no two energy levels are 
equal and so to extend our formulae to degenerate systems. Suppose that 
there are states of equal energy t,.. We group these states together and 
call the group a tt7,.-fold degenerate state or a state of weight Now by a 
suitable small alteration of the conditions to which the systems are each 
subject, such as the application of external fields, technically known as a 
perturbation, it will generally be possible to separate these energy levels 
so that the system becomes non-degenerate. We can then apply all our 
formulae, the partition functions containing one term corresponding 
to each of the ur,. energy levels into which the degenerate level has been split. 
If now we make the perturbation tend to zero, we obtain again our original 
system with the 727,.-fold degenerate level e,.. The partition function 
now contains identical terms and we therefore write it in the alternative 
form the summation now including each degenerate state or each 

energy level once only. 

We shall now restate our results in the form applicable to degenerate as 
well as non -degenerate systems. Suppose the assembly to consist of 
systems A , Ng systems B and so on. Suppose the systems A have a sequence 
of stationary states with energies, e^, ej, . . . , . . . and weights tjjq, tzji, . . . , . . . . 

We construct the partition function 

f{z) = + ... .... 


( 209 , 1 ) 
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The average number n, of systems A in the degenerate state of energy e, is 
then by extension of (208, 1) 

■^ = iV^ (209, 2) 

The energy associated with this particular group of systems A is therefore 

(209,3) 

The average em:rgy h ^ of all the systems A is given, by summing (3) over 
all states r, in the form 

El = Na (209, 4) 

Exactly analogous formulae apply to the B and other types of systems, 
the same being used throughout. Finally we have the necessary equality 

= E. (209,6) 

If E is given, this fixes ^ the temperature on the statistical scale. Alter- 
natively if the temperature ^ is given, then the formulae fix E, 

The partition function /(#) is presumed to refer to the localized system. 
It should be observed that, in the important special case in which the motion 
splits up into two or more parts entirely independent of one another, the 
partition function /(#) must factorize into functions of the same type, which 
refer separately to the independent motions. A particular case of this 
factorization occurs approximately for the rotations and vibrations of a 
diatomic molecule. It occurs accurately for the separation of the trans- 
latory motion from the internal motions and rotations of a free molecule, 
but in general free molecules are members of a gaseous phase and their 
complexions require an enumeration of type II. 

§210. Linear harmonic oscillators. It is natural at this stage to 
consider a few examples of special systems and construct their partition 
functions. 

Wo have already described the linear harmonic oscillator in §202; its 
eigen functions are characterized by the single quantum number v 
which can take the values 

i; = 0,1,2,.., (210,1) 

and the corresponding energy values are 

e^^{v + \)hv, ( 210 , 2 ) 

relative to an energy zero of rest at the equilibrium position. The partition 
function is therefore 


/(^) = = ^*^^(1 -^»')- i . 


(210,3) 
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Hence in terms of the statistical temperature ^ the average energy of 
linear harmonic oscillators will be, according to (209, 4), 




ihv + 


hv \ 


The average energy of a single oscillator is therefore 


~Ea 

K 


= \hv + 


hv 

^-hv __ I • 


(210,4) 


(210,5) 


If we elect to take the energy zero as that of the lowest quantum state 
(i; = 0), the energy values become 

€,, = vhv, ( 210 , 6 ) 

and the corresponding average energy of an oscillator 




(210,7) 


We shall refer to the energy \hv of the lowest quantum state of a harmonic 
oscillator as its residual energy.* 


§211. Two- and three-dimensional harmonic oscillators. It is 

instructive to start by considering an anisotropic two-dimensional harmonic 
oscillator, that is one whose natural frequencies of vibration in two direc- 
tions at right angles are different. Referred to its position of minimum 
potential energy as origin and taking as x and y axes the principal axes of 
the oscillator, the classical energy equation becomes 

+ + J(27r>^y)2my^ = e. (211, 1) 

where Py are the momenta along the x, y axes, Vy are two frequencies 
related to the restoring force constants along the principal axes and e is 
the energy referred to a zero of rest at the origin. The corresponding equation 
of Schrodinger is 

This equation, like the classical equation (1), separates in x and y. The x 
and y equations obtained have just the forms of the equations for linear 
harmonic oscillators of frequencies Vy respectively. Consequently the 

* This is a grammatically more satisfactory English equivalent of nuUpunktsenergie than the 
commonly used “zero point energy'*. 
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energy levels are of the forms 

= (^'x + (Vy-<r \)hv^ (t7^ = 0, 1, 2, = 0, 1, 2, . . .), (211,3) 

The partition function is therefore 


/ \ / \ 
' \ 1 - \ 1 ■ 


(211,4) 


The average energy distributed among Nj^ such systems will be 

+ + (211,5) 


Let us now consider isotropic two-dimensional harmonic oscillators. We 
can obtain any formulae required by merely setting Pj. = = v in the 

corresponding formula for the anisotropic oscillators. It is more usual to 
class together all states of equal energy, that is all states of given values of 
+ Vy into degenerate states specified by v = -h Vy. By (3) the i^th degen- 
erate state will have an energy (v l)hp and a weight r H- 1 , since can have 
any of the ?; -f 1 values 0, 1, 2, ..., v. Hence the partition function is 

r “|2 

/(,V) + ^ I ^ (211,6) 

Consequently the average energy distributed amongst such oscil- 
lators is by (209, 4) 

Ea = = 2N^ + (211,7) 


in agreement with formula (5) when Pj. = Py = p. It is just twice the value 
for linear oscillators. 

It is scarcely necessary to go through the details for a three-dimensional 
oscillator; if it is ani8otro})ic the extension from the two-dimensional case is 
obvious. An isotropic three-dimensional harmonic oscillator will have energy 
levels of the form (c-f where v is an integer obtained as the sum of 
^i/» ^zy ciach of which can take any of the integral values 0, 1, 2, .... The 
number of such y) 08 sible distinct combinations of Vy, to give the same 
sum V is 1) (?; -h 2). In other words, the degenerate state with energy 
{v+l)hp has a weight J(v -1- 1 ) (?; -h 2). The partition function is then 

f{&) = ^ J(r-hl)(v-h2)i^<»’+«>A*' = {#**7(1-1^^*')}^ (211,8) 

For the average energy of such oscillators we have by (209, 4) 

Ea = + , (211,9) 

which is just three times the value for linear oscillators, as we should expect. 
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§ 212. Rigid rotators without axial spin. The equation of Schro- 
dinger and its solutions for these systems have already been given in § 204. 
We shall here describe its states from a slightly different point of view. The 
systems have two degrees of freedom, and therefore require two quantum 
numbers to define their eigen functions. Classically we can easily imagine 
several rotational states of equal energy, differing merely in the orientation 
of the axis of rotation. We might therefore exy)ect quantally several [) 08 sible 
states of equal energy but different orientation. This in fact occurs, and is 
called spatial degeneracy. If this degeneracy is removed by a[)plying an 
external field, the eigen functions can be described by means of two quantum 
numbers j and m with the following physical significance. In the limit of a 
vanishingly small field, the total angular momentum of the system is equal 
to l)/f/27r, while its com])onent about an axis parallel to the field is 
mA/27r. The allowed values of the two quantum numbers are 

i = 0,1,2,..., 

m = -j, -j+ 1, 0, +1, ... j- 1, j. 

The energy will depend on both j and m, but the terms depending on m 
tend to zero as the field strength becomes vanishingly small. Thus in the 
limiting case of no field, the energy becomes independent of w, and all 
states of given J are classed together as a degenerate state of weight 2j -|- I , 
the number of possible values of rn for a given value of;. The energy values 
in the absence of an external field are 

e^=j(j+l)A2/H7rM, (212,1) 

where A is the transverse moment of inertia. The ])artition function is 

therefore oo 

/(^) = 2 ( 212 , 2 ) 

;=o 

which cannot be further simplified without making approximations. If we 
make the substitution ^2 I 

then we have /(i^) = 2 (2j-l- (212,4) 

j-o 

When we have correlated # with temperature we shall find that in y)ractice 
almost alw ays t<^ 1 . Under this condition we can obtain an approximation 
by replacing the sum in (4) by an integral. Using the substitution 

j(j+l)T = g, (2j+l)rdj = d£, (212,5) 

we obtain 

/•oo 1 r® 1 Hn^A 

= =A*Iog(,7^)- 
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A more exact evaluation has been obtained by Muiholland* who has 
shown that 

m = ^{l+|r + JsT* + ^^(T»)}. (212,7) 

We shall apply this formula to diatomic molecules in Chapter iii. 


§213. Rigid rotators with axial spin (symmetrical tops). The 

states of these systems are too complicated to be discussed here and we shall 
merely enumerate them. If A is the transverse and C the axial moment of 
inertia the possible energy values are 






iO'+i) 


where 




• n,o f A = -J.-J + 1,...,-1,0,+1 

j = 0 , 1 , 2 , ..., } 

(m = -j, -j + l -1, 0, +1, 


(213.1) 

(213.2) 


Since the systems have three degrees of freedom, there are three quantum 
numbers j, A, m. but owing to spatial degeneracy the energy values are in 
fact completely determined by two of these. We may therefore omit the sub- 
script m from class together the 2j -f 1 states, corresponding to 

different values of m, into a single degenerate state of weight 2j+l. The 
partition function /(i^) may therefore be written in the form 


where 


oo j 


/(^)= 2 2 (2j+l)e-»«+i)T-AV 

(213,3) 

3=0 A= j 


A* , 1 

(213,4) 

, A* / I 1\. 1 

(213,6) 



Formula (3) cannot be simplified without approximation, but in the 
physically important case r < 1 , t' 1 we have the approximation 


f{^) = J ( 2j -H 1 ) dj J dA 

9 /•oo 


(213,6) 


by integration by parts. Since r and r' are small, the main contribution to 
this integral comes from such a long range ofj that j(j + 1) can be taken as 


Mulbolland, Ptoc. Camb. PhU. Soe. B4, 280 (1928). 
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p over the greater part of the region in which the integrand is sensible. To 
this approximation, which is sufficient for practical applications, we have 










= 


27 rA 

A*log(l/#) 


[ 27rC 

U2iog(r/i^)j * 


(213,7) 


For the completely symmetrical rotator C = A, and so r' is zero. We 
then have a still greater degeneracy since the energy values are independent 
of A as well as of m. In this case 






(213,8) 


In the physically important case we can again replace the sum by an 
integral and obtain the approximation 



(2j+ l)^ dj 


r<» TT* 

~jo = T* 

- 8»t*I ~ I' 


(213,9) 


§ 214. An assembly of two sets of non -localized systems. We shall 
now develop methods for calculating the equilibrium state of an assembly, 
when the complexions must be enumerated in the manner detailed in 
§ 205 for assemblies of type II. For simplicity we shall consider an assembly 
containing systems of two types A and B, Nj^ and in number, all of whose 
states are at first non -degenerate, with energy values CQ.ej, ... and 
Voy Vv-yVay ' ^ ^ respectively, all expressible as integers in terms 

of a suitable unit of energy. The number of systems in the states with these 
energies will be specified as usual by tIq, nj, ... and Wq, n^, ...,n', .... 

This set of numbers completely specifies a statistical state of the assembly. 
We have now to distinguish between two important cases, according as 
the eigen functions of the assembly are symmetrical or antisymmetrical in 
all the systems of a given set. 

(i) The assembly eigen functions are symmetrical in all the systems of a 
given set. Assemblies of such systems are said to obey the Bose- Einstein statistics. 

There is now one eigen function for every set of positive (or zero) integral 
values of the n^, w'. The total number of complexions C is therefore simply 
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equal to the number of sets of positive (or zero) integral values of the n^, w' 
satisfying the necessary equalities 

= (214,1) 

= (214,2) 

+ = E. (214,3) 

We shall now show that this number C is equal to the coefficient 
in the expansion as a power series of x, y, z of the double continued product 
11^(1 ...) 11^(1 + + ...) 

^ Il,.(l -a:2^^) Ml^(l -yz^^) ^ (214,4) 

Let us consider the factor corres})onding to the rth state of the A systems. 
From this we must select one term in evaluating the product which will be 
of the form A specimen term in the expansion of the product 1 !,.( ) is 

therefore where the can have any integral values (positive 

or zero) independently. A specimen term in the other factor !!,,( ) is 

similarly with similar values of the n'. The general term in the 

expansion of the complete expression is therefore 

which all and n' take all positive integral values (or zero) independently. 
If therefore from this ex])res8ioii we select the terms in xJ^^ y^»z^% we restrict 
the n,., 7i[ to just those values which satisfy (1), (2) and (3); this coefficient 
is therefore (\ 

It will be observed that the x and y play j)arts similar to that })layed by 
the variable z. The variable x selects those terms which obey the restriction 
of the com])lexions to the correct value of A^^, the variable y selects from 
these terms those which obey the further restrictions to the (jorrect value of 
Njf. Previously for localized systems these conditions were automatically 
fulfilled. The variable z as before selects those terms which arc restricted to 
the correct value E of the energy. 

Now in (4) the term in whkrh we are interested, results as 

the sum of C eipial terms each corresponding to one particular 

com])lexion. (insider a particular one of these comjdexions and let the 
number t)f .4 systems with energy e, in this particular complexion be 
Then the term contributed by this particular complexion will 

contain the factor x'^^z^^tu^ and no other factor in which the subscript t 
occurs. Suppose now we replace this factor by and perform 

the same o})eration on the t factor due to each (*omplexion. The result will 
be to change the coefficient, of u from H 1 to D/i,, where the summation 

is over the C complexions. According to (201, 1) this means that we change 
the coefficient of from C to Crif. We therefore consider the ex- 

pansionot xz^‘(\-xz‘>y^\\,^i{\-xz'r)-^\\,(\-yz^^)~\ (214,5) 
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obtained from (4) by replacing the / factor by Z„^n,x"‘z^i‘i, or 

in other words replacing every term by nfX'‘'z”i‘‘. It follows that 

Cti/ is just the coefficient of in the expansion of (5) or alternatively 

of 

xz^^(l n^(l -XZ^r)-l njl- 'l/Z^s)-l, (214, 6) 

(ii) The assembly eigen functions are antisymmetrical in all the systems 
of a given set. Assemblies of such systems are said to obey Fermi -Dirac statistics. 

For such an assembly there is again one eigen function for each set of 
allowed values of w', but these allowed values are restricted to 0 and 1, 
values greater than 1 being ])rohibited in agreement with E^auli's exclusion 
principle. The total number of complexions C is therefore equal to the 
number of sets of values of the n^, w' satisfying the necessary equalities 
( i ), (2), and (;i) and subject to the further restriction that each ??' must be 
0 or 1 but may not exceed 1. This number C may be shown to be equal to 
the coefficient of y^'nz^^ in the expansion of the double continued product 

n,(l -\-xz^r) n^(l +y:7v). (214, 7) 

The proof follows the same lines as for the Bose-Einstein statistics. Again, 
exactly as in the Bose-Einstein statistics, we obtain Cyii as the coefficient 
of in an exf)ression obtained from (7) by re[)la(*ing any t term 

by In the present case the t factor in (7) is 1 -f xz*f and this 

has to be replaced by xz*-'. This is equivalent to multiplying by 

(^ 2 "') (1 -{-XZ^f) ^ 

We see then that Cn^ is ecpial to the coefficient of * y'^^s^in the expansion of 

* 1^(1 t B,,(l -\-yz^^). (214, 8) 

We observe that formulae (4) and (h) for the Bose-Einstein statistics 
differ only in signs from formulae (7) and (H) for the Fermi-Dirac statistics. 
We can therefore combine the two under a common form, and at the same 
time allow for the eventuality that the two sets of systems may obey dif- 
ferent statistics. We have then the general proposition that the number of 
complexions C is equal to the coefficient of in the expansion of 

11^(1 ± 11^(1 ±yz^^y^, (214,9) 

where in the first product we use either both the -f or both the — signs 
according as the A systems obey the Fermi-Dirac or the Bose-Einstein 
statistics, and similarly in the second ])roduct according to the nature of the 
B systems. Further, the average number of systems A in the state t is equal 
to the coefficient of x^^y^'^z^^ in the expansion of 

xz^^( \ ± ^ n, ( 1 ±yz^>*)^^. 


(214, 10) 
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Our next step is the pureJy mathematical one of evaluating these coeffi- 
cients, and so obtaining the value of and other such average properties 
of the assembly. We shall briefly outline the method of procedure in the next 
paragraph. The reader, who is not particularly interested in the mathe- 
matics, can proceed to § 216 where the results are collected. He may accept 
these results as deducible from the formulae of the present section by purely 
mathematical reasoning. 


§215. Mathematical derivation. We know that C is the coefficient 
of in the expression (214, 9). Using Cauchy’s theorem three times 

over as for one variable, we find 

Similarly it follows from (214, 10) that 

(215,2) 

the integrand of ( 2 ) differing from that of ( 1 ) only in the presence of the 
extra factor 

xz^t ^ 1 

1 ± xz*^t (xz^t)~^ ± 1 ’ ( 215 , 3 ) 


It can be proved that the factor multiplying dxdydzjxyz in ( 1 ), namely 
n,.(l ng(l ±yz^»)'^^ jx^^y^Bz^ ^ (215,4) 


dominates the behaviour of the whole integrand both in ( 1 ) and ( 2 ), or in 
any similar integral with extra factors such as the {(a: 2 ‘^ 0 “^± 1 } ^ in ( 2 ). 
This dominant factor has for real values of the variables x, y, z a unique 
minimum at a point A 4 , A^^, 1 ^. Further the contours of integration can be 
chosen to pass through this point, so that on the contours the integrand has 
a single dominant maximum at this point whose neighbourhood contributes 
the w hole effective value of the integral. Such a point is called a col. If then 
we substitute the values A^, A^, fora:, y, 2 in (3) or any similar extra factors, 
we may take this factor outside the sign of integration. We have therefore 
on dividing ( 2 ) by ( 1 ) 


- _ _ 1 


(215,5) 


According to the definitions of A^, A^, 1 ^ as the values of x, y, 2 which make 
the dominant factor in the integrand stationary, they are determined by 
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the equations 

' 1 ± A^i»^ 

(215, 6) 


V 

(215,7) 



(215, 8) 

We see from (5), (6), (7) and (8) that the necessary equalities 




(215,9) 



(215,10) 



(216,11) 


are automatically satisfied. 


§216. Summary of results. We may summarize the results, whose 
deduction has been sketched in § 215, as follows, at the same time removing 
the trivial restriction to assemblies of only two types of systems. In an 
assembly containing systems of type A, of type B, and so on, the 
average number of systems of type A, in the non-degenerate state r of 
energy is given by 

A I 

(216, 1) 


w, = 


1 


A., 1#-'^ ± 1 ’ 


which can also be written in the form 

d 




log(l ± 


i- 1 


(21(5,2) 


where we have to take the + or — according as the assembly eigen functions 
have to be antisymmetrical or symmetrical in the systems A . The A^, A^, . . . 
are parameters of which there is one for each type of system Ay B, but 
the same parameter A^ occurs in formulae such as (1) for all the various 


states r of the A systems. The A^, A^,... are determined by the necessary 


equalities such as 






The average energy of the systems A is given by 




(216,3) 
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Finally ^ is a parameter with the same value not only for all states r of 
one type of system, but for all the various types of systems -4, -B, .... The 


necessary relation 


K = + . . . 


(216,6) 


determines d' when E is given, but we may equally legitimately regard it as 
determining E when is given. For the reasons given in § 208 we may regard 
as the temperature measured on a particular scale which we call the 
statistical scale. We shall shortly prove that the statistical temperature 
^ is related to the temperature T on the Kelvin scale by 


d‘ = 

where ^ is a universal constant. 


(216, 6) 


§ 217. Degenerate systems. The equilibrium properties of the assembly 
have been shown to depend only on the functions log(l ± 
as concerns each set of systems. It is therefore now easy to remove the 
restriction to non -degenerate systems, by allowing the energies to become 
equal in groups of If now the systems A have degenerate states, of energy 

values €o, ej, . . . , e,., . . . and weights tn j , . . . , ur,., . . . , then the average 

number of A systems in the degenerate state r is 


± j • (217, 1; 

The energy of these particular A systems is or 

•og(l ± = m^»^log{l ± (217, 2) 

The average energy of all the A systems is 


^ ^ log( 1 ± I 


— 


^^(A>o-^±r 


(217,3) 


the values of A < and ^ being fixed by the necessary equalities (216, 3) and 
(216,6). 


§218. Classical statistical mechanics. Non-localized systems are 
free to move in a common enclosure, and are distributed amongst their 
possible states according to (217, 1), namely 




Let us suppose that for all 


(218,1) 




(218,2) 
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then we may use the approximation 

log(l ± (218, 3) 

which is the first term of the expansion in series. Hence in this case both 
Fermi-Dirac and Bose-Einstein statistics lead to identical distributions. 
Using the approximation (3) we can simplify (1) to 

(218, 4) 

We also have then 

= A^/(^), (218, 5) 

where /(i9) is the partition function defined in §206. If we eliminate 
between (4) and (5) we obtain 

(218, 6) 

which is identical with (209, 2) for the distribution of localized systems. 

We have thus obtained the striking result that when (2) is obeyed, the 
Fermi-Dirac statistics, the Bose-Einstein statistics, and the statistics for 
locahzed systems all lead to the same distribution laws. Under these con- 
ditions we do not need to distinguish between the three kinds of statistics, and 
we say that the assembly obeys classical statistics. 

At the present stage we cannot say when, if ever, the condition (2) will 
be fulfilled. After we have related # to T we shall be able to show that this 
condition is fulfilled at all temperatures except the very lowest (T<^1°) 
by gaseous assemblies of any kind of ordinary chemical molecules or atoms, 
but not by the assembly of “free” electrons in a metal. The Fermi-Dirac 
statistics will be used in Chapters xr and xiv, where we sketch the electron 
theory of metals, but in all other applications classical statistics are an 
amply sufficient approximation. We shall therefore for the sake of sim- 
plicity use classical statistics throughout except in (Chapters xi and xiv, but 
we shall first show that all three forms of statistics lead to the same thermo- 
dynamic laws. 

We can anticipate the rigorous discussion of the conditions under which 
(2) is obeyed by a semi -quantitative physical discussion. Suppose that the 
total number of systems A is much smaller than the number of possible 
states of not too high energy (this qualification of not too high will need to 
be analysed more precisely later), then the number of complexions with 
more than one system in any given state will be negligible compared with 
the number of complexions where each state contains either one system or 
none. We may therefore ignore the existence of conceivable complexions 
containing more than one system in any state. Now assemblies obeying 
the Fermi-Dirac statistics differ from those obeying Bose-Einstein statistics 
only in that complexions with more than one system in a given state are 
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forbidden in the former, but, if the number of such complexions is negligible 
anyhow, the distinction becomes unimportant. We may therefore expect the 
condition (2) to be closely related to the condition that the number of 
systems be small compared with the number of states of not too high energy . 
We shall later show that this is so. 


§ 219. Structureless particles moving in a box. As an exam])le of an 
assembly of type II, let us consider a number of identical structureless 
[)articles in an enclosure. The equation of Schrbdinger for a structureless 
particle of mass m* in an enclosure of volume V and uniform potential 
energy, which for convenience we take to be zero, is 


Sa:'-* ay* 


lie 

eij/ = 0. 


(219,1) 


If the enclosure has the form of a rectangular box, the eigen functions can be 
enumerated by means of three quantum numbers /, m, n each of which can 
take any j)ositive (non -zero) integral value, with the physical meaning that 
the s(]uares of the momenta y)arallel to the edges of the box are 

7i^h^l4n^. The momenta themselves have no eigen values but an 
average value zero, corresponding to the fact that a })articlt‘ with given 
/, m, n is moving back and forth between the ends of the box and is as likely 
to be moving in one direction as in the exactly opposite direction. The energy 
of the state with given m, n is 


== Hrn*W''' h^ ■^c*/' 


(219,2) 


All su(*h states are non -degenerate. We shall here supyiose that for all e^. 

(219,3) 


and shall verify afterwards that this condition is fulniled. W^e therefore 
uant to evaluate the partition function 


fi&) 


ai oc' CT' f 1 

V V ^ 

Z-1 m-1 n-1 


oo ec ao 

2^1 m-1 n"»l 

We shall further suppose and verify afterwards that 


(219,4) 


A* log( l/#)/8m*a* < 1 , (219, 5) 

A*iog(l/#)/8m*6*-^ 1, (219,6) 

A®log(l/^)/8m*c®< 1. (219,7) 

These conditions mean that the separation of the energy states is small 
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compared with l/log(l/^), that is with kT. We may then replace the sums 
in (4) by integrals as in § 212, and obtain 


-i: 






^ 00 

Jo 




\oeamiSm 




^-l/tMog(W/8m*fr2] m 


‘dmj* 


g -(A* losaimm V*J n* 


|A21og(l/i^) 4 |A2]og(i/i9-) 4 4 


27rwi* 

A2iog(l/^) 


i 

a6c = 


27rm* 

A* log(l/i^) 


F, 


(219,8). 


V being the volume of the box. Anticipating the relation between and the 
Kelvin temperature T, this becomes 


,,n, {‘2.nm*kT)* V 

m= ^3 , 


and so according to (218, 5) 

A = 


N N 




f(d^) V {27nn*kT)^' 


(219,9) 

(219,10) 


We must now verify the conditions (3) and (»5), (6), (7). Anticipating the 
relation (208,8) between # and T, and using the numerical values 
k = 1-37 X 10" ergs/degree Kelvin, h = 6*55 x 10“^’ ergs x sec., m* = 1-06 
X 10~2® g., the mass of a hydrogen atom, we find 

A21og(l/#)/8m*a2 = k^lSm*a^kT = 2-36 x lO-^Va^T. (219, 11) 

Thus for hydrogen atoms in a box with sides of length 10~^ cm. at the 
temperature 0-001° K. 

A21og(l/i5^)/8m*a2 = 2-36 x 10"®, (219, 12) 

and the conditions (5), (6), (7) are easily satisfied. They are satisfied a fortiori 
by more massive particles, a larger enclosure, or higher temperatures. 
Even for electrons they will usually be comfortably satisfied. We have still 
to verify the validity of (3) or 

A<^e^rikT (alle^). (219,13) 


Since kT and all the are positive, (13) will be satisfied provided we can 
show that (219,14) 

or, according to (10), that 


N 

V {2nm*kT)* 


< 1 . 


(219,15) 



54 Assemblies of Permanent Systems [219 

Inserting numerical values for k, h and the value of m* for a hydrogen atom, 
this condition becomes , 

5-2 X 10-21 (219,16) 

The molecular density in an ordinary gas at standard temperature and 
])ressure gives = 2-7 x 10*^. For the same concentration and T = 9°K., 
the left side of ( 1 6) becomes 0*005 and the condition is well satisfied. A fortiori 
A will be much smaller than 1 for more massive particles, higher temperatures 
or smaller concentrations. Thus in applications to actual gases we may 
aH.sume that A is small, and we may use classical statistics. The only im- 
portant excef)ti()n will be an assembly of electrons at the concentrations at 
which one would exj)ect to find free electrons in metals, about one per atom. 
On account of the much smaller mass of the electron, in such assemblies 
A> 1 even up to temperatures greater than 2000° K. The formulae of this 
})aragraph are then not applicable. 

We shall return in Chaf)ter iii to assemblies of the type discussed in this 
section and shall there discuss them from a more familiar ]»oint of view. 

§220. External reactions of the assembly. In addition to the 
foregoing formulae for the distribution laws we require formulae for the 
average (equilibrium) values of the forces exerted by the assembly, or its 
sets of systems, on the bodies which control the geometry of the assembly. 
The most im])ortant example is the formula for the pressure of a gas. 

We may assume that the states of any system in the assembly (or of the 
assembly itself) are determined by solving Schrddinger’s equation with a 
potential energy which is itself a function of certain parameters x^,X 2 y ..., 
defining the f)ositions of all the external bodies. The energies of the possible 
states of any system are then functions of x^^x^, .... The weights are, 
however, constants, as they are necessarily merely the number of indepen- 
dent solutions for a given value of the energy and given x's. They could at 
most only change discontinuously for certain values of the a:\s, and if the 
potential energy is a continuous function of the x’s this is impossible. 

It will be observed tliat we have here classified the universe into two 
])arts, the assembly in which we are interested, and the rest of the universe. 
This is an essential part of any discussion of external reactions and, of 
course, what part of the universe we call the assembly can always be chosen 
at our ow n discretion. Now the assembly and any one of the bodies which 
produce the external field also form together a quantal system, in which if 
undisturbed the energy must be conserved. When therefore a relevant 
parameter x, defining the j)osition of this body, is allowed to change by an 
amount dx, the system in the original assembly remaining in its original 
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state r , energy must be conserved. The energy of the state will have increased 

by and we express this conservation by saying that the system has done 

work on the external body to an amount — de,. This is more conveniently 

expressed by saying that the system exerts a generalized force component 

on the external body, such that in any infinitesimal displacement in 

which the system remains in its original state r (reversible displacement) 

the work done is X,dx where ^ zooa i \ 

^ = - de^/dx. (220, 1) 

In any state of the assembly it follows that the total generalized force X 

due to one set of systems and tending to increase the parameter x is given by 

X = - I,,n,d€jdx, (220,2) 

There are similar generalized forces for other states and other parameters. 
The average value of this for(;e which the assembly will exert in its equili- 
brium state is therefore --- /rtrtA ox 

X = -I,,nrdejdx, (220,3) 

Using (217, 1) forn,. this becomes 


V V 

ox 


= (220.4) 


§221. Relationship between statistical mechanics and thermo- 
dynamics. We have now obtained all the distribution laws of the equili- 
brium (average) state of any assembly of systems, between which the energy 
of interaction is negligible. Wo shall later extend these laws to apply to 
assemblies of interacting systems. Before doing so it is of interest to con- 
sider the relation between the laws already derived and classical thermo- 
dynamics. We have obtained all these distribution laws without any 
reference to thermodynamical ideas, except to [)oint out that there must be 
a universal relation between 'O' and the absolute temperature. The ideas of 
thermodynamics are entirely foreign to the foundations of statistical 
mechanics, which are mainly dynamical. The proper course is to prove that 
the laws of thermodynamics are true for the assemblies of statistical 
mechanics, if we use suitable analogies to int>erpret the y)roperties of these 
assemblies.* Such proofs are given in the succeeding sections, and it will be 
seen that the direct introduction of the laws of thermodynamics in this way 
is satisfactorily simple. 

§ 222, The laws of thermodynamics. Since the basic laws of thermo- 
dynamics can be formulated in several alternative ways, it will be necessary 
for us to describe shortly the basis which we actually adopt, because the 
development of the relationship with statistical mechanics is naturally 

* This was made abundantly clear by Gibbs. Collected Workn, 2 £lefnentart/ Principles tn 
Statistical Mechanics, Chapters tv and xiv (Longmans, 1928). 
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somewhat affected by this choice. The most logically satisfactory formula- 
tion is undoubtedly that of Caratheodory.* We shall not quote this for- 
mulation as it is rather too abstract, but shall give a less abstract formulation 
easily derived from Caratheodory’s. This formulation we may call the 
classical formulation, being the one most commonly adopted, although some 
of the postulates are often assumed without being explicitly stated. This 
classical formulation is, however, not the formulation which is most simply 
related to the statistical laws which we have obtained. We therefore give 
after the classical formulation another variant, which is derivable from the 
classical formulation, is as useful as the classical formulation, and is more 
conveniently related to the statistical laws. 

We shall, for the sake of brevity, omit definitions of “thermodynamic 
state’*, “work”, “thermal insulation”, “adiabatic”, “thermal contact”, 
“thermal equilibrium”, but must emphasize that these can be defined 
without any reference to temperature. 

The first step is to introduce the concept of temperature. As a natural 
generalization of experience we introduce the postulate : If two assemblies 
are each in thermal equilibrium with a third assembly, they are in thermal 
equilibrium with each other. From this it may be shown to follow that the 
condition for thermal equilibrium between several assemblies is the equality 
of a certain single-valued function of the thermodynamic states of the 
assemblies, which may be called the temperature t, any one of the assemblies 
being used as a “thermometer” reading the temperature t on a suitable 
scale. This postulate of the “ Existence of temperature'' could with advantage 
be known as the zeroth law of thermodynamics. This temperature, whose 
existence is thus postulated, is measured on a scale which is determined only 
by the arbitrary choice of the thermometer system, and is called the em- 
pirical temperature when it is necessary to distinguish it from the absolute 
temperature defined later. For example, the empirical temperature t might 
he defined to be the measured volume of a constant quantity of any chosen 
substance at constant pressure. 

We now formulate the First Law of Thermodynamics as follows. If a 
thermally insulated assembly can be taken from a state I to a state 11 by alter- 
native paths, the work w done on the assembly has the same value for every such 
{adiabatic) path. From this one can deduce that there exists a single-valued 
function E of the state of an assembly, called its total energy, such that for 
any adiabatic process the increase ^E of the energy is equal to the work 
done on the assembly. Thus 

^E = w (adiabatic process). (222, 1) 

* Caratheodory, Math. Ann. 67, 355 (1909). For a simple account see Born, Physikal. Zeit. 
22, 218, 249, 282 (1921). 
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In particular in an assembly mechanically as well as thermally isolated the 
energy remains constant, thus 

AE = 0 (isolated assembly). (222, 2) 

It follows that in any interaction between two parts of an isolated assembly 
gain of energy in the one part is equal to the loss of energy in the other. It 
is to be noticed that for this definition of energy it is necessary and sufficient 
that it be possible by an adiabatic process to change the assembly either 
from state I to state II or from state II to state I. 

We now define the heat q absorbed by an assembly as the increase in 
total energy of the assembly less the work done on the assembly, thus 

q = AE — w (all processes). (222,3) 

We now formulate the Second Law of Thermodynamics as follows. 
There exist single-valued functions of state, T, called the absolute temperature, 
and S, called the entropy, such that 

( 1 ) T is a function of t only. 

(2) The entropy of any assembly is equal to the sum of the entropies oj its 
parts. 

(3) For any infinitesimal change in any completely homogeneous assembly 

q^TdS; (222,4) 

the equality sign holds for quasi-static processes, the inequality for natural 
(irreversible) processes. If an assembly is not completely homogeneous, the 
relation (4) applies to each of its homogeneous parts. 

These postulates form a sufficient basis of thermodynamics. From them 
one can, for instance, immediately derive Carnot’s formula for the efficiency 
of a reversible cycle.* Actually we shall have more use for the branch of 
thermodynamics which gives us the conditions for complete equilibrium. 
We shall briefly outline the procedure for deriving these conditions from the 
postulates. 

If an assembly is in complete equilibrium, then every conceivable in- 
finitesimal change must be quasi-static. The condition for complete equi- 
librium is therefore by (4) that for every infinitesimal process 

q = TdS (equilibrium). (222,5) 

If we combine this with (3) the condition becomes 

TdS = dE-w (equilibrium). (222, 0) 

Certain special forms of (6) are of particular importance. We quote two. 

* For this derivation see, for example, M.T. p. 6 
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For an assembly isolated thermally and mechanically 

w =r 0, dS = 0, dE = 0 (equilibrium). (222, 7) 

For an assembly mechanically isolated in a thermostat 

w = 0, dT = 0, d(E— TS) = 0 (equilibrium). (222, 8) 

The quantity E - T8 occurring in (8) is called the free energy, and is denoted 
by F. It plays a fundamental part in the alternative formulation given 
below, and in our derivation of the laws of thermodynamics from those of 
statistical mechanics. 

This completes the classical formulation. To make use of it one proceeds 
as follows. One assumes that any assembly, if not completely homogeneous, 
can be divided into a number of completely homogeneous parts called 
phases each with its own energy, entropy and temperature. The energy and 
entropy of the whole assembly are then equal to the sum of those of the 
constituent phases. A complete description of the state of the whole as- 
sembly involves a complete description of each phase. To define completely 
a given phase we first define its comj)osition, that is the number Ng , ... 
of the various ty])e.s of syst^ems (molecules) that it contains. Next we specify 
the values of all geometrical parameters x. [Usually the only important one 
in j)ractice is the volume V,] Having done this the phase still has one degree 
of freedom and we require to specify one further quantity to complete the 
description of its state. In the classical formulation the quantity chosen is 
the entrof)y. We thus have for the given phase the independent variables 
Nj, ... or for brevity S, x, N. Any other property of the phase 
may then be regarded as a function of 8, x, N, and in particular the total 
energy may be so regarded. We may therefore write for any variation in the 
state or nature of the phase 

rfA’ = dS + S + S cZA. (222, 9) 

dS dx dN 

If in particular we consider a variation at constant configuration and 
constant com}>osition, (9) reduces to 


dE 




dS (a;,iV constant), 


( 222 , 10 ) 


and E becomes a single-valued function of 8. The only process that can 
take })lace at constant configuration and constant composition is an absorp- 
tion of heat, for at constant configuration there can be no work.* In this 

„.dF.. ( 222 , 11 ) 

* It iniiNt hr rrinem bored that constant c(mfiguration inclu(ies constancy of any long-rango 
fields produced by bodies outsido the assembly. 
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Substituting (11) into (10) we obtain 



( 222 , 12 ) 


If we arrange that the absorption of heat be (juasi-static we have according 


to (4) 


q = TdS, 


and so by comparison of (12) and (13) 

m = T 


( 222 , 13 ) 


( 222 , 14 ) 


Since for given x, N we know that ^ is a single- valued function of S, the 
relation (14) must be independent of the process used in its derivation. We 
may then rewrite (9) as 


dE 


rdKS+^{^ dr +:^lf.dN. 
dx ?N 


( 222 , 15 ) 


Provided the phase is in mechanical equilibrium with its surroundings, 
— {dEjdx) is simply the generalized mechanical force exerted by the phase 
tending to increase x. This we denote by X, The coefficients dEjdN are the 
quantities introduced by GibVis and denoted by /i. We call them the partial 
potentials. Introducing these symbols we rewrite ( 1 5) as 

dE = TdE-:i:Xdx + )LiidN. (222, 1(5) 

This formula shows the dependence of E on the independent variables 
S, X, N; E, thus regarded as a function of these variables, is called the 
thermodynamic potential for the variables S, x, N. Formula (16) is (‘ailed 
the fundamental formula* for this set of independent variables. There is 
one such formula for each |jhase. These formulae form the usual starting- 
point for determining equilibrium j)rof)erties after the manner of Gibbs. 

By using fundamental formulae of the type (16), one such for each ]>hase, 
one can deduce 

(a) That heat flows always from a higher temperature to a lower one. 

(b) That any geometrical boundary moves from a higher pressure to a 
lower one. 

(c) That chemical changes always ])roceed in such a direction that certain 
linear combinations of the partial potentials decrease. 

As a corollary of (a) we have the fact that there is thermal equilibrium be- 
tween two phases of equal tcnq)erature, which is already known from the 
zeroth law\ Since we are mainly interested in the equilibrium ])roperties of 
assemblies, we can dispense with deduction (a) and conflne ourselves to 
assemblies of uniform temperature. We can then transform the formulation 

♦ See Gibbs’ Collected Works, 1, 88. footnote (I-ongmans, 1928). 
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of the second law to a more convenient form, which is less general than the 
classical formulation, but only to the trivial extent that one postulates 
equality of temperature throughout the assembly.* 

Adopting this standpoint we are able in our choice of independent vari- 
ables to replace the entropies of each of the phases by the temperature of 
the whole assembly. The whole formulation can thereby be simplified. To 
achieve this we define the free energy F by 


F = E-TS, 


(222, 17) 


and differentiating (17) and combining the result with (16) we obtain 

dF = -SdT-'LXdx + I./idN. (222, 18) 

Formula (18) is the fundamental formula for the variables T, x, N; F is the 
thermodynamic potential for these variables. One could, if one wished, use 
formula (1 8) as the basis of the second law. The variables T, x, N are indeed, 
from the statistical point of view, more “natural” than S, x, N, but we can 
improve the naturalness still further by getting rid of all need to refer to S. 
This we now proceed to do. 


According to ( 1 8) we have 


dF 

oT 


= - 


(222, 19) 


and consequently, by using (17) with (19) 

d(FIT) ^IdF F _TS + F E 
dT T dT T^' \ ) 

By using (20) we can eliminate S from (18) and obtain 

= + ( 222 , 21 ) 

It is this formula which we choose to adopt as our basis for the alternative 
version of the second law. We now proceed to give our alternative for- 
mulation. 

The zeroth law, the first law, and the definition of heat are preserved in 
the form already given. It is only in the formulation of the second law that 
there is a departure from the classical formulation. The formulation of the 
second law which we now adopt is the following. 


Second Laic (alternative formulation). There exist single-valued functions 
of state, T, called the absolute temperature, and F, called the free energy, such that 

(1) T is a function of t only. 

(2) The free energy of an assembly is equal to the sum> of the free energies of 
its parts. 


* Cf. Gibbs’ Collected Works, 1, 90, footnote (Longmans, 1928). 
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(3) When work w is done on the assembly isothermally 

dF^w (dT = 0)] (222,22) 

the equality sign refers to quasi-static processes, and the inequality sign to actual 
(natural) processes. 

(4) When F is regarded as a function of T, x, N, its dependence on the 

temperature is given by d(FjT) E 

~dT 


(222, 23) 


Ado})ting this formulation we need indicate, only quite briefly, how it 
leads to the same equilibrium laws as the classical formulation. Choosing 
the independent variables T, x, N we write 




-Ht 


(222,24) 


The coefficient of dT is determined by (23). Formula (22), applied to 
quasi-static variations of the geometry* of the assembly at fixed composi- 
tion, tells us that - dF/dx = X. Alternatively we may take this as the defini- 
tion of the generalized forces X. Finally we define the partial potentials /i 
by the relation /dF\ 

(eiv)r.x.. 


\7lf (J^t) 


We thus have 


or 


4t) = ~ ^^Xdx+j,E/^dN, 

alternatively Td( y, j = — ^ dT — A da: -|- £ /< dN , 


(222, 26) 
(222, 26) 


(222,27) 


in agreement with formula (21) obtained by the classical derivation. 

The condition for complete equilibrium of an assembly is that any change 
whatever should be quasi-static, and according to (22) this can be for- 

mulated as ^ ^ ^ ^ y, (equilibrium), (222, 28) 

and in particular, considering chemical changes, keeping the geometry of 
the assembly unaltered, 

dT = 0, rfx = 0, dF = 0 (equilibrium). (222, 29) 

Formula (29) is the most convenient general form for the conditions of 
chemical equilibrium. 

It is not essential to introduce other thermodynamic functions than E, 
Fy T, /ly which are now defined. For completeness, however, we can define 

the entropy Shy g ^ (E-F)IT. (222, 30) 

• Including variations of long-range fields. 
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We then have 
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0/ d(FIT) F ^ F 
df ~ ^ ~dT ' f~ f ~ 


[222 

(222,31) 


using (23) and (30). Alternatively we might define S by (31) and deduce (30). 
Apart from the arbitrariness in the units in which E, F, T and S are mea- 
sured and the arbitrary zero from which E and 8 are measured, E, T, F, 8 
are unique. The arbitrary constant term a in aS appears in F in the form aT. 
This term cannot affect any of the 8[>ecified properties of F and so has no 
physical significance. 


§ 223. Derivation of thermodynamics from statistical mechanics. 

We have already found the correct analogy to the zeroth law, since ^ has 
the required properties of temperature. The first law is also an obvious 
deduction from our premises, if we define the total energy E of thermo- 
dynamics by the equation 


E ^ E — ^^E^ — (223, 1) 

To deduce the second law in the required form we have to define suitable 
functions to act as T and F. We shall show that this can be done. Since 
may be identified as the empirical temperature, we may tentatively define 
T by ^ 


where k is any constant, merely fixing the size of the degree. We then define 
F by the equations F = Y.^F^, (223,3) 

Pa log» = -^^ = log( 1 ± ^^r) + 1 _ log . (223, 4) 


We have now to show that F and T have the properties of free energy 
and absolute temperature respectively, required by the adopted version 
of the second law. The additive property of the free energy is already catered 
for by the form of the definition (3). 

To derive the other required properties of F we have to treat jP as a 
function of 0^ (or T), x and N^. We therefore note that depends on 
X and jV^, while depends on x only. The complete differential of Fj^ log^ 
is then 








We require next the value of dF^jdX^ to insert into (5). From (4) we deduce 


A^logd 


0F. 


y _ t37. 


'Ai‘#-‘r+l 


-N^ = l.,n,-N^= 0. (223,6) 
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using (217,1).* Consequently in (5) we may omit all terms containing 
dF^jdX^ as a factor and treat as though it were not variable, so that (5) 
simplifies to 


d(F^\og») = 


3(/:,logil) 


0logl& 


dlog^H-logi-^i:, 


cFji oe. 


cF, 


06, 


y^dx + \og^^^dN^, 


(223. 7) 


all differentiations being performed treating A ^ as constant. If we now compare 
(4) with (21 7, 3) we obtain 

(223 8) 

Similarly by comparing (4) with (220, 4) we obtain ' 

I /,..v 0e, 0J: 1 ± A.^ &^r dx ' ’ ^ > 

Further from (4) we derive 

^_i<'gA.„ 

Hence substituting (8), (D) and (10) into (7) and summing for all species, we 
obtain using (3) 

(/(Flogi5^) = AV/logi^-logi^S-Yda:-i:^JogA^^diV4. (223, 11) 


We now substitute from (2), which tentatively defined T as a certain func- 
tion of and obtain 


" ~ + (223, 12) 

If now we compare formula (12) obtained statistically, by using the 
tentative definitions (2), (3) and (4) of T and F, with the thermodynamic 
formula (222, 26), we find that the dependence of F on 7’ and x is identical 
in the two formulae, provided we identify E with E and Al with X. This 
partly justifies our identification of 7' and F defined according to (2), (3) and 
(4) with the thermodynamic temperature and free energy respectively. To 
com}>lcte the justification for this identification we must show that the 
terms of (1 2) and (222, 26) in dN^ are also equivalent to each other. We can 
tentatively make these terms equivalent by assuming that each A is related 
to a j)artial })otential p according to a relation of the form 

M^, = kT\ogA^,. (223,13) 

or A^ - (223, 14) 

We shall show that these relationships between the statistical A *8 and the 


• The reader who has followed the reasoning summarized in § 215 will be able to verify that the 
lelation =6 follows from the definition of as the value of a coordinate at a col. 
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thermodynamic //’s are correct, and thus complete the justification for our 
assumption that /"defined by (3) and (4) is identical with the thermodynamic 
free energy. 

The criterion for the correctness of the tentative identification (13) or 
(14) is that the same conditions for complete equilibrium should be obtained 
by the statistical method as by the thermodynamic. We cannot at this 
stage give the most general proof of this, but in effect there are only two 
independent types of equilibria of importance, namely the ecjuilibrium for 
a particular kind of system partitioned between several parts (phases) of 
the assembly (physical phase equilibrium), and that for the iritercon version 
of different types of systems (chemical equilibrium). We shall now show 
that (14) leads correctly to the conditions for physical phase equilibrium; 
we postpone consideration of chemical equilibrium to Chapter v. 

Let us examine first the statistical condition for equilibrium in a two- 
phase assembly. In all our derivations the subscripts B, ... each referred 
to a set of identical systems, that is systems which have the same accessible 
states. This means that all the A ’s must be not only chemically identical 
but in the same enclosure. If we have two sets of systems of identical 
chemical nature but confined to different enclosures (phases) in thermal 
contact, then all our formulae are applicable to the assembly consisting of 
the two enclosures, provided we denote the two 8ey)arate sets of chemically 
similar systems by different symbols A\ B, B', and so on. The two parts 
of the assembly will have a common temperature (i^ or 7"), but there will in 
general be different values of the A’s in the separate enclosures, say A^^, . . . 
in the one and A^jA^, ... in the other. Suppose now that we replace the 
barrier by a membrane permeable only to the systems A (including, of 
course, A'). The A'fi and ^'’s redistribute themselves until equilibrium is 
reached. Only in the sy)ccial case that the two enclosures (phases) were 
already in equilibrium, will no change take place. But when all the states 
primed and unjmnied are accessible to all the systems of type A, statistical 
theory requires that there must be a common value of A^ for all the systems 
A whichever enclosure they happen to be in. Hence in the special case 
that no change takes place when the barrier is removed, we know that A^ 
must have already had the same value in both enclosures before the barrier 
was removed. Thus the condition for equilibrium between the two enclosures 
(phases) with respect to the system A is 

a:, = A^. (223,15) 

There will be a similar equilibrium condition for each other chemical species 
B, C, .... We shall in Chapter v give a somewhat different derivation of the 
equilibrium condition (15). 
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We can now show that the statistical condition expressed by (15) is 
equivalent to the thermodynamic condition. We saw in §222 that the 
thermodynamic condition for complete equilibrium could be expressed in 
the form (222, 29). In the present example the process to be considered is 
the transfer, at constant temperature and constant geometry, of some of the 
single species A from one of the two phases to the other. For this simple 
process the conditions (222, 29) reduce to 

= 0, (223, 16) 

subject to dNj-\-dN^ = 0, (223, 17) 

the primed symbols referring to the second phase. We can eliminate 
dN^ from (16) and (17) and so obtain as the thermodynamic condition for 
equilibrium between two phases the form 

(223.18) 

If now the A’s and //\s are related according to (13) we may replace (IS) by 

(223.19) 

in agreement with the statistical condition (15). We have thus shown that 
the same condition (15) or (19) for the (physical) equilibrium of a given type 
of system between two phases is obtained both from statistical laws and 
from the thermodynamics law of making F minimum for given T, x. In 
(.’hapter v we shall show that both laws lead to the same conditions for 
homogeneous chemical equilibrium. But the most general kind of y)hy8ico- 
chemical equilibrium can be derived by su])ery)osition of these two tyy)es of 
equilibrium. We may thus be assured that F defined by (3) and (4) has all the 
essential ])roperties of the thermodynamic free energy, and so comparison 
of (12) and (222,26) shows that the statistical and thermodynamic tem- 
y)erature scales are correctly related by (2). 

Proceeding thus we have definitely discarded Boltzmann’s li3q)othe8is* 
relating entroy)y to probability as a basis for the relationship in this con- 
nection. Boltzmann’s hypothesis then becomes a theorem which can be 
derived from the chosen basis at a later stage. 

§ 224. Thermodynamic transcription. Having now established the 
complete equivalence of the equilibrium laws derivable from statistical 
mechanics and from thermodynamics, we are justified in making full use 
of thermodynamic formulae w^herever convenient. It is therefore exyjedient 
to recapitulate the relations between the statistical and thermodynamic 


For a detailed criticism of Boltzmann's hypothesis see S.M . §§ 6-8, 6-9. 
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functions. First we have the relation between the two temperature scales 


or 


^ = e-VkT^ 


klog{l/»)‘ 


(224. 1) 

(224. 2) 


The thermodynamic total energy E is simply equal to the statistical average 
energy E, while the free energy can, according to (220, 4) and (223, 12), be 
regarded as the potential of the average force for isothermal changes. Thus 
we have the strikingly simple relations 


E = E, 

dF _ 
dx dx 


(224.3) 

(224.4) 


If we substitute (1) into (223, 4) we obtain 


= -kTI.r^r^Og(l±X^€-'rlkr)±l + N^]cTlogX^, 
while F is given by F = F^. 

Similarly substituting (1) and (3) into (217, 3) we obtain 
p _ rm _ V W,er 

df ~ ^'e-rikriXJi~V 


(224.5) 

(224.6) 


(224,7) 


while E is given by E = (224, 8) 

We also have the relation between the statistical parameters and the 
partial potentials* ^ kTlogA^. (224, 9) 


An appropriate thermodynamic name for is the absolute activity of A , 
to distinguish it from the re^itive activity1[ a^^ defined by 

Fa = FA(T) + kT\oga^, (224, 10) 

where (3^) is arbitrarily fixed at each temperature. The condition for 
heterogeneous equilibrium of systems of type A between two parts I and II 
of an assembly can then be expressed in the equivalent forms 

a!. =Ay, (224,11) 

A', =Ai/. (224,12) 


* For iincharm‘d syateniH in the absenre of any external field may be called the chemical 
potential, but for electrn ally charged .systeiiiH here denotes the elect rocheiiiical potential 
denoted in M .T. by /7^ and in a gravitational field our ft a denotes the (chemical 4 gravitational) 
potential denoted in M.T. bv(//^ i Jl/0). The present notation seems more logical than that used 
in M.T. and the exprt'SHion partial potential should be unambiguous, 
t l^wis and Randull, Thenuodynamics, j>. 255 (McGraw-Hill. 1923 ). 
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These relations between the statistical quantities and the thermodynamic 
quantities lead, as we have already shown, to the thermodynamic formula 

^ (224, 13) 

or by summation over all types of systems 

= + (224,14) 

As already described in § 222 we can now define the entropy 8 by 


8 = 1,8^, (224,16) 

(224,16) 

and deduce that (224, 17) 

\ )x,Na 


By combining (16) with (5) and (7) we obtain as the statistical formula for 
the entropy of the systems A 


.S', - 4-i:,Ti7,log(l ±^^f’ + 

(224,18) 


§225. Thermodynantiic formulae of classical statistics. We have 
shown that both Fermi-Dirac and Bose-Einstein statistics lead to the same 
thermodynamic laws. Since the statistical formulae for localized systems 
can be derived formally as a limiting case of either the Fermi -Dirac or the 
Bose-Einstein formulae by assuming A<^1, it is evident that this third 
form of statistics also leads to the same thermodynamic laws. We have 
already mentioned that for almost all assemblies the condition A < 1 is 
satisfied, and the three forms of statistics take the common form of classical 
statistics. We then have with sufficient accuracy 

log(l ± A^e-^r/kT)±i = \^e-^rikT (225, 1) 

and (224, 5) reduces to 

= -kTXJ^(T)^N^kT\ogA^. (225,2) 

But by (218, 5) A^ = NJfjT). (225, 3) 


Substituting (3) into (2) we obtain 

= -N^kT{\ogfjT)^\ogN^-^l}. (225,4) 

Differentiating (4) with respect to and using the defimtion of in 

(222, 25) we obtain JV.. 

= (226,6) 

which could alternatively be obtained by substituting (3) into (224, 9). 


5-2 
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We shall continually make use of (4) and (5). Most of this book will be 
concerned with the evaluation of the partition functions f^(T) for various 
types of assembly. Once the partition functions are known we can construct 
the free energy of the assembly by means of (4). We can then derive any 
required equiUbrium properties by the usual thermodynamic formulae. For 
instance, for the energy we obtain from (4) 


_S(FJT) dlogfJT) 

d(\IT) dT 


(226, 6) 

while for the generalized force X corresponding to the coordinate x we find 

(226,7) 


X = -^ = 

cx ^ dx 


The contribution of the systems A to the heat capacity of the 
assembly, for constant geometrical parameters x, is defined by 

C^$=dEJdT. (226,8) 

Substituting from (6) into (8), we obtain 


= N^k 
^N^k 


dfy dT ” f 

(l^Y^ogfAT) 
\tJ a(i/T)* • 


(225,9) 


§ 226. Boltzmann’s constant and the gas constant. The constant 
k merely fixes the size and sign of the degree on the T scale. We shall discuss 
first the sign. If we expand f^(T) in formula (225,9) and perform the 
differentiation, we obtain 

(7<3> / 1\* a* 

Njc ^ (t) 


1 



- ^ 2^2 




The universal convention for the absolute temperature is that E increases 
as T increases; consequently we must choose k positive. 

The Kelvin scale of temi>erature T is obtained by adjusting the value of 
k so that 100 degrees separate the ice-point and the steam-point (at one 
atmosphere) of water. The required value of k is 1*371 x 10~^® erg/degree. 
With this assigned value is a universal constant known as Boltzmann’s 
constant. 
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227] Valtie of Boltzmann's Constant 

According to this definition of the degree the ice-point lies within a 
few hundredths of a degree of 273* 15° K., but its exact value will always 
be a matter of some uncertainty. This small uncertainty is of trivial im- 
portance at ordinary temperatures, but it can cause serious ambiguity 
when one expresses temperatures below 1°K. on the Celsius scale (com- 
monly called the centigrade scale), which has its zero at the ice-point. 
Giauque* has therefore made the useful suggestion that the degree should 
be redefined by fixing exactly the ice-point. Whether this is fixed at 
273- 1° K. or 273-2° K., or at any intermediate value, the difference between 
the steam-point and the ice-point will still be 100 degrees within the pre- 
sent experimental uncertainty. 

The average value of any extensive property per mole is equal to that 
per molecule multipUed by Avogadro’s number N = 6-064 ^ When 
energies are expressed per mole, then k has to be replaced by 

Nk = R. (226, 2) 

This quantity is called the gas constant and has a value 8-314x10’ ergs/deg. 
or 8-314 joules/deg. or 1-986 cal./deg. 


§227. Distribution laws in terms of the Kelvin temperature T. 

Now that we have estabUshed the relation (224, 1) between ^ and T, it is 
convenient to reformulate the distribution law in terms of T. By sub- 
stituting (224, 1) into (217 ,1), we obtain 


with determined by the necessary equality 

= (227,2) 

For classical statistics (A^ 1 ) these relations reduce to 

n, = (227, 3) 

which could equally have been obtained by substituting (224, 1 ) into (218, 4) 
or (218, 6). 


Giauque, NcUure, 143. 623 (1939). 
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PERMANENT PERFECT GASES 

§300. Nature of perfect gases. We may define a perfect gas as an 
assembly of systems between which the mutual energy of interaction is 
negligible. We may then regard the energy of the whole assembly as the 
sum of the kinetic energy of translation of the individual systems and the 
rotational, vibrational and electronic energies of the individual systems, 
referred to axes passing through the centre of mass of each system. For 
convenience we shall refer to the sum of the rotational, vibrational and 
electronic energies as the internal energy. This being so, the partition func- 
tion f(T) splits into two factors, one l(T) for the translational energy, and 
the other j( T) for the internal (including rotational) energy. If the rotational 
and vibrational motions may be treated as independent, then j(T) itself 
factorizes into r{T) for rotational energy, q(T) for vibrational energy, and 
e(T) for electronic energy. At present we are unjustifiably ignoring the 
nuclear structure, and treating the nucleus as a massive point. We shall 
correct this inaccuracy in § 315. 

We shall begin by considering the translational motion and shall deduce 
the laws of perfect gases. Since we shall see that monatomic molecules have 
no variable internal energy, many of their properties are completely deter- 
mined by the translational partition function l(T). We shall afterwards 
consider the rotational and vibrational motions so as to deduce the pro- 
perties of gases having diatomic and polyatomic molecules. 

In Chapter ii the free energy F and the total energy E were each expressed 
as the sum of contributions F^,F^,,., and E^,Eg,... of sets of systems 
A, B, .... The condition for F and E to be expressible in this form is the 
absence of any appreciable interaction between the systems A and the 
systems i?. This requirement is satisfied if either ( 1 ) the several sets .4, 5, . . . 
are in different enclosures, or (2) the several sets are perfect gases in the same 
enclosure. The former condition is fulfilled when Fj.Fjj , ... and E^,E ^, ... 
denote the contributions of several homogeneous phases; in the assemblies 
under discussion in this chapter it is the second condition which is fulfilled. 

§301. Quantized translational motion. We have already derived 
in Chapter ii the formulae for the translational motion of an assembly of 
particles in an enclosure. We are interested only in the case where classical 
statistics is valid. If the mass of the molecules of type A is then by 
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(219, 9) the translational partition function Iji(T) for these molecules is 

I AT) = (2nm^kTf F/A*. (301, 1) 

Consequently by (225, 4) the free energy is 
F = -A2’S^J7^{logl^(T)j^(T)-logiV, + l} 

= - AT log + 1 } - AT* log j^T) 

= (301,2) 

where is the contribution of the internal (including rotational) degrees 
of freedom, and from their nature we may expect and so to be 

independent of V ; this will be verified when we obtain explicit formulae for 
jji(T) and F^^\ If now we regard F as a parameter or generalized coordinate, 
then the conjugate generalized force is the pressure P and consequently 

P = - dFjdV = N^kTjV. (301, 3) 

This is the familiar equation of state for a mixture of perfect gases, and 
includes the laws of Boyle, Charles, Avog^dro, and Dalton. For an assembly 
of systems of a single tyy)e (3) reduces to 

P^NkTjV, (301,4) 

It is hardly necessary to discuss the field of validity of these formulae. 
Since actual gases are not y)erfect, the pro{)erties of perfect gases cannot 
strictly be said to be observed. They must be obtained by extrapolation to 
zero concentration from the actual observations at ordinary concentrations. 
This presents no serious difficulty and introduces little uncertainty into 
the results. In this cha]:)ter we shall suppose that the necessary corrections 
have been made. The formulae required for doing this will be given in 
Chapter vii. It is a commonplace that (3) is accurately the limit of the 
actual equation of state for all jiernianent gases or gas mixtures at all 
temperatures, except very near to the absolute zero, when Fermi-Dirac or 
Bose-Einstein statistics must be used. For most of the simpler gases the 
equation of state is already very near to its limiting form at normal pressures 
of the order of one atmosphere, even if the temperature is low. 

We shall require to use two alternative forms of (3). 

(i) If we define the partial pressure of systems A in a gas, whether 

perfect or not, by ^ 

= (301,5) 

then for a perfect gas we have according to (3) 

Pa = 


(301,6) 



72 Permanent Perfect Gases [301 

(ii) For any phase whatever the partial molecular volume of a system 
A is defined thermodynamically by 

F^ = (301,7) 

for a perfect gas we obtain from (3) 

F^ = kTjP. (301,8) 

We also deduce from (2) that the total energy of the gas is 

E = - ^ = mi\ (301 , 9) 

where is the energy due to the internal degrees of freedom (rotational 
and vibrational) and is independent of V (or P). 

The molecular energy of a system A in any phase is defined thermo- 
dynamically by 

E^ = {dEldN^)j,^p. (301,10) 

When is correctly defined by (10), then for any kind of assembly* 

E^^^N^E^. (301,11) 

According to (9) we thus obtain for a perfect gas 

E^ = + (301, 12) 

where is independent of V (or P). 

Incidentally as E for a perfect gas is independent of V (or P) we have 

(dE = E^ = {dE /dN^)rp^ p y (301, 13) 

but it is important to remember that the equality (13) is peculiar to perfect 
gases, while the relations (10) and (11) are true for all homogeneous phases. 
In Chapter xi we shall see that for the free electrons in a metal ( 1 1 ) is true 
but not (13). 

If we suppose the gas contained in a rectangular box, then, according to 
the discussion in §219, the translational motion is separable into motions 
parallel to the three edges of the box. The translational partition function 
l( T) may therefore be further factorized into /^(T), ly[ T), /,( T) corresponding 
to the three directions of motion. The energies are additive, and by (219, 2) 
the energy levels for motion in the x-direction are 

(301, 14) 

where a is the length of the box in the x-direction and the quantum number 
r can take any positive (not zero) integral values. So far as concerns motion 
in this one direction, the states are completely described by the single 


* See M.T. p. 31. 
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quantum number r and so each state has the weight unity. The partition 
function lx(T) for motion in the x-direction is 


1^{T) = ^ (2nm^kT)^alh. (301, 15) 

In replacing the sum by an integral we have assumed that 

(301, 16) 


which we have already verified to be true for all ordinary gases in §219. 
The number of molecules in the state r is 


= e-^rUcTji^f^qi^ 

— ^ ^-r^h^lSnijia^kT 

(2nm ^kf)^a 


(301, 17) 


The quantum number r has the simple physical meaning that in the state 
r the square of the momentum in the x-direction is given by 


|p^l2 = (301,18) 

or r = 2a\pf\lh, (301,19) 

We may therefore with sufficient accuracy say that the number of trans- 
lational levels in the x-direction in which the magnitude of the momentum 
lies between and |pj.| -^d\p^\ is 2d|pj.|a/A. At the same time the energy 
€j. may be expressed in the form 


Cr = i bxIVw^- 


(301,20) 


The average number n(d\p^\) of molecules with momenta of magnitudes 
in the range \p^\ to |2>a.| -^d\p^\ is therefore 


n(d\p^\) = 


^2alh) d\pj^ 




(301,21) 


(2a//t) d\p^ 


the limits of integration in the denominator being 0 to oo because \pj\ by 
definition must be positive. When we evaluate the integral, (21) becomes 


n(d\Vr\) = e (301 , 22) 

This is the quantal equivalent of Maxwell’s law. The factor 2 preceding 
occurs because classically, corresponding to each interval to 
there is a corresponding range of opposite direction —p^. to 
-’(Px + dpx)y whereas quantally we may only describe a molecule as moving 
back and forth with a constant \px\y but with p^ alternating in sign. 
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§302. Classical derivation of Maxwell’s law. Formula (301,22) 
derived strictly from quantal considerations is equivalent to Maxwell’s 
distribution law. It is, however, hardly satisfactory to be content with only 
such a sophisticated derivation of these familiar cla^ssical laws. Having 
shown that quantal restrictions on accessibility are usually irrelevant for 
systems in the gaseous phase of an assembly, and that the spacing of the 
characteristic energies is very small compared with kT even down to 1*^ K., 
we are justified in deducing Maxwell’s distribution law and similar classical 
theorems in a classical manner ab initio. Such deductions are still of value 
in providing physical insight into the formulae, and we now proceed to 
give them. For simplicity we shall suppose that the assembly consists of 
N particles, of mass m moving freely in a volume F, whose energy is solely 
kinetic energy of translation. The whole discussion applies equally well to 
any number of typejs of systems. Internal (rotational and vibrational) 
degrees of freedom of molecules can be taken care of by separate partition 
functions. 

The phase space for a free atom is specified by the six coordinates x, y, z, 
Pxy Pyy Pz* divided up into small cells of extension 

(io)^ = {dxdydzdpj^dpydp^)^. (302, 1 ) 

According to the principles of §§104, 202 the corresponding weight S^. is 

i, . (302,2) 

To take account of the confinement of the systems to the volume F, we start 
with the systems in an external field of force of potential energy u, which 
may finally be reduced to the local boundary field of the walls. Then there 
is an energy e,. associated with the rth cell given by 

= i(Pl + Pl-^Pl)l'f^-^'^ry (302,3) 

where u^. is a function of x, y, z but is independent of p^, Py, p^. We may then 
class together all states of a system represented by a point in the element 
d(i)^ of phase space as a single degenerate state of energy given by (3), 
and weight given by (2). The partition function l(T) becomes 

l(T) = (302,4) 

which can be expressed as the integral 


l^ 4 co r-fcx) c+oo t* + ao r + OO /•too 

i(T) = ^ 3 1 dx\ dy\ dz\ dp A dpy\ 

J 00 J-c» J-oo J-co 

(302, 5) 

For an assembly confined to a volume F we can represent the effect of the 

walls by setting , . . , 

® w = 0 (x, y, z inside F), 

14 = 00 (x, y, 2 outside F). 


(302,6) 
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303] Maxwell's Distribution Law 

If then we define the element of volume dV hy 

dV = dxdydz, (302,7) 

we have 

^(7) = ^^3 J dF J (302,8) 

where the integration of dV is just over the prescribed volume V. We can also 
perform the other integrations and obtain 

1{T) = (2nmlcT)^ Vjh^, (302, 0) 

in agreement with (301, 1). The average number n(d(o) of molecules whoso 
state is represented by a point in the element d(o = dxdydzdp^dpydp^ of 
phase space is given by 

n(d(t)) = {N jV) {27rmkT)~^ e dxdydzdpj.dpydp^, (302, 10) 

which is Maxwell’s law. 

§ 303. Special cases. By performing the p. integrations we 

obtain the physically obvious result that the average number n(dF), of 
molecules in the element of volume dV, is given by 

^V) = NdV/V, (303,1) 

which means that in an enclosure of uniform potential the molecules are 
distributed uniformly. Similarly by performing the x, y, z integrations in 
(302, 10) we obtain for the average number of particles with momenta in 
the ranges p^ + dp^\ p^, p^ + dp^\ p., p, + dp., 

n(dp^, dpy, dp^) ~ N {2nm1cT)~^ e* *<j>l+pj+p*)/mA-7’ dp^dpydp^. (303, 2) 

This can be expressed in an alternative form for the average number of 
molecules with velocity components in the ranges u, u-\-du; v, v-\-dv\ 
w, w-\-du\ 

n(du,Jv,dw) = (303,3) 

which is Maxwell’s distribution law for velocities. It is often convenient 
to describe the velocity distribution by means of a distribution function 
g{u,VjW) such that g(u,v,w)dudvdw is equal to the fraction of all the 
molecules whose velocity components lie in the ranges u, u-\-du\ v, v-hdv\ 
w, tv-\-dw. Maxwell’s law (3) can then be expressed in the form 

g{u, V, w) = {ml2nkT)^ ( 303 , 4 ) 

For many purposes one is interested only in the distribution of the 
velocity component in a single direction, say the a;-direction. The number 
n(duj of molecules with velocity component in the x-direction between u 
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and u + duia obtained from (4) by integration over v and w from — cx) to + oo. 
We thus find ^ du, (303, 5) 


or, if we denote by g{u)du the fraction of all molecules with velocity 
component in the a;-direetion between u and u -f du, then the distribution 
function g(u) is given by 


g{u) = (303,6) 

Occasionally one is more interested in the resultant velocity c than in 
the components u, v, w along specified axes. We then transform (3) to 
spherical polar coordinates c, 0, <}>. We obtain for the average number of 
molecules with resultant velocity in the range c, c + dc; 0, d + d0\ 0, 0 + d^ 


n{dc,d6yd</>) = N(ml2n kT)^ sinddcd6d(f>. (303,7) 

We can now integrate with respect to 6 from 0 to tt and with respect to (f) 
from 0 to 27 r, and so obtain for the total number of molecules with resultant 
velocity in the range c, c + dc 


n(dc) = 4nN(ml2nkT)U-^^^i^^chic. (303, 8) 

These velocity distribution laws enable us to calculate the number of 
events, such as collisions of a definite type, which occur per unit time and 
per unit volume of the gas or per unit area of the surface of a wall. Results 
of this type are of importance for adsorption, thermionics and chemical 
kinetics; they will be derived and used in later chapters. 


§304. Distribution in an external field. To determine the average 
distribution of systems in an external field according to quantum theory, 
we should solve Schrodinger’s equation 



02 

01/2 



+ 


Snhn 

~h^ 


(€~-u)}Jf = 0, 


(304,1) 


where u is the potential energy expressed as a function of x, y, z. Having 
determined the energy levels and weights of the various states we should 
then apply the general formulae. This can be carried out explicitly only if 
u(x,yyZ) separates into u^(x) U 2 (y) u^(z) and even then the treatment is 
complicated.* However, knowing that, under all realizable conditions for a 
gas, the separation of the energy levels will be small compared with kT^ we 
can avoid this difficulty by making use of the limiting principle and applying 
a classical treatment. Using the classical form (302, 5) of l( T) and the formula 
(227, 3) it follows at once that the average number n(d(ji)J) of systems, whose 


S M § 2-71 
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coordinatfCS and momenta lie in the element of phase space, is given by 


n{da)^) = N 


• + 0O r+Qo r-i-oo r+ao rT® ’?-i-oo 

dx\ dy\ dz\ dp^ I dp^ dp^ e-i*(pJ+pJ+j>;)/wi+M)/;fr 

— 00 J— 00 J— DO J — 00 J-oo j 00 


(304,2) 


It is clear that we can integrate (2) over x, y, z or over p^, p. separately. 
If we integrate over x, y, z we obtain for the average number n(dp^, dpy, dp^) 
of systems with momenta lying in the ranges Pj., p^-i-dp^; Py, Py^dpy\ 
p,, Pg -f- dp^ the formula 


n(dp^,dpy,dp^) = N (27rmkT)~^ dpj^dpydp^, (304,3) 

identical with (303, 2). This important result means that Maxwell’s dis- 
tribution law for the momenta (or velocities) is not affected by the presence 
of an external field. 

If on the other hand we perform the integrations over p,, Py, p^ in (2) we 

obtain for the average number n(dV) of systems in the element of volume 

dV = dx.dy.dz er-K^rdxdydz 

n(dV) = N „-^ - • (304,4) 


aj /*+ at- /•ft* 

dx j dy\ dz e 

J"0O J— 00 J— 00 


By apj)lying this to two different volume elements dV^, dV^, where the 
potential energy of the systems is it,, we obtain 


n(dVj) 

n/dfj) 


e-u,ikTdV^ 


(304,5) 


or, introducing the concentration C\ defined as the number of systems per 
unit volume, we have ^ 


This formula expresses Boltzmann s law for the distribution of systems in 
an external field. 


§305. Sedimentation. Perrin’s determination of Avogadro’s 
number. Boltzmann’s formula (304,6) forms the basis of one of Perrin’s* 
determinations of Avogadro’s number. For a uniform gravitational field of 
intensity g, the distribution law becomes 

= (305,1) 

where m denotes the mass of the particle, and h the difference of height 
between the two volume elements considered. Perrin’s experiments were 
made not on a gas but on a colloidal suspension of mastic particles in a liquid 
medium. We have therefore to replace m by an effective mass F(p-Po)» 

* Perrin, La TMoiii du Hayannement ei lea Quanta, p. 183 (Gauthier- Villars, 1911). 
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where V denotes the volume of a particle, p its density and the density of 

the surrounding liquid. We have then, instead of (1), 

C^:C^ = (305, 2) 

Perrin measured directly the ratio the height A, and the volume V of 

the particles. Thus, knowing T and g, he obtained an absolute value for k. 
By comparing this value with the ex{>erimental value of the gas constant R 
for a mole (gram -molecule) of a perfect gas obtained from the equation of 
state, he calculated Avogadro's number from the relation 

N = R/k, (305, 3) 

This was one of the earliest determinations of N by a method which is in 
principle completely accurate. The experimental difficulties of preparing 
mastic particles of uniform size and of measuring their size and density 
limits the accuracy of the method. Even so Perrin obtained a value for N 
differing by only about 15 % from the value 0*606 x 10** since determined 
by other methods, v hich are experimentally more accurate. 

§ 306. Classical statistics and classical mechanics. We have already 
seen in §218 that instead of using one kind of statistics for assemblies of 
localized systems, another kind (Fermi-Dirac) for assemblies with eigen 
functions antisymmetrical in all identical systems, and a third kind (Hose- 
Einstein) for assemblies witli eigen functions symmetrical in all identical 
systems, we may almost always use one and the same kind of statistical 
formulae for all assemblies. This universal treatment of assemblies of all 
three types is called cla.ssiral statistics. The condition for its applicability is, 
roughly speaking, that the number of available states of not too great energy 
is very large compared with the number of systems in the assembly. This 
(condition is fulfilled by all assemblies commonly dealt with, except that of 
free electrons in a metal. 

The formulae of classical statistics are still quantal formulae from a 
dynamic point of view, inasmuch as they refer explicitly to the individual 
quantum states of the systems. By classic/il dynamicSy on the other hand, we 
mean a dynamic treatment of energy, momentum and the like, in which no 
reference is made to quantization. Generally speaking classical dynamics 
is an adequate approximation, as long as the separations between the 
quantal energy levels are small compared with all other energy quantities 
relevant to the particular problem. In statistical mechanics the most im- 
portant and often the only relevant such energy quantity is kT, and so we 
may as a general rule ignore quantum theory when w'e know that the 
separation of energy levels is small compared with kT. This is just the situa- 
tion, as we have seen, in the translational motion of the molecules of a gas. 
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We shall find it convenient to use the expression classical degree of freedom 
to denote any degree of freedom, such as the translational degrees of freedom 
of gaseous molecules, to which we may with sufficient accuracy apply 
classical dynamics. 

§ 307. Classical and unexcited degrees of freedom. For any classical 
degree of freedom the partition function is given according to the limiting 
process by replacing the sum by an integral. Thus for a single classical degree 
of freedom 

f(T) = ^ \e-^^^'^ dxd'p^. (307, 1) 

As we have seen, the condition for a particular degree of freedom to be 
classical is that all the separations between successive energy levels are 
much smaller than kT. The opposite extreme case occurs when 

ei-€o>^T, (307,2) 

where Cq, Ci denote the energies of the lowest and next to lowest energy levels. 
In this case the partition function reduces to its first term 

f(T) = (307,3) 

and we refer to such a degree of freedom as an unexcited degree of freedom. 
It will usually be convenient to define the zero of energy for each degree of 
freedom as that of the lowest state, so that 

= (307,4) 

and (3) then simplifies to f(T) = (307, 6) 

§ 308. Electronic degrees of freedom. One of the factors o{j(T) the 
partition function for internal energy is that due to the electronic degrees 
of freedom, of which there are four (three translational and one of spin) 
for each electron. Under ordinary conditions the separation between the 
lowest energy level and the next lowest of most, but not all, normal 
molecules greatly exceeds kT. The electronic degrees of freedom are then 
unexcited, and the electronic partition function e{T) reduced to its first 
term where v^. denotes the weight of the rth electronic level. If we 

choose as zero the normal energy level of the molecule, the electronic 
partition function becomes simply Vq. We have therefore merely to insert the 
factor Vq into the j)artition function, and may otherwise ignore the electronic 
degrees of freedom. In the rather exceptional case where the second elec- 
tronic level may not be ignored, we have merely to substitute 
for Ihis is the case for NO. We shall postpone a discussion of the values of 
Vq to Chapter v, where the values for various molecules will be enumerated. 
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§309. Heat capacities of perfect gases. According to (301, 12) tke 
energy per molecule of a perfect gas of one component is of the form 

E = (309,1) 


where is by its nature independent of the volume (or pressure). 

By definition Cy, the molecular heat capacity at constant volume, is 
given by 

Cy=(dEldT)y, (309,2) 

and therefore by (1) i-y = ^k + dfP^jdT . (309,3) 

Similarly by the definition of the molecular heat capacity at constant 
pressure, we have 


_/0[>J + PV-]\ idE\ 

I dT \dTj, 




(309, 4) 


Since for a perfect gas E does not depend on P or V, we have, using (301, 8) 


rp = 





(309, 5) 


Comj)aring (3) and (5) we see that 

Cp-Cy - k. (309,6) 

The relation (6) is well known to be obeyed accurately by gases, so that the 
values of ('y, Cp are both determined when we know either se})arately, or 
Iheir ratio CylCy, usually denoted by y. 

In order to j^rogress further we have to know' the form of and this 
requires a discussion of the internal degrees of freedom. For this jiurpose 
it is most convenient to deal separately with gases having monatomic, 
diatomic and polyatomic molecules. 


§310. Monatomic molecules. Apart from the electronic degrees of 
freedom which may be assumed unexcited, a monatomic molecule has no 
internal degrees of freedon.* The internal partition function j(T) thus 
reduces to Vq, w hen the low est electronic level is chosen as energy zero. The 
translational partition function is given by (302, 9). Hence for the resultant 
partition function of a monatomic molecule we have 


(27rmkT)iV 

f(I') = ‘-0 


(310,1) 


According to (225,4) the free energy of an assembly of N molecules is 


* This statement is not strictly true and will require to be revised later when we consider 
nuclear spin. 



Heat Capacities of Perfect Gases 

therefore given by 

= iV4*Tjlog^-lj- P'^TlogT-JV/tTlogj^— 
For the energy E we have 

For the pressure P we have 

/Sf’\ _NkT 

V • 

For the partial potential we have 

^ = (ll)p 

or using (301, 6) 


(27rmfc)* i;0' 

W 


[I = kT\ogp— jfcTlog T — kT \o^ 


\(2Trm)* k*v^ 

i 
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(310,2) 

(310, 3) 

(310.4) 

(310.5) 

(310, 6) 


§311. Heat capacities of monatomic molecules. According to 
(310, 3) we have for the energy per molecule of a monatomic gas, referred 
to its lowest state as energy zero, 

E^lkT. (311,1) 

According to the formulae of § 309, we have therefore 

Cy^lk, (311,2) 

(^P=lfc. (311,3) 

y = Cj,ICy = l (311,4) 

Of the three quantities, cy, Cp and y, the first is extremely difficult to 
measure and it is usual to determine either Cp by a flow method or y by 
measuring the velocity of sound. The experimental data, extrapolated to 
zero pressure, are compared with theory in Table 1. The agreement is good. 

We have assumed that the electronic degrees of freedom are unexcited 
and we should perhaps verify this. For the species ordinarily capable of 
existing as atoms in the free state, the energy required for excitation from 
the normal to the first excited state varies from 4 to 20 electron-volts, while 
kT in electron-volts has the value 8*60 x 10~^T. Thus e^jkT is at least 
J X 10*/ T, and so in the electronic partition function the first, and a fortiori 
all subsequent, excited terms are negligible compared with the normal term, 
unless T is at least 10,000° K. 

F G 
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Table 1 


Valves of Cp and of y for monatomic gases 
Theoretical values: Cpjk = 2*50; y = CpfCy = 1-667 



Determinations of Cp 

Determinations of y I 

Sub- 

stance 







Temp. 

^K. 

<’p/k 

Ob- 

servers 

Temp. 

°K. 

y 

Observers 

He 

291 

2-51 

S.H. 

— 





Ne 


— 

— 

292 

1-64 

Ramsay 

A 

288 

2-54 

Heu.se 

284 

1-66 

R.R. 

Kr 

— 

— 

— 

292 

1-69 

Ramsay 

Xe 

— 

— 


292 

1-67 

Ramsay 

Na 

— 

— 

— 

760- 920 

1-68 

Robitzsch 

K 

— 

— 

— 

660-1000 

1-64 

Robitz.sch 

_Hg_J 

— 

— 

-- 

648- 629 

1-666 

K.W. 


References to Table 1 

iS H.: Scheel and Heuse, Ann. d. Phya. 40, 473 (1913). 

Heuae, Ann. d. Phya. 69, 86 (1919). 

Ramsay, Proc. Hoy. Roc A. 86, 100 (1912). 

K.VV.: Kundt and Warl)ur^% Ann. d. Phya 157, 353 (1876). 

Kobitzach, Ann. d. Phya. 38, 1027 (1912). 

R.H.; Raylciph aiul Ramsay, Phil. Trana. Roy. iSW. 186, 228 (18‘)5). 

Many free atoms, for example thallium, not commonly experimented 
with as vapours, possess however a normal state, which is the lowest state of 
a rnultijilet. For such atoms the smalle.st excitation energy may be com- 
])aratively small, and the internal energy may make an important con- 
tribution to the heat ca])acity. Though siu h cases are not yet of ])ractical 
importance we shall a.ss('mble the formulae in §324, as they are of general 
utility. 

§312. Diatomic gases at moderate temperatures. In addition to 
the types of motion and energy content which they share with free atoms, 
diatomic molecules jios.sess further types of motion. The atomic nuclei can 
rotate about their centre of mass, to a first approximation like a rigid body, 
and can vibrate along the line joining them, to a first a])])roximation like 
a simple harmonic oscillator. If the molecule is nearly rigid, so that the 
frequency of these vibrations is high, the rotations and vibrations are nearly 
independent of each other. Moreover, at fairly low temperatures the nuclear 
vibrations will be unexcited, and the whole extra motion reduces to the 
rotations of a rigid body. The non- vibrating molecule must indeed stretch 
under the centrifugal forces, but for stiff' molecules of high vibrational 
frequency this effect will be small for moderate rotations — that is, at low 
temjKjratures. 
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Just as for monatomic molecules the electronic motions are usually com- 
pletely unexcited, and the electronic partition function reduces to its first 
term If energy zero is chosen as the normal state, simply 

It may, however, happen that there is another electronic state low enough 
to contribute appreciably to the partition function, in which case we have 
to replace Vq by Important examples actually occur among 

simple permanent gases (e.g. NO) and are discussed in § 325. To account 
for the properties of diatomic gases we therefore chiefly need to consider in 
some detail the rotational partition functions. 


§313. Rotational degrees of freedom. Apart from the electronic 
nK)tions (and nuclear spin discussed in §315) a diatomic molecule can have 
no angular momentum about the axis through the two nuclei. Thus the 
correct model for its rotational motion is the rigid rotator without axial 
spin, described in § 212. We have then the rotational partition function 


where 


r{T) = V (2j-hl)e-^‘<'+i>»r/r 

^-0 

0 , = h^/Hn^Ak, 


(313.1) 

(313.2) 


When as is the case at ordinary temperatures for all diatomic 

molecules, and even at low temperatures for diatomic molecules not c(jn- 
taining a hydrogen atom, we may use Mulholland’s approximate formula 

from which we derive i)y (301 , 2) for the contribution of the rotational 
degrees of freedom to the free energy, 

= -NkTlogriT) = A^ATjlog^’-- 3 -Jr - + 


It/ r 


(313,4) 


and for the contribution of the rotational degrees of freedom to the 
total energy 


£jTQt _ _ J>2 


A0, 10? 


dT 


^NkT^l 45 3P2“^ 


/0 \^l 

(313,5) 


Finally for the contribution of the rotational degrees of freedom to the 
molecular heat capacity, we obtain by differentiating (5) with respect to T 
and dividing by N, 


= it 1 H- 


^0? 
45 T* 






(313, 6) 


6-2 
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§ 314. Classical treatment of rotation of diatomic molecules. We 
have seen that, at ordinary temperatures, at least for all molecules 

not containing hydrogen. This means that the rotational degrees of freedom 
are classical, and we may therefore make use of the limiting principle to 
replace the partition function by the corresponding phase integral. The 
classical formulae for the dynamics of a rigid rotator without axial spin are 
given in § 204. Consequently the phase integral which gives the limiting 
form of the partition function r{T) is 

1 r2n /•«/• + 00 f + oo RTT^AJrT 

Wo , (314, 1) 

in agreement with the leading term of (313, 3) for T, 

§ 315. Nuclear symmetry. In evaluating the integral (314, 1) we paid 
no attention to symmetry with respect to the two nuclei. In molecules with 
two different nuclei (heteronuclear molecules), there is no need to do so. 
In the case of molecules containing two identical nuclei (homonuclear 
molecules) on the other hand, each half rotation brings the molecule back 
to a position indistinguishable from that from which it started. If then we 
use the phase integral (314, 1) with the limits there given, ^ve are counting 
twice over every physically distinguishable orientation. The question arises 
whether one should not therefore correct for this by dividing the result by 2. 
Actually this procedure leads to correct results. Hence according to the 
limiting principle we must expect a similar correction to arise in a strict 
quantal treatment. We shall now consider how this arises, and shall in fact 
show that it comes from the necessity of distinguishing between eigen 
functions symmetrical and antisymmetrical in the nuclei. 

Up to the present we have assumed that the motion of amolecule can be de- 
composed into translational motion of the centre of mass, rotational motion, 
vibrational motion and electronic motion, with a corresponding factorization 
of the eigen function. We have tacitly ignored any possible nuclear structure. 
Strictly we must allow for this by introducing nuclear factors, but the only 
relevant factor at terrestrial temperatures is the factor due to the spin of the 
lowest nuclear state, all other states having energies exceeding that of the 
lowest state by amounts which are exceedingly large compared with kT. 
Owing to this spin, however, there will be orientational quantization in an 
external magnetic field, with an eigen function for each such orientation. 
In the absence of an external field these orientated states become indis- 
tinguishable, but their number p remains unaltered, and the nucleus is 
therefore usefully described as being in a state of spin weight p. 

Let us first consider a heteronuclear diatomic molecule made up of a 
nucleus a with p^ eigen functions ^ nucleus b with pf, 
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eigen functions Then for the molecule we have nuclear eigen 

functions of the type v5^^(a) Thus the consideration of nuclear orienta- 
tions introduces into the partition function of the molecule the extra weight 
factor paPb- Now consider by contrast a homonuclear diatomic molecule 
made up of two identical nuclei a and b each having p orientational eigen 
functions When the two nuclei form part of a single system, 

such as a diatomic molecule, we can obtain nuclear 8f)in eigen functions for 
the system by combination of these two sets for the single nuclei. In par- 
ticular we can form \p(p—\), of the type }Jf^(a)}{rJ^b) — \lrj^(a)\jf^(b), anti- 
symmetrical in the nuclei; we can similarly form Ap(p— 1), of the type 
■+" ^ 9 (®) symmetrical in the nuclei, and also p of the type 

symmetrical in the nuclei. Thus in all we can form ^p(p - 1) 
antisymmetrical and \p(p+ 1) symmetrical eigen functions for the nuclear 
spins of the molecule. It will be noticed that the sum of the number of 
antisymmetrical and symmetrical eigen functions is the same as the 
number of functions for a heteronuclear molecule, containing two nuclei 
with equal p values. 

VW have next to consider tlie symmetry properties with res})ect to the 
nuclei of the eigen furujtions for the* translations, vibrations and rotations 
of the molecule. The translational motion, being that of the centre of mass 
of the molecule, is independent of the relative ])osition8 of the nuclei; the 
eigen function does not contain the coordinates of the nuclei, and so is 
symmetrical in the nuclei. The vibrational eigen function is a function of the 
distanc(‘ apart oi the two nuclei. Since^ this distance is unaffected by an 
interchange of the two nuclei, the vibrational eigen function is also sym- 
metrical in the two nuclei. Idie rotational eigen functions are the spherical 

harmonics. Those with y = 0, 2, 4, t» are symmetrical in the nuclei, those 

with ]— 1 , 3, T), . . . are ant isym metrical in the nuclei. 

Now for any given type of nuclei only those states are accessible which are 
antisymmetrical in the nuclei, or only those which are symmetrical. So far 
as is known the antisymmetrical states occur for nuclei with odd mass 
numbers, and the symmetrical for those with even mass numbers. If nuclei 
may be regarded as composed oi protons and neutrons only, this conforms 
to the rule that the eigen function of every accessible state is antisymmetrical 
in electrons, in protons, and in neutrons. 

Let us now consider the application of these considerations to 
diatomic molecules. If the molecule is heteronuclear, we have already 
seen that consideration of nuclear spin merely introduces an extra 
weight factor f^aPb' homonuclear molecules the situation is the 

following. If the nuclei are of odd mass number, then to obtain resultant 
eigen functions antisymmetri(!al in the nuclei, the even rotational eigen 
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functions ( j “ 0, 2, . . . ), being symmetrical in the nuclei, have to be combined 
with one of the ip(p— 1) antisymmetrical nuclear functions, and the odd 
rotational functions (^*=1,3,...) have to be combined with one of the 
ip(p+ 1) symmetrical nuclear functions. Thus the even rotational states 
have an extra weight factor ^p(p — 1 ) and the odd rotational states an extra 
factor ^p(p+\). If the mass number is even, then, to obtain resultant 
eigen functions symmetrical in the nuclei, the rotational eigen functions 
have to be combined with the nuclear eigen functions in the reverse manner. 
The result is that the even rotational states have an extra weight factor 
\p{p 1 ), and the odd rotational states have an extra factor ^p{p — 1 ). We thus 
obtain the following partition functions r^{T) for the combined rotations 
and nuclear orientations. 


Heteronuclear : 


j 0 


(315,1) 


Homonuclear, odd mass numbers: 


rn{T)^\p{p-l) s V ^ 1) 

Homonudear, even mass numbers: (315,2) 

= iP(P + 1 ) 2 (2j + 1 ) ^ 1 ) ^ (2j + 1 ) ^-70f 

(315,3) 

In the simplest case of nuclei without spin, p = 1, and we notice that the 
requirements of nuclear symmetry result in the complete disappearance of 
alternate rotational states of a homonuclear molecule. This has been com- 
pletely verified spectroscopically for the molecules Hcg, 

We shall return shortly to a detailed discussion of the applicability of 
(2) and (3) at low temperatures. But at ordinary temperatures for all 
diatomic molecules and even at very low temperatures for those not con- 
taining hydrogen, we may use the ap[)roximate forms for 

Now it can be shown that when (-),.<^ T we have with a high degree of 
accuracy 

V ^ V (2j + 1 ) 


= .> 2 ( 315 ^ 4 ) 

0 . 1 .... 

and consequently the partition functions rJ^T) for combined rotations and 
nuclear spins have the form 

Heteronuclear ^,( 5 ^) = r(T)p^^pf/, (315,5) 

Homonuclear r,,(T) = \r(T)p'^\ (315,6) 
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where r(T) is defined by 

r{T)= £ (315,7) 

This analysis has required a broadening of the classification of the states 
of a rotating homonuclear molecule, with which we shall be further con- 
cerned in Chapter v. We have hitherto treated atomic nuclei as structureless 
points, a treatment which has proved inadequate. When a nucleus has p 
possible orientations, it must be assigned a weight p times as great as we 
have hitherto used for structureless points. The diatomic molecule therefore 
should have a weight due to the orientations of the nuclei. The extra 
factor p® is in homonuclear molecules reduced alternately to ip(p— 1) and 
^p(p-l-l) by the requirements of symmetry in the nuclei, and therefore 
effectively to Jp^, except at very low temperatures. This reduction from 
p* to Jp* is the quantal analogue' of the introduction of the symmetry 
number o of classical statistics.* 

We accordingly define a symmetry number rr equal to 2 if the two nuclei 
in the molecule are identical and equal to 1 otherwise. We can now combine 
(5) and (6) into the single formula 

r.(T) = r(T),>„pJcr, (315, 8) 

where r(T) is defined by (7). Using formula (313, 3) for r(T) in (8) we have 


r.m . 1 «-), < T). (Ji/i, «) 

In most cases it will he sufficient to retain only the first term, so that 


- 




(T 




(T 


(315, 10) 


and we shall usually assume this approximation. 

It has been tacitly assumed that the electronic eigen function, which is 
necessarily antisynimetrical with respect to any j)air of electrons, is sym- 
metrical with respect to the two identical nuclei ol the diatomic molecule. 
This is in fact the case for the ground electronic state of most symmetrical 
diatomic molecules. 


§316. Amended formulae for monatomic molecules. If we wish to 
bring our formulae of §310 for monatomic molecules into line with those 


* Khrt'iifost aiul Trkal, Pror. Sf'C. Sri. Am.sludiiw, 23, H»2 (1920). 
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for diatomic molecules, we have merely to introduce the extra factor p for 
the number of possible nuclear eigen functions. We have then for the 
complete f)artition function of a monatomic molecule 


f{T)^ 


(27T7nk7y V 


(310, 1) 


and so for the free energy of a gas with monatomic molecules 

^ rr AT /./JT 


F - log^ -l\-^lNkT[o^T-NkT\og 


X=pT ^ 


(2nm)^ k^v^p' 


We shall return to these formulae in Chapter v. 


(310,2) 


For its partial potential we have 

/< = Jog p - IkT log T-kT 

= kTlogp-lkTlog T-kTlo^i ^ -- ^*^' t/opj , (316, 3) 

and for its absolute activity A , 


(310,4) 


§317. Final formulae for diatomic molecules at moderate tem- 
peratures. When we take account of nuclear spins and symmetry, the 
complete yjartition funcition for a diatomic molecule becomes 


f(T) ^ 


(27Tmkiy V 




(317,1) 


where r„(7') is given by one of the formulae (315, 1), (315,2), or (315,3). 
Except for the fig, Dg and H I) molecmies at low temperatures we may safely 
use formulae (315, 8) and (315, 9) for r„(T), so that we have 


f(T) 


(2mnkT)^ V 


r(T)v„ 


Pah, 

<T 


{2nmkT)n'T (, 

. A* (-vr 



(317,2) 


Furtlierniorc, except for molecules with a small moment of inertia, we 
may use the simj)ler approximation (315, 10) so that 



(317,3) 
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For the free energy we have according to (226, 4) 

F . Jf ty|log*’ - l[ - iATtrjog !■_ Arn.|„gjl2”^l' , 

(317,4) 

and for the energy E = —T^ ~ %NkT. (317, 5) 

For the partial potential we have 


// = (vFldN)r,r = ITlog^; 

= kr\o^p-lkT\og T-kT]ogi ^ - ~"”'f^'* ■ (317, «) 

and for the absolute activity 


,1 = pT-^ - 


A* 


A* 


(317,7) 


(27rm)'A* ^n^Ak v^p„f>^' 

We shall return to these formulae in Chapter v. 

Finally for the molecular heat (capacity at constant volume of a diatomic 

<■, ^ Ik, (317,8) 

and so, by (309, (i), for the molecular heat capacity at constant pressure 

‘A*. (317,0) 


These classical formulae are accurate as lon^ as When 0,./7’ is not 

entirely negligible compared with unity, we have to use (2) instead of (3) 
for the partition function. This adds to the free energy given by (4) the 
extra term 


1 (-) 

A-7’Iogjlf.^y' + 




I Wg 

!K) T 





(317, 10) 


We tlien deduce for the energy and heat capacity 


K 

N 


T^diFIT) 

N dT 


P-T-AH, . 



((■»,< 7’), (317,11) 


1 dK 


- V A- 

NFT " I 2 45 7'* 


I (-)* 


+o\ 




(l-V<^T). (317,12) 


It should be noticetl I hat (\- approac^hes its classical value |A from above. 
We would emphasize that formulae (II) and (12) and similar formulae must 
not be u.sed unless (-),<^ T. As long as ©,« 7’, formulae such as (315, 4) and 
(315,9) are accurate, but it would be wrong to argue that when 0, = \T, 
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because the second term in (12) is only 0*005, therefore the deviation of Cy 
from its classical value |A: is negligible.* 

At much lower temperatures such that T 0^ the rotational partition 
function reduces to its lowest term. The rotational contribution to the 
molecular heat capacity falls to zero, and cy falls to 
At intermediate temperatures there is no compact formula for 0*“°^ 


§318. Heat capacities of typical diatomic molecules. At tempera- 
tures such that the two rotational degrees of freedom are classical and the 
vibrational degree of freedom is unexcited, we have formulae (317, 8) and 
(317, 9) for Cy and C jjf with the consei^uent value for their ratio 

y = Cj.lCy = l (318,1) 

The data in Table 2 show that these values agree with experiment for many 
diatomic molecules over a wide range of temperatures. The third column 
will be required for the discussion in § 323. 

Table 2 


Values of Cp and of y for diatomic gases 
Theoretical values: = 3*50 and y = C/tCy = 1-40 


Sub- 

stance 

<->r 

(log. 

W./IO’ 

(log. 

Toinp. 

“K. 

obs. 

7 

obs. 

ObHer\ 

H, 

85-4 

«1() 

289 

3-4a5 


S.H. 

N. 

2-86 

3-34 

293 

3-51 

— 

S.H. 




92 

3-38 

— 

S.H. 

O. 

207 

223 

293 

3f)I 


S.H. 




197 

3-43 


S.H. 

i 


1 ' 

1 1 

92 

3-47 

— 

S.H. 

CO 1 

2-77 

1 3 07 ; 

1 1 

291 

3-52 

- 

S.H. 

1 


1 * 

93 

3-40 


S.H. 

NO 1 

2*42 

2 09 

288 j 

3f>4 



H. 

HCl 1 

lf)-2 

4 14 

290 373 j 

— 1 

1'.39 

S. 

HBr ! 

121 : 

3-7 1 

284-373 j 

— 1 

1*43 j 

s. 

HI 

90 

3 2 

293-373 i 

— : 

1*40 1 

s. 


Hejvrem'es to Table 2 

S H Schecl and lltMiw, Ann. d Phya. 40 , 473 ( 1913 ). 

H.: Heuse, Ann. d. Pkys, 59 , 80 ( 1919 ). 

S.: Strecker, Ann. d. Phya. 17 , 83 ( 1882 ). 

• The rlifferenee bef«een the suium v «„d in ( 3 , 5 _ ^ function and eo 

, , , ^ .. j 1,3,... 

vanishes exiiooentiaHy when O./T -^ 0 . It m however neoeiuiary for tt. to be leas than about iT 
before It IS a reasonable a,. jmiximation to assume that S =, S . and this approxima- 

tion is involvetl in the appheation of formidae sneh aa ( 11 ) iiid ( 12)^10 symmetrical molecules. 
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§ 319. Heat capacity of hydrogen and deuterium at low tempera- 
tures. Para and ortho forms of Hg and Dg. The predicted drop in the 
molecular heat capacity Cy from at ordinary temperatures to f A" at low 
temperatures has been observed for Hg, Dg and HD alone among diatomic 
gases. The molecular heat capacity Cy has approximately the normal value 
for Hg at ordinary temperatures of 300*^ K. and above, but falls steadily 
to ft as T diminishes. For temperatures below 40° K. and \k are in- 
distinguishable. The general behaviour is accounted for if we may identify 
the variable part of Cy with and af)ply the foregoing theory. The successful 
detailed theory is, however, more subtle and is due to Dennison.’*' From the 
study of the rotational bands of Hg we know that p = 2 for the proton. 
This requires for the rotational-nuclear partition function of Hg, accord- 
ing to (315,2), 

^n(T) = 1 S 3 V (319,1) 

(-)y being defined by (313, 2). Partition functions of this form were examined 
by Hund,t but were found to give curves bearing no resemblance whatever 
to the observations. To ap])ly the theory pro})crly one further point must 
be made. While there is no doubt that the possible states are correctly 
enumerated in (1), it is also assumed in (1) that interchanges between all 
the states of (1) take ])lace freely, so that the distribution laws of the 
observed state are correctly given by (1) at all temperatures. But it is 
necessary to ask whether these interchanges can occur freely at ordinary 
and low temperatures; actually even at high temperatures interchanges 
between the symmetrical and an tisym metrical rotational ^states are rare, 
except in the presence of a catalyst, because the fastest mechanism for 
interchange involves free 11 atoms, (’ollisions between two molecules 
without dissociation result in interchanges with a frequency proportional 
to the })erturbation of the energy values of the molecules by the magnetic 
moments associated with the nuclear spins — that is much less frequently 
than interchanges between the states of para- and ortho-helium. Thus in 
ordinary hydrogen gas, int^^rclianges between the symmetrical and anti- 
symmetrical states occur to an ajqireciable extent only in times long com- 
pared with the time of an experiment. The heat capacity measurements are 
therefore made on a gas, which is not in the true equilibrium state governed 
by (1), but is in a metastable equilibrium behaving as a mixture of two 
substances. The one ^\ith antisymmetrical s[)in eigen functions (nuclear 
singlets) is called para-hydrogen, the one v ith symmetrical spin eigen func- 
tions (nuclear triplets) is called ortho-hydrogen. Para-hydrogen has only 

* Dennison, /Vor. Sac. \, 115 . 48,’{ (1927). 

t Hiiml, Ziit.f. Vhifsik. 42 , 93 (1927). 
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symmetrical (even numbered) rotational states, and ortho -hydrogen only 
antisymmetrical (odd numbered) rotational states. For para-hydrogen we 
have the nuclear weight \p{p— 1) == 1 and the rotational -nuclear partition 
function 

r^T) = 1 . S (2j+l)e-><>+iW7’^ (319,2) 

1 - 0 , 2 .... 

whereas for ortho-hydrogen we have the nuclear weight 1) = 3 and 

the rotational-nuclear partition function 

- 3 . i (2j-f + (319, 3) 

The rotational energy of pure ])ara-hydrogen would be 


A’;;-' = 

(319, 4) 

and that of pure ortho-hydrogen would be 


a;;"* = N 

(319,5) 

The corresponding rotational molec*ular heat ca])acities would be, for pure 

" sri 8J' 

(319,6) 

and, for pure ortho-hydrogen, 


(trot — ^ ^ 

^^dT\ dT j 

(319,7) 

Consequently that of the actual mixture of para- 

and ortho-hydrogen in 

the ratio 1 : 3 will be ^ j(.rot 

(319,8) 


The result of using (H) with A = 0-463 x 10~*® g.cm.^ is the set of points 
shown by crosses in Fig. 1. The agreement with experiment is all that can 
be desired. 

The two modifications of Hg, first postulated to explain the heat capacity 
curve, an^ nowadays familiar chemical substances.* The metastable equili- 
brium of Hg has further important consequences to which we must return 
in Cliapter v in discussing Nernst’s Heat Theorem. 

Thanks to the discovery of deuterium, two other diatomic molecules, 
HD and Dg, are now known, whose rotational heat capacities fall below the 
classical value at low temperatures. For HD the simple partition function 
(315,1) should yield the correct heat capacity, since this heteronuclear 
molecule has no rotational symmetry requirements. Fig. 2 shows this 


* For a rfcent account of the many interesting properties of para and ortho- hydrogen see 
Farkas, Orihohydrogcn, Parahydrogen and Heavy Hydrogen (Cambridge, 193 .">). 



319] Rotational Heat Capacities of Hg and HI) 93 





Fig. 1. The molecular heat capacity of hydrogen. 



T°K. 

Fig. 2. The rotational molecular heat capacity of HD. 

curve and the observations of Clusius and Bartholome.* The agreement is 
excellent; in particular the existence of the maximum is clearly shown. 
For Dj symmetry requirements return. It is found that for the D nuclei 
p = 3, so the nuclear spin weights in the molecule are 

Jp(p— 1) = 3 (para-deuterium), (319,9) 

ip(p+i) = ^ (ortho-deuterium). (319,10) 

Since the mass number of deuterium is even, the complete eigen functions 

• Clusius and Bartholom6, Zeit. ElektrocUm, 40, 524 (1934). 
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must be symmetrical in the nuclei. The rotational-nuclear partition func- 
tions are therefore 

a) 

3rJT) = 3 . S (2j+ (319, 11) 

>= 1 , 3 .... 

(Sr^(T) = 6 . V (2j-f (319^ 12) 

the odd rotational states occurring in para-deuterium and the even in 
ortho-deut/erium. At high temperatures the ratio of ortho to para molecules 
is 6 : 3 or 2:1. For the rotational molecular heat capacities of the pure 
para and ortho forms we l)ave therefore 


/•Kit 

y> 



C 


’rot — h I T~ 


aiogSr^U 
dT /’ 

aiog0r„(7’)\ 
dT /■ 


(319. 13) 

(319.14) 


The rotational molecular heat capacity of the ordinary inetastable mixture 
is then given by ^ + (319, 15) 

The theoretical values and the observations of Clusius and Bartholome* 
are shown in P'ig. 3. The agreement is again excellent. The broken curves 
correspond to alternative assumed values of/>. 

As a final illustration wo show in Fig. 4 the rotational heat capacities of 
pure ortho- and para-H.,, ortho- and jiara-D.^, HI), and the metastable mix- 
tures of ortho- and iiara-Hg and Dg drawn to the same temperature scale. 

The temperature at \\Jnch begins to deviate appreciably from its 
classical value k is roughly proportional to (r)^, and may be taken as not 
more than 3 to 4 times The moment of inertia of is smaller th?ni that 
of any other diatomic molecule and is efl’ectively unity for Hg above 

300"' K. From the values of given in Table 2 we can therefore see that, 
even for such a molecule as HCl, will be effectively classical above 

fiO"" K. Observations of non-classical values of are therefore evidently 
difficult for all diatomic molecules other than Hg, Dg and HD. The absence 
of other examples of a non-classical value of C^^^, k in gases is therefore in 
accordance with the theory. 


§320. Vibrational degree of freedom. It may liappen at high tem- 
peratures that the vibrational degree of freedom of a diatomic molecule 
is not entirely unexcited. As a rough approximation we suppose the vibra- 
tional and rotational motions to be independent of each other. The more 


* Cliisjus and Bartholoruo. Zeit, Elektrochem. 40, 524 (1934). 
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rigid the molecule and the higher the vibrational frequency, the better is this 
approximation. We also suppose that the vibrations are those of a simple 
harmonic oscillator of frequency v, but that, as an energy x will dissociate 
the molecule, not more than p states are possible in which the molecule 
remains a molecule. Actually the energy levels converge to the limit Xj 
this approximation will suffice. If then we take our energy zero as that 
of the lowest vibrational state (not a state of no vibration), the vibrational 
partition function will be 

g{T) = 2 e-'*-'/**’ = . (320, 1 ) 

If X orphv is fairly large compared with hv, there will be a considerable range 
of values of T where is negligible compared with 1, while 

is not. For such temperatures q{T) reduces to the complete partition func- 
tion for a simple harmonic oscillator 

q(T) = (1 (320^ 2) 

and over this temperature region this form will be a good approximation 
to more exact forms of the vibrational partition function. When we use this 
form for the vibrational partition function, we find for the equilibrium 
contribution, of the vibrations to the energy of N molecules 


£vib = = N-^ ~ , 

^hvlkr^l* 

with the limiting forms 


(320, 3) 


!/'"*’ = 0 (kT4:hv), (320,4) 

E''"' = NkT~Nihv + 0(\/T) (kT>hv). (320,5) 

If we take as the zero of energy, not the lowest quantum state, but the 
state of rest at the position of minimum potential energy, the vibrational 
partition function becomes 

q(T) = ^ \j2emh(\hvlkT). (320, 6) 

We now obtain for the vibrational contribution to the energy 

= NkT^^ = NkT (320 7) 

9\im(\hvlkT) ' ' 

with the limiting forms 


= N \hv (kT < hv), (320, 8) 

E^^^==NkT + 0(llT) (kTphv). (320,9) 

Formula (8) merely states that the vibrational energy at the absolute 
zero {Nullpiiuktsenergie) is equal to the vibrational energy of the lowest 
energy level ; this we shall call the residual energy of the vibrators. By 
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comparison of formulae (5) and (9) we observe that the classical value 
NkT for the vibrational energy is more accurate when the state of rest at 
the equilibrium position is taken as energy zero, than when the lowest 
vibrational state is taken as energy zero. 


§ 321. Diatomic gases at high temperatures. At high tem[)eratures 
we can improve on our jjrevious formulae for diatomic molecules by in- 
cluding the vibrational partition function. Besides the translations, rota- 
tions and vibrations, no other degree of freedom* can contribute to the 
partition function at tem})eratures below 10,000' K. Using (320,2) for the 
vibrational partition function we obtain for the resultant partition function 

f(fjn _ (321, 1) 

It should be emphasized that the energy zero is here taken to be that ot a 
molecule in its lowest quantum state. 

For the free energy we have 


F = N kT{\og ^ - 1) - log T + NkT log( 1 - 

Ktimx {['inmkf M'^Ak i)apb\ rial 2^ 

-NkTXogT ... - 


The corresponding formula for the ftartial potential is 

„ = ( =kT log - IkT log T + kT log( 1 - 

\0A/r,F ^ 

, m I ((2w»»fc)' Sn^Ak paP„ 

= kT log p - IkT log T + kT log( 1 - e-*""''''’) 

- kT . (321 , 3) 

For the total energy, referred to the lowest vibrational state as energy zero, 
we have ^d(f'lT) -I hv 




(321,4) 


and so for the molecular heat capacity 

* <». and NO ar« cxcepfi.-na. The clectroni.’ eontrihutiona of these molecules are .l.scusscd in 
§ 325 . ' 


u r. 


7 
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We shall often find it convenient to define a temperature 0 related to 
a molecular energy e by 0 = ejk. We have in fact already used such a 
temperature 0^ in our discussion of rotational motion. We now define a 
temperature 0. by = (321,6) 

We can call 0^ the frequency measured in degrees. Values of 0^ obtained 
from spectral data are given in Table 2 for the molecules there listed. In 
terms of 0„ (5) can be written 


C,lk-l = = {(KV^)/8inh(i0JT)P. (321, 7) 

We shall denote the contribution of the vibrational degree of freedom to 
the molecular heat capacity by According to (7) we have the two 
limiting forms ^ 0 {T<^Q„), (321,8) 

(321,9) 

At intermediate temperatures C^^^jk is readily calculated* by means of 
formula (7). Its behaviour is shown by the values given in Table 3. 


Table 3 


Vibrational contribution to the heat ca'pacity of a 
diatomic molecule as a function of the temperature 


r/0„ 

i 

i 


1 

2 

4 


0-022 

0-303 

0-724 

0-928 

0-979 

0-9995 


§322. Heat capacity of H 2 at high temperatures. To obtain a 
satisfactory theoretical account of the heat capacity of Hg at high tem- 
peratures it is not sufficient to treat the rotations and vibrations of the 
molecule as independent degrees of freedom. The quantitative a priori 
calculation of the energy levels by quantum theory is therefore not simple. 
From the point of view of statistical theory it is not necessary to go 
back to a mechanical model. It is sufficient to take the states of vibration 
and rotation of the normal Hj-molecule as enumerated directly from the 
band spectrum, to construct a semi-empirical partition function with their 
help, and to use this function to evaluate 4 - At these higher 
temperatures the differences between symmetrical and antisymmetrical 
rotational states are unimportant, and we may use without serious loss of 
accuracy the one partition function 

S S (322, 1) 

v-o i-o 


* The table given by Landolt-Bornstein is inaccurate in places. 
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where v is the vibrational and j the rotational quantum number, and 
which represents the energies derived from the band spectrum, can 
be put in a simple polynomial form with sufficient accuracy. From this 
partition function the heat capacity has been computed by McCrea.* The 
results are compared with the experimental values in Table 4. The agree- 
ment is satisfactory especially at the higher temperatures where it would 
fail but for these theoretical refinements. 

If it is desired to refer the energy values back to a model, it is necessary 
to assume a definite law of force between the nuclei. Such calculations have 
been made, for example, by Fues.f 


Table 4 

Heat capacity of H 2 at high temperatures 


Temp. 

Cy/k 

Cylk 

°K. 

calculated 

observed t 

600 

2-61 

2*66 

800 

2-54 

2-63 

1000 

2*60 

2-70 

1200 

2*69 

2-77 

1600 

2-88 

2-91 

1800 

2-96 

2-98 

2000 

306 

3-06 

2600 

3*21 

3-23 


J According to an interpolation formula given by Partington and Shilling, 

The Specific Heat of Oases (Benn, 1924). 

§ 323. Heat capacities of other diatomic molecules at moderately 
high temperatures. The same considerations can be applied to explain 
the heat capacities of other diatomic molecules at moderately high tem- 
peratures. At these temperatures rotations are completely classical and it is 
then unnecessary, as we have seen, to take account of any requirements of 
nuclear symmetry. A sufficiently accurate formula for C„ at least for a first 
survey, is provided by (321,7) with 0„ defined by (321,6). More accurate 
comparisons can be made if desired by the method described in § 322 for H,. 
Such a laborious procedure is, however, usually unnecessary. Even when 
the simple formula (321,7) is retained, one can usuaUy make adequate 
allowance for anharmonicity as foUows. The energy kvels of an anharmonic 
oscillator can be expressed with sufficient accuracy in the form 

c, = (v-l-i)Av,{l-(«-l-i)a:e}. (323,1) 

where v is the vibrational quantum number, is a characteristic frequency , 

• MoC«». Proc. Camb. Phil. Soc. 24 , 80 (1928), and since then by numerous other investi- 

gators in this field. 

t Fues, Ann, d. Phys. 80, 367 (1926). 


7*2 
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and is an anharmonicity constant. In particular we have for the ground 

= (323,2) 

and for the first excited state 

= (323,3) 

Even at temperatures as high as 2000° K. the main contribution to the 
vibrational jiartition function comes from the first two terms. Hence the 
most imf)ortant energy 8ej)aration is 

(323,4) 

We can therefore obtain accurate values for the heat capacity if we insert 
into formula (321, 7) a value of 0^ given by 

= (323,5) 

On the other hand the residual energy is given by (2). The values of 0„ 
recorded in Table 2 are defined according to (5). Thus A:0,. is the energy 
separation between the normal state and the first excited vibrational state. 

It is only recently that satisfactory agreement has been reached between 
tlieory and experiment for heat capacities at high temperatures. One of 
the commonest methods used in the past for determining the heat capacity 
of a gas is by measuring the velocity of sound. The experimental values so 
obtained at high temperatures are in all cases considerably lower than the 
theoretical values. The reason for this is now understood. Except in 
hydrogen the rate of conversion of translational or rotational energy into 
vibrational energy by molecular collisions is unexpectedly slow.* Therefore, 
unless the time scale of the experiment is long compared with the time of 
adjustment of translational and vibrational energy, the true heat capacity 
will not be measured, but rather a heat capacity of a quasi -metastable state 
of the gas, in which the gas behaves as if it had no vibrational degrees of 
freedom. In the velocity of sound method the time scale is of the order 
10*"® sec., equal to the period of the sound wave. This is too short a period for 
the internal vibrations to be maintained in thermal equilibrium with the 
translations and rotations. Measurements of the velocity of sound therefore 
lead to values of the heat capacities lower than the true equilibrium values. 

We observe that we have here our second example of the care that is 
necessary in defining accessible states of an assembly. We have already 
observed that for hydrogen at ordinary pressures and low temperatures, in 
the absence of any catalyst, we can specify the effectively accessible states 
of the assembly correctly, only by regarding the hydrogen as a mixture of 

* This has been established theoretically by the work of Herzfeld and Rice, Zener and 
others; e.g. Herzfeld and Rice, Pkj/s. Rev. 81 , 691 (1928); Zener, Phys. Rev. 87 , 556; 38 , 277 
(]931). 
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two distinct gases para-hydrogen and ortho-hydrogen. This specification is 
correct unless we experiment on a time scale of the order of days or weeks. 
We now find that for ordinary diatomic gases, analysed by sound waves of 
periods about 10~® sec. or less, at temperatures of the order of 300-600° K., 
there is effectively no interconnection between the diflFerent vibrational 
states; the accessible states of the assembly are those of a mixture of distinct 
gases, each of given vibrational energy, and the molecular heat capacity 
Cyis given by Cyjk = |. If, however, we increase the experimental time to 
1 sec., the accessible states are effectively those of a single gas. If the acces- 
sible states are correctly specified, we can correctly treat either extreme case 
— the true equilibrium states or the perfect metastable equilibrium state — 
by the methods of statistical mechanics, and the calculations so made may 
be compared with the results of experiments made on a suitable time scale. 
But the intermediate cases, where there is a partial adjustment between 
diflFerent types of states, can never be so treated. Their treatment requires 
always a knowledge of rates of interaction, foreign to pure equilibrium 
theory, which from this point of view deals always with assemblies whose 
rates of interaction between states may all be classified as either infinitely 
fast or infinitely slow. 

We pass on now to compare theory with experiment. If we plot Cpjk 
against we should according to theory obtain the same curve, given 

by formula (321, 7), for all diatomic gases. The experimental data suitable 
for comparison with theory have been so plotted in Fig. 6. The values of 0,, 
determined spectroscopically for the several molecules are given in Table 2. 
Chlorine was not included in this table because, owing to its low value 798 
of 0„, the vibrational contribution to the heat capacity is not negligible 
even at the lowest temperatures at which measurements have been made. 
We see from Fig. 5 that the agreement with the theoretical .curve is good, 
especially when one remembers that a discrepancy of 0-06 in corre- 

sponds to one of only about 1^ % in the measured Cp. The data of Henry* 
were obtained by a flow method, and are therefore particularly suitable 
for comparison with the theory. Those of Euckenf and his coUaborators were 
obtained by an adiabatic expansion method, and their values, extrapolated 
to zero pressure, are in excellent agreement with the theoretical values. 
The data of Sherratt and Griffiths]: for CO are also suitable for comparison 
with theory. It is true that these are measurements of the velocity of sound 
and are therefore not of a suflftciently slow time scale to give directly the 

• Henrv /"roc Roy. Soc. A, 138, 492 (1931). Also private communication of later resulti. 

t Eucken and von Liide, Zeit. Phyexkal Chem. B. 5. 413 (1929); Eucken and Hoffmann, Zetl. 

Physikal. Chem. B, 6, 442 (1929). 

J Sherratt and Griffiths, Proc. Roy. Soc. A, 147, 292 (1934). 
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true equilibrium heat capacity. But as the velocity was measured for two 
frequencies of the sound waves, it was possible to apply a theoretical formula 
to extrapolate to zero frequency. It is these extrapolated values which can 
correctly be compared with the theoretical values, and are included in Fig. 5. 



Fig. 5. Molecular heat capacities of diatomic gases. 

Henry: O Oj; A Nj. Eucken and others: # (> 2 ; ▲ N,; ■ CO; O Cl,. 
Sherratt and Griffiths: □ CO. 


§324. Electronic contributions. As already mentioned in § 308, it may 
happen that other electron levels besides the lowest contribute appreciably 
to the partition function. This may be the case when the normal state forms 
part of a multiplet. We shall consider the particular case where it forms part 
of a doublet. The extension to triplets or higher multiplets will be obvious. 
For convenience we take our zero of energy as that of the normal state, that 
is the lower state of the doublet. Let the energy of the higher state of the 
doublet be Then the electronic partition function will be 


e{T) = (324,1) 

where Vq and are the weights of the two component states of the electronic 
doublet. Consequently the free energy will contain instead of — iV kT log 
the term ^ + (324, 2) 

and the energy will contain the extra term 

^ Jfe, 

dT 1 + 

The molecular heat capacity will contain the term 


(324,3) 


= = 

N dT {1 + (vjvi ) {1 + (Vi/t/o) ' 


(324,4) 
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Examples of this axe shown in Fig. 6. It is clear from (4) that vanishes 
both for large and small values of kTje^, and is only sensible when kT is of 
the same order as e^. When kT<^ei the upper state of the doublet may be 
ignored ; when fcT > the distinction between the two states may be ignored, 
and the combined multiplet regarded as a single state of weight t'o-f- 



Fig. 6. The value of C^^jk as a function of kTJci, calculated according to equation (324,4). 

§ 325. Application to molecules in multiplet states. Thallium is an 
example of a monatomic molecule in a state forming part of a doublet. The 
normal electronic state is , but the *P| state, the upper state of the doublet, 
lies not far above. The weights of these two states are 2 and 4 respectively. 
The electronic partition function is therefore 

2 + (326, 1) 

There are no experimental data for either thaUium or any other monatomic 
molecule to compare with a formula such as (1). We may, however, apply 
these formulae to NO whose normal state *11^ belongs to the doublet *11^, |, 
each component having an electronic weight 2. Actually the electronic 
angular momentum (of orbit and of spin) combines vectorially with the 
angular momentum of the rotating nuclei, and since the two are at right 
angles to each other, the resultant total angular momentum cannot be less 
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than the electronic contribution. The minimum values of the rotational 
quantum number j are consequently J for the *11^ component of the elec- 
tronic doublet and | for the ^III component. If we take the lowest state as 
energy zero, and denote by Cj the energy separation of the electronic doublet, 
we have for the combined electronic and rotational partition function 


2 2 (2j + 1 ) 2 (2j + 1 ) (326, 2) 

At ordinary temperatures, when we can replace the sums by in- 

tegrals, and each integral becomes approximately T/0^. Formula (2) thus 
reduces to ^ 

r{T)e{T) = ^e{T), (326,3) 

where the electronic partition function e{T) is defined by 

e(T) = 2 + 2e"^i/*^. (326,4) 


We therefore have the complete partition function 


f(T) 


(2itmkT)'V%n^AkT 

p— 


(2 + 2e-*i'*r)pjv/5o. 


(326, 6i 


where Po nuclear spin weights of N, 0 respectively. We shall 

return to the use of (6) in Chapter v. At this stage we shall consider only the 
heat capacities. We derive from (6) 

5 (eJkT)^ 

('V/K - 2 + (TTw**’) (1 + e^*r) 

0 (eJ2kTf 
“ 2 coBh^^^f) ' 

The second term C^^/k has its maximum value 0*44 when eJkT = 2*4. 
For NO we have ejk = 178° K. Consequently the maximum in the heat 
capacity should occur at about 74° K. Eucken and d'Or* have studied the 
heat capacity of NO between 1 30° K . and 1 80° K. , and Fig. 7 shows that their 
results provide an excellent confirmation of this electronic contribution to 
the heat capacity. 

The ground state of the oxygen molecule is a triplet but the separation 
between the three component states is appreciable only below 4°K., and 
is therefore undetectable by thermal or thermodynamic methods. At all 
ordinary temperatures we may therefore regard the O 2 molecules as in a 
degenerate state of weight 3, and there will be no electronic contribution to 
the heat capacity due to this multiplicity. 

At very high temperatures an electronic contribution to the heat capacity 
is detectable due to the existence of a state. The state has a weight 3 


* Euoken and d'Or, Odtt. Nachr. p. 107 (1032). 
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and the state a weight 2. The electronic partition function is therefore 

e(T) = 3 + 2c-*./*r (326,7) 

where denotes the energy separation of the level above the normal 
level. The observed value of Cj is 0-97 electron volts, so that ejk = 113 x 10* 



Fig. 7. The molecular heat capacity of NO at low teroperatureH. 



T^K. 

Fig. 8. Mean heat capacity (300° K. to T° K.) for oxygen : Spectroscopic curves : , 

contribution included. ^A contribution excluded. Experimental points: 

0» Lewis and von Elbe. 

degrees. Formula (7) has been used by Johnston and Walker* to calculate 
the electronic contributions to the thermodynamic functions including the 
energy and the heat capacity. The experimental data,t which can be com- 

• Johnston and Walker, J. Am. Chem. 8oc. 67, 682 (1935). 
t B. Lewis and von Elbe, J. Am. Chem. Soc. 66, 611 (1933). 
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pared with the theory, were obtained by exploding O3 and measuring the 
temperature of the O2 formed. This procsedure leads directly to experimental, 
values for the average heat capacity between room temperature (300° K.) 
and the temperature T reached in the explosion. The calculated and observed 
values are compared in Fig. 8. Considering the difficulties of the experi- 
mental technique the agreement is not unsatisfactory. 


§326. Rotational degrees of freedom of rigid bodies. Polyatomic 
molecules must be classified into two types, linear and non-linear, according 
as the equilibrium positions of all the nuclei do or do not lie on a straight line. 
For both types the rotational degrees of freedom are effectively classical. 
For the linear type there are only two classical rotational degrees of freedom, 
and the rotational -nuclear partition function takes the same classical form 
as for a diatomic molecule, and contains in the denominator a symmetry 
number cr equal to 2 when the molecule has a centre of symmetry and other- 
wise equal to 1 . Thus 




(T ’ 


(326,1) 


where Wp denotes the product of the spin weights of the separate nuclei in 
the molecule. 

For the non-linear type of rigid molecule, on the other hand, there are 
three classical rotational degrees of freedom, and we require the appropriate 
partition function. We shall consider only its classical form. The rotational 
motion of a rigid body with principal moments of inertia A, B, C can be 
described by the three Eulerian* angles 6, 0, ijr and their conjugate momenta 
Pe^ PiPf P^' c*^®rgy in Hamiltonian form is 

+ + ;>(,sin6» co8 ^4^}* + (326,2) 


and the rotational partition function, in the absence of symmetry, is 

r(T) = djjrJ dpgj (326,3) 

The energy can be expressed in the integrable form 
1/sin^^ cos^i5r\ ( /I 1\ sin ^ cos ^ 

^ 2^B8in*^8in*^ co8*^^^^ j)^co8d) 2C^*' 

- -f—g- 

* See, for example, Routh, Elementary Rigid Dynamics, 1, chap v (Macmillan, 1905). 


2\ A 
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Integrating with respect to pg, p^, p^ in that order we find 

__ S7rX2nkT)^ABC)^ 
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(326,5) 


When molecules have symmetry , this can be taken care of by introducing into 
the denominator of the rotational-nuclear partition function a symmetry 
number cr, equal to the number of indistinguishable orientations of the 

molecule,. Th„, MBC). Hp 

= p — » (326,6) 


(T 


where lip denotes the product of the spin weights of all nuclei in the mole- 
cule. The symmetry number is for example 2 for OH2 (isosceles triangle), 
3 for NH3 (triangular pyramid), 4 for C2H4 (rectangle), 12 for CH4 (regular 
tetrahedron) and 12 for C4H4 (regular hexagon). 


§327. Vibrational degrees of freedom of polyatomic molecules. 

A polyatomic molecule has several normal modes, the number depending on 
the constitution of the molecule. A linear molecule composed of a atoms has 
3a — 6 normal vibrational modes, and a non-linear molecule with the same 
number of atoms has 3a-- 6. Each mode v has a characteristic temperature 
0^, related to the frequency by 

= (327,1) 

The partition function for such a mode regarded as a harmonic oscillation is 

g,(T) = (l-e-^VJ')-i, (327,2) 

and each mode will make a contribution to the free energy, to the energy, 
and to the heat capacity, of the same form as the vibrational contribution in 
a diatomic molecule. 

It sometimes happens, when a molecule has elements of symmetry, that 
two or three modes have identical frequencies. Such a pair or triplet of modes 
is usually referred to as a degenerate mode of weight 2 or 3, and its contribu- 
tion to each of the thermodynamic functions will be double or triple that of 
a non-degenerate mode of equal frequency. 

§ 328. Internal rotations of polyatomic molecules. Large molecules 
are not necessarily rigid even when vibrational motions are ignored. In 
ethane, for example, the two CH3 groups can rotate relative to each other. 
Until recently such a rotation was assumed to be effectively free. Let (j> 

• For proof see Ludloff, Zeit. Phya. 67, 227 (1929); or Mayer, Bninauer and Mayer, J. Aw. 
Chem. Soc. 66, 37 (1933). 
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denote the angle about the axis of rotation and its conjugate momentum 
The partition function for such an internal free rotation would be 

I (328, 1) 

I is here the reduced moment of inertia defined by 

/ = A/,/(A-h/,), (328,2) 

where /j, are the moments of inertia, about the axis of rotation, of the 
two parts of the molecules rotating relative to each other. When we use (1) 
as a factor in the complete partition function of the molecule, we must take 
care of symmetry requirements by inserting a factor 1 where is an 
internal symmetry number equal to the number of indistinguishable relative 
configurations of the two parts of the molecule; for ethane would be 3. 

An internal rotation of this kind is never really free. There will be maxima 
and minima of potential energy according to the relative configurations 
defined by the angle This potential energy u may be represented semi- 
quantitatively by a function of the form 

u = ^Uq{1 - coso^*^^} = WQ8in*(i(7<^)^), (328, 3) 

where we have taken the minima of potential energy as zero and the maxima 
as Uq, We have assumed that all the minima are equal and all the maxima 
likewise; the number of each must then be If now UQ<^kT, the internal 
rotation will be eflFectively free and the partition function (1), divided by 
will be a good approximation. In the opposite case, u^pkTy only small 
values of u will contribute appreciably to the partition function. We may 
then replace (3) by the approximation 

u = (328, 4) 

This form for the potential energy is that of a harmonic oscillator of fre- 
quency and characteristic temperature 0^ given by 

IV - lc{r),jh - (T<>\uj2l)^l27Ty (328, 5) 

and the partition function will have the usual form for a harmonic oscillator 
with this value of 0^. When is comparable to JfcT, the motion is of an 
intermediate and more complicated kind.* Explicit formulae for the 
partition function cannot be obtained, but its value can be computed as a 
function of uJkT and Such computations have been carried out 

by Pitzer,t who gives tables for the contributions of a restricted internal 
rotation to the several thermodynamic functions. 

Unfortunately it has not yet proved possible to calculate a priori the 

* Nielien, Phy^. Rev. 40, 445 (1932); Teller and Weigert, Nachr. Gea. Wtaa. OoUirigen, Math. 
Phyaik. Klasae. p. 218 (1933). 
t Pitzer, J. Chem. Phya. 6, 469 (1937). 
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magnitude of the energy barrier which impedes rotation, though a first 
attack on the problem for ethane has been made by Penney.* Nor are 
optical data of much help, as the internal rotation does not give rise to a 
fundamental frequency in either the infra-red or the Raman spectrum. One 
can therefore only estimate its value a posteriori by examining what value 
will be in agreement w'ith experimental data such as heat capacities. Such 
a comparison is made at the end of § 330, and leads to the conclusion that for 
ethane the energy barrier is slightly over 3 k. cal. /mole. The corresponding 
value of Uq! k is about 1 500°. It is therefore clear that at ordinary temperatures 
the rotation is far from free.f This fact does not conflict J with the organic 
chemist's postulation of “free rotation", which only means that equili- 
brium is established rapidly between the various relative configurations. 
A potential barrierof 3 k. cal. /mole is, as we shall see in Chapter xii, certainly 
low enough to allow this. We shall not give formulae for molecules with 
internal impeded rotations, but it should be remembered that, when such 
are present, the appropriate partition function occurs in place of one or 
more of the vibrational partition functions. 


§ 329. Final formulae for polyatomic molecules. By combining the 
various types of partition functions derived above, we obtain the following 
finahpartition function for polyatomic molecules: 


Linear molecules : 

Non-linear molecules : 


f{T) = ^ 


(2nmkT)*V H7T'^(2nkT)^(ABC)^ 


A® 


A® 






(329,1) 

(329, 2) 


In these formulae a, the symmetry number, is equal to the number of 
indistinguishable configurations of the rotating molecule supposed rigid; 
the product 0,, extends over all the vibrational modes; Vq is the statistical 
weight of the lowest electronic level; lip denotes the product of the spin 
weights of all the nuclei in the molecule. If one part of the molecule can 
rotate freely with respect to the rest, there will be a rotational factor like 
(328, 1) in place of one of the vibrational factors (1 — e shall not 

consider this possibility any further. If electronic levels other than the 
lowest are important, and possess substantially unaltered values of the 
moments of inertia and other molecular constants, the factor Vq must be 


• Penney, Proc. Roy. Soc. A, 144, 160 (1934). 

t Recent meaeurements of heat capacity on dimethylacctylcnc (CHa.C 2 EC.CH 3 ) indicate that 
in this molecule the rotation of the two CHj groups relative to each other is effectively free. 
See Crawford and Rice, J . Chem. Phys. 7, 437 (1939). 
t Cf. Wagner, Zeit. Phyaikal. Chem. B, 14, 166 (1931). 
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replaced by e(T) = + where is the energy of the rth elec- 

tronic state. If these other electronic levels have seriously different values 
of the molecular constants, no compact formula can be given, but formulae 
of the preceding type can be used for the contributions of each electronic 
level, Uq being replaced by » •••• 

For the free energy we have: 

Linear molecules: 


F^N kTnog y-\\-\NkT\ogT-¥NkTZ, log( 1 - e-^^iT) 


^NkTlogV^. 


(27rmi:)* Sn^Ak Up 


(329,3) 


Non-linear molecules: 


F = iVr jfcT’ log - 1 - 3Ar log T + log( 1 - e^^viT) 


-HkT Jog ^ 


For the energy we have: 
Linear molecules: 

^d{FIT) 


E = = \NkT^NkT'L,-^f_^. 


Non-linear molecules: 


E = - = 3NkT + NkT^P^- 


(329, 4) 


(329, 5) 


(329, 6) 


For the partial potentials we have: 
Linear molecules: 


A =(|^) = kT log y-^kT log T + kT^ Jog(l -e 

' /r.r ^ ?.\i d_ 2 >4 1. n. 


— kT log 


{27rmk)^ Sn^Ak Up) 


= kT log p — \kT log T H- A’T log( 1 — 

A» A* *^® o- / 

Non-linear molecules: 

fi = kT logy -ZkT log T + kTI.^log(l- 

i.m ,_f(2wmA)» 87T*(2»rA)»(^BC)* .. Hp) 


(329, 7) 


kT logp — 4kT log T-k-kT'L^. log( 1 — 


— Arriog 


((27rm)W %TT^(2TTk)^(ABC)^ Up 
V'~T^ p v^ — 


(329, 8) 


O’ 
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For the molecular heat capacities we have: 

Linear molecules: 


Cyjk = 


1 ldE\ 

Nk\d~fjy 


5,v gejn 


(329, 9) 


Non-linear molecules: 






8inh2(J0JT)‘ 


(329, 10) 


From the form of (9) and (10) it Ls clear that any mode for which 0,,-^ T 
will contribute kto while any mode for which will contribute 

nothing to One therefore requires an accurate value of 0^, only when 
0p is comparable to T, At ordinary temperatures such modes are those 
with wave numbers between 100 cm.”^ and 2000 cm.”^, but modes with 
wave numbers less than 300 cm."^ are rare. 


§330. Application to heat capacities of polyatomic molecules. 

For comparison of the theoretical formulae with experimental values it is 
necessary to know the vibrational frequencies of the various normal modes. 
Those are now known with reasonable certainty for more than fifty poly- 
atomic molecules. When these frequencies are known, it is almost certain 
that the values of the heat capacities calculated from the spectroscopic data 
are more accurate than any measured values. It is therefore 8U])erfluou8 to 
compare with theory any but the most reliable experimental data.* 

To illustrate the variety in the normal modes of polyatomic molecules, 
we have collected in Tables 5, 6, 7 the spectroscopic data| for a selection of 
important simple molecules of various common shapes. For each molecule 
we give a list of the normal modes, sj)ecifying, for the benefit of spectro- 
scopists, their symmetry class as w^ell as their frequencies 0^ expressed in 
degrees. We shall not explain the meaning of symmetry class, nor the 
symbols used to describe it, but will merely mention that the symmetry 
class determines the optical properties of the modes, in particular whether 
they can occur as fundamentals in the Raman or in the infra-red spectra. J 
We have also included the calculated contributions of the several modes to 
the heat capacity at one selected temi)erature and the resultant heat 
capacity at this temperature. When a fairly reliable experimental value is 
available for the heat capacity, the temperature for the calculation has been 

* A useful and interesting review of this field has been given by Bartholoni6, Zeit. Elektrochem. 
42, 341 (1936). 

t We are indebted to Mr C. R. Bailey, who is compiling a survey of spectroscopic data, Raman 
and infra-red, for his unpublished tables, from which we have taken our values for the frequency 
of the normal modes. Values given by Sponer, MoUkuUpektren (Springer, 1935), in most cases 
differ insignificantly from those selected by Bailey, 
t See Placzek, Handb. d, Radiohgie. 
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Experimental values of Cp for CjHj taken from Heuse, Ann. d. Phys. 59, 86 (1919). For other molecules see references at foot of Table 8. 



VibratioTial contributions to heat capacities of symmetrical top molecules at temperatures selected far 

comparison with experiment 
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Symmetry class 
Number of modes 
0„/lOO 

Contribution to c/k 
Contribution to C/k 

S>Tnmetry class 
Number of modes 
0,/lOO 

Contribution to C/k 

Symmetry class 
Number of modes 
0,/lOO 

Contribution to c/k 

Symmetry class 
Number of modes 
0,/lOO 

Contribution to C/k 

BF, 

Plane equi- 
lateral 
triangle 

T = 278° K. 
T= 189° K. 

NH, 

Trigonal 

pyramid 

T = 300° K. 

CH, 

Regular 

tetrahedron 

T = 300° K. 

CHCl, 
Tetrahedron 
with trigonal 
symmetry 
r = 300°K. 


FO 


Experimental value for BF, taken from Millar. J. Am. Ckem. Soc. 46 , 874 (1923). For other molecules see references at foot of Table 8. 
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Table 7 

Vibratioml contribvtions to heat capacities of asymmetrical top molecules 
at selected temperatures 

Cpjk = 4+r’''ibyjk 


Formula, 
shape and 


Normal modes 




calc. 

Cflk 

calc. 

temp. 









H H 

0 

Symmetry class 

Ai 

^1 







Isosoeles 

Number of modes 

1 

1 

1 






triangle 

e,/ioo 

22-9 

51-6 

53-6 






r= 600°K. 

Contribution to C/k 

0-219 

0-003 

0-002 




0-22 

4-22 

0 Cl 

N 

Symmetry class 

A 








Scalene 

Number of modes 

1 

1 

1 






triangle 

0„/lOO 

9-07 

13-2 

26-2 






T = 300" K. 

Contribution to C/k 

0-488 

0-243 

0-008 




0-74 

4-74 

Jco 

Symmetry class 





1 

b7 



Plane 

Number of modes 

1 

1 

1 

1 

1 

1 



isosceles 

triangle 

e„/ioo 

39-8 

26-0 

21-6 

40-0 

18-3 

16-7 



T = 300" K. 

Contribution to c!k 


0-017 I 

0-040 

— 

' ((•084 

0-120 

026 

4-26 


selected so as to allow comparison with experiment. In most cases the 
agreement is satisfactory. 

We turn now to a more detailed discussion of those few molecules, for 
which reliable experimental values of the heat capacity are available over 
an extended range of temperatures. Data obtained from measurements of 
the velocity of sound are, for reasons already given in our discussion of 
diatomic molecules, not suitable for comparison with the theory. The data 
obtained by other reliable methods for the linear molecules CO2, NgO and 
for the non-linear molecules NH3, CH4 are collected in Table 8. It will be 
seen that the agreement between theory and experiment is excellent. 

Reliable experimental data are also available for ethylene and ethane, 
and these molecules merit special discussion. The normal modes of ethylene 
HjC.CHj are given in Table 9 . We have used the recent assignment of 
Bonner;* earlier alternative assignments do not differ significantly from 
that of Bonner, except in the case of the mode, which has so far been 
observed only as a combination frequency in the Raman spectrum. From 
the nature of this mode its wave number would be expected not to differ 


* Bonner, </. Am. Chem. Soc. 58, 34 (1936). 
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Table 8 

Heat capacities of polyatomic molecules at high temperatures 
k k •|Hinh(i(-V7^)l ' 

where (f^^jk = I for linear molecndea^ and cfpfk = 4 for nan-linear molecules 


Substance 
and values 
of 0,,/lOO 

o 

C’p/k 

calc. 

Cp/k 

obs. 

Ob- 

servers 

Substance 
and values 
of 0„/lOl) 

T 

^K. 

Cp/k 

calc. 

< ’ pi k 
obs. 

Ob- 

servtu-s 

CO, 





N,0 






9-64 


198 

3-89 

3-92 

House 

8-60 j 

203 

406 

410 

Heuse 

9-64 


271 

4-32 

4-29 

E.L. 

8-50 [ 

243 

4-31 

4-35 

Heuse 

18-9 


293 

4-46 

4-44 

Heuse 

18-4 1 

272 

4-60 

4-49 

E.L. 

33*6 


293 

4‘46 

4-42 

E.L. 

32-0 ) 

287 

4-56 

4-61 

E.L. 


308 

4-53 

4-52 

Henry 


293 

4-61 

4-61 

House 1 


312 

4-66 

4-61 

Henry 


314 

4-71 

4-75 

Henry 


323 

46] 

4*64 

Henry 


390 

5 08 

605 

E.L. 


331 

4-65 

4-70 

Henry 


467 

5-49 

6*46 

Henry 


368 

4*79 

4-80 

E.L. 


625 

6-89 

5-90 

Henry 


430 

510 

5-34 

512 

6-39 

E.L. 

E.L, 


733 

6-16 

615 

Henry 


488 







493 

5-36 

6-35 

Henry 

NH 3 




O.S. 


648 

5-85 

5-76 

Henry 

13-6 


243 

412 

4U 


683 

5-92 

5-81 

Henry 

23*3 


273 

4*19 

4-22 

O.S. 


690 

6-96 

6-00 

E.M. 

23-3 


303 

4-29 

4-31 

O.S. 


832 

6-24 

616 

Henry 

47*8 


343 

4-37 

4-45 

O.S. 


871 

6-30 

6-45 

E.M. 

48'8 


383 

4-56 

4-60 

O.S. 


969 

6-49 

6-33 

Henry 

48-8) 


423 

4-70 

4-76 

O.S. 


1054 

6-60 

6-50 

Henry 


582 

5-31 

5-2 

Haber 


1157 

6-71 

6-53 

Henry 


695 

796 

5-72 

606 

5-5 

5-9 

Haber 

Haber 

1 












CH- 










18-7 


193 

401 

402 

Heuse 






18-7 


218 

404 

4-04 

Heuse 






18-7 


243 

410 

407 

Heuse 






2 L 8 


278 

4-21 

4-226 ! 

Heuse 






21-8 


288 

4-26 

4-27 

Heuse 






Four 

298 

4-30 

4-30 

E.L. 






others 

398 

4-97 

6-08 

E.L. 






above 40 

481 

5-66 

5-64 

E.L. 


References to Table 8 

Heuse, Ann. d, Phya. 69, 86 (1919). 

E.L.: Eucken and von Liide, Zeit. Phyaikal. Chem. B, 6, 413 (1929). 
E.M.; Eucken and Mflcke, Zeit. Phyaikal. Chem. B, 18, 184 (1032). 
Henry: Unpublished data privately communicated. 

0.8. : Osborne, Stimson, Sligh and Cragoe, Refrig. Kng, 10, 146 (1923); 
Authors' smoothed values. 

Haber: Haber and Tamaru. Zeit. Elektrochem. 21. 228 (1915). 


Phya. Bet. 6. 271 (1924). 
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Table 9 

Normal modes of ethylene as assigned by Bonner 


Symmetry 

Reference* 

Wave number 

©./lO* 

class 

symbol 

cm.”^ 

deg. 



3019 

43 3 

1 Aig 

1623 

23-25 


U. 

1342 

19-3 

Aiu 


? 

? 



2988 

42-8 

-‘-'in 

t*-. 

1444 

20-7 


r* 

3060 

950 

44-0 

13-6 


•'ll 

940 

13-45 

Bu 

"u 

1100 

15-75 

B»u 


3107 

950 

44-5 

13-6 


* Thofie are the symbols used by Sutherland. 


seriously from the value assigned by Bonner. There remains the mode, 
a twisting of one CHj group relative to the other. This mode is completely 
inactive both in the Raman and infra-red spectra. The best one can do is to 
investigate whether one can assign to this twisting frequency a value which 
will fit the observed thermodynamic prof)erties. The value which we have 
assumed for this purpose is 900 cm.”^, which corresponds to = 12*9 x 10* 
deg. The comparison of the experimental data of Heuse and of Eucken and 
Parts with the values calculated with this assumed value for the mode 
is given in Table 10 . The agreement is all that could be desired. 

For ethane CH 3 . CH 3 , as for ethylene, most of, but not all, the vibration 
frequencies have been determined unambiguously from observations of the 
infra-red and Raman spectra. The eighteen normal modes split into six 
non -degenerate modes and twelve doubly degenerate modes (pairs of modes 
of equal frequencies). In Table 1 1 are given the most reliable assignment of 
frequencies as determined from observations of the infra-red and Raman 
spectrum by Crawford, Avery and Linnett.f There have been several 
previous assignments, but they are all in essential agreementj except with 
respect to the E" frequency 1120 cm.~^. This frequency does not occur as a 
fundamental either in the infra-red or in the Raman spectrum, and is con- 
veniently referred to as the uncertain frequency. The Al mode to which no 
frequency is assigned in the table consists of a twisting of one CH 3 relative 
to the other CH3. In the past it was believed that this mode was one of free 
rotation, in which case it should contribute to the molecular heat capacity. 

t Crawford. Avery and Linnett, J, Chem. Phya. 6. 682 (1938). 

J See, however, a recent note by Barker, J. Chem. Phya, 7, 277 (1939). 
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Table 10 


Heat capacity of ethylene 

Twisting frequency assumed to bo 900 cm.“* or 12*9 x 10“ deg. 


r°K. 

Contribution 
to C\k of 
seventeen 
known 
frequencies 

Contribution 
to elk of 
twisting 
frequency 

v,ik 

calc. 

<„ik 

obs. 

ObsiTvers 

179 

0*101 

0*038 

4*14 

4*176 

K.P. 

182 

0*155 

0*042 

4*16 

4*17 

Heiise 

193 

0-169 

0*057 

4 22 

4 25 

E.P. 

206 

0*219 

0*074 

4*29 

4*30 

Heiise 

211 

0*247 

0083 

4*33 

4 37 

E.P. 

231 

0*378 

0 119 

4*50 

4*63 

E.P. 

237 

0*419 

0*129 

4 65 

4*54 

Heiise 

251 

0*634 

0*156 

4*69 

4*70 

E.P. 

272 

0*708 

0*200 

4*91 

4*94 

E.P. 

291 

0*882 

0*239 

6*12 

5*11 

Heuse 

293*6 

0*909 

0*245 

6*16 

6*16 

E.P. 

368 

1*676 

0*393 

6*07 

5*99 

E.P. 

464 

2*670 

0*543 

7*21 

7*13 

E.P. 


References to Table 10 
Heuse, Ann. d. Phys. 69, 86 (1919). 

E.P. : Eucken and Parts, Zeit. Phystkal. Chem. B, 20, 184 (1933). 


Table 11 

Normal modes of ethane as assigned by Crawford, Avery and Linnett 


Non -degenerate modes Doubly degenerate modes 


Symmetry 

class* 

Wave number 
cm.“^ 

0,/lO* 

deg. 

Symmetry 

class* 

Wave number 
cm.“* 

e,/io‘ 

deg. 


f 993 

14-20 



827 

11*84 


' 1376 

19*6 

E' 


1480 

21*2 


[2927 

41*9 



2980 

42*6 


/1380 

19*8 



1120 

16*0 


(2926 

41*9 

E" 


1460 

20*9 

a: 

T 



1 

[2970 

42*6 


* These symmetry classes assume a molecule with a point group D^. There are other alter- 
native possibilities. 


When this assumption is made it is found that the experimental heat 
capacities at ordinary and high temperatures can be made to agree with the 
calculated values only by assigning a value about 710 cm.-^ instead of 
1120 cm.“' to the uncertain frequency. It was, however, pointed out by 
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Wagner* that tlie value of the heat capacity at 191® K. found by Heuse was 
higher than would be expected if there were an internal free rotation. He 
proposed the alternative of a restricted rotation, which should behave as a 
vibration at low temperatures, and as an effectively free rotation at very 
high temperatures. The crucial test is provided by measurements of heat 
capacity at lower temj)eratures. These have recently been made by several 
workersf, and they show conclusively that the rotation is far from free. 
The heat capacity data over the whole experimental range from 100® K. to 
370^ K. are brought into excellent agreement with values calculated from 
the frequencies given in Table 11, if one assumes the Al mode to be a 
restricted rotation with a potential energy of the form of (328,3) with 
ujk = 1570 deg. The extent of this agreement || is shown in Fig. 9. The 

1 - 1 , 



Fig. 9. Contribution to the molecular heat capacity of the twisting mode in ethane. 

A Heuso, Ann. d. Phya. 59 , 86 (1919). 

0 Eucken and Parts, Zeit. Physikal. Cham. B, 20, 184 (1933). 

Kistiakowsky and Nazmi. J. Cham. Phya. 6 , 18 (1938). 

□ Hunsmann, Zait. Phyaikal. Cham. B, 89, 23 (1938). 

Restricted rotation with uJk = 1570. 

Free rotation. 

Harmonic oscillation with (r) — 360. 

theoretical contribution of the restricted rotation has been taken from the 
tables constructed by Pitzer.J The approximate value uJk = 1570 deg. for 
the height of the restricting energy has been estimated and confirmed by 
several authors.§ This analysis of the heat capacities provides confirmation 

• Wagner, Ztil. Phyaikal. Cham. B, 14, 166 (1931). 

t Kistiakowaky and Nazmi, J. Cham. Phya, 6 , 18 (1938); Hunsmann, Zait, Phyaikal, Cham, B, 
39 , 23 (1938). 

t Pitzer. J. Cham. Phya. 5 , 469 (1937). |1 See footnote on p. 125. 

§ Kemp and Pitzer, J. Cham. Phya. 4, 749 (1936); J. Am. Cham. Sac, 69 , 276 (1937); Howard, 
J. Chem. Phya. 5 , 451 (1937); Kistiakowaky and Nazmi, J. Cham. Phya. 6 , 18 (1938). 
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of the approximate correctness of the value 1120 cm.~^ assigned to the 
uncertain frequency. Quite recently Kan^eil* claimed to have s^>ectroscopic 
evidence for the value 740 cm. for this frequency, but he has sincef agreed 
to the correctness of a value near 1120 cm.~^. 

Summing up this survey we may say that, when all the frequencies of the 
normal modes are known and the heat capacities have been measured in 
such a manner as to ensure that the true vahies are obtained, there is in all 
cases excellent agreement between theory and experiment. The agreement 
is in fact so good that we are justified in placing complete confidence in 
calculated values at still higher temperatures where experimental data are 
difficult to obtain. To obtain completely accurate calculated values one 
would have to take account of anharmonicities. We have also seen how, 
when there is a gap in the observed frecjuencies, this gap can be filled by 
a proper analysis of the experimental data for the heat ca])acities, provided 
that these data extend over a sufficient range of temperatures. This pro- 
cedure, which we have already described in detail for C 2 ^l 4 
been used by Eucken and BertramJ for the molecules SeF^^, TeFg, CF 2 CI 2 , 
( 2 H 2 and CgNg. 

§ 331. Polyatomic molecules at very low temperatures. The only 
})olyatomic molecules whose rotations might conceivably cease to be 
classical in accessible teni];>erature ranges are those, such as CH 4 , NH 3 and 
OH 2 , containing only one atom other than hydrogen. Low temperature 
observations on the gas are practicable only for CH 4 (methane) and we shall 
therefore confine our discussion to this molecule. 

Owing to the identity of the four H nuclei, the rotational -nuclear states 
of this isotropic rotator will break up into three non-combining groups. § 
These three groups consist of a nuclear spin quintet with spin weight 5; 
three nuclear spin triplets each with a nuclear spin weight 3; two nuclear 
spin singlets each with a nuclear spin weight 1 . Methane will therefore 
behave as a mixture of three fonns, whose rotational -nuclear partition 
functions we shall denote by V„(!r), ^r„{T) and respectively. We can 

write formally ^r„{T) = 5 .^ 7 ), (331,1) 

»r„(7’) = 3x3.='r(n (331,2) 

h„{T) = 2xl.h(T), (331,3) 

the displayed factors 5, 3, 1 being the nuclear spin weights. 

• Karweii, Zeit. Physikal. Chem. B, 89, 1 (1938). 

t Karw'eil and Srhilfer, Zed. Physikal. Chem. B, 40, 382 (1038). 

J Kuckpn and Bertram, Zeit. Physikal. Chem. B, 31, 363 (1936). 

§ Hund, Zeii. Phys. 49. 93 (1927); 43. 778 (1927). 
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To determine h(T), h(T) and h{T) one requires to know which rotational 
states are accessible, according to symmetry requirements, for molecules 
in the three groups of nuclear spin states. An elaborate analysis is required* 
and we shall merely quote the result. It can be shown that 

^r(T) = i: (331,4) 

MD = £ {i^(2j + l)4-"a^)(2j4-l)e-^™^^^^ (331,5) 

^r(T) = J {J^(2j+l) + ia^}(2j+l)e-^(W/r (331,6) 

where (=). = h^jSn^Ak, (331, 7) 

and ^ccjy are numbers with values between — 1 and + 1 , varying from 

one rotational state to another and also depending on the vibrational state. 
For any specified vibrational state and in particular for the zeroth vibrational 
state, the only one occupied appreciably at low temperatures, the value of 
each of the quantities fluctuates in such a manner that its average 

over any set of six successive values of j is zero. At sufficiently high tem- 
peratures one may replace the accurate values of V(T), ^r(T) and ^r(T) by 
the smoothed value 

, (331, 8) 

1 ^ 

where r{T) is defined by 

r(T) = i ( 2 j-h l)*€-^'<’ (331^ 9) 

and so is the complete rotational partition function for an isotropic rotator 
when symmetry requirements are ignored. When the approximation (8) is 
valid the three forms of methane will have the same heat capacity and need 
no longer be distinguished. The complete rotational-nuclear partition func- 
tion for all forms of methane then becomes 

+ ^ rV(^)+ ^(r) + (331, 10) 

The factor 1 6 in the numerator is the product of the four spin factors 2 of 
the four H nuclei and the factor 12 in the denominator is the usual symmetry 
number. From (10) we observe that at high temperatures the three kinds 
of methane will be in equilibrium in the proportions 6:9:2. When methane 
is cooled under normal conditions in the absence of a catalyst these pro- 
portions will presumably remain unaltered in the metastable mixture. 

The rotational heat capacities of the three forms of methane, of the equi- 


• See E. B. Wilson, J. Chem. Phys. 8, 276 (1936). 
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librium mixture and of the metastable mixture have been calculated by 
MacDougall.* The results of these calculations are shown in Fig. 10. We 
notice that all the heat capacities are effectively classical at temperatures 
above 80° K. 


2-5 



Fip. 10. HotationaJ heat rapacity of (-H^. 


§332. Equipartition of energy. The most important classical dis- 
tribution law which we have not yet included is the theorem of equipartition. 
This is often stated as follows — if we have, any set of N classical systems in an 
assembly, each of s degrees of freedom, whose energy {in Hamiltonian form) 
consists of the sum of s-\-t square terms (0 ^ ^ ^ s), then in equilibrium the mean 
energy of the set is N{s 4- 1) \kT or kkT for each square term in the energy. The 
present method enables us to give a simple proof of this theorem, and to 
indicate its full range of validity, including for example the rotations of a 
rigid body, which some current proofs do not. 

Let us consider an assembly containing N systems A , such that the energy 
e of each state separates into two terms 

e = (332,1) 

the first term being the energy corresponding to a number of classical 
degrees of freedom, and the second terra corresponding to the remaining 
degrees of freedom. Then the partition function f{T) for these systems 
factorizes into p^(T) for the classical degrees of freedom and/*^“(7^) for the 

MacDougall, PAya. Rev. 88, 2296 (1931). Earlier calculations by V^illars and Schultze, 
Phya. Rev. 88 , 998 (1931) are erroneous. 
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remaining degrees of freedom. The average energy Ej^ of the N systems A 
will correspondingly split into two terms, 

(332,2) 

the former being the average energy in the classical degrees of freedom and 
the latter being the average energy in the remaining degrees of freedom. 
The theorem of equipartition, which we shall derive, will apply to and 
is independent of the form of and the resulting value of provided, 
of course, that the tWo sets of degrees of freedom are indeed separable as 
postulated in (1). 

Let the number of classical degrees of freedom be 5, and let us suppose 
that the potential energy of these classical degrees of freedom is a sum of 
t square terms in the coordinates ^i,Y 2» ^he coefficients being either 

constants or functions of the remaining (s — t) coordinates 
W’e have attached asterisks to the symbols for these coordinates for con- 
venience, so that we may distinguish the two types of coordinates as q and q'^. 
The kinetic energy can always be expressed as a sum of square terras in the 
conjugate momenta P2' •••’ Vh Pn i» •••>?>*» a-nd we assume that the 
coefficients are either constants or functions only of thef^/*!^!, 
not of the qx,q 2 > - ^qt- Then the total energy of the classical degrees of 
freedom will be of the form 

f/' = + . . . + \a,q} + + . . . + \fi,pj 

+ + IPnzPTh + • •• + iP,Pt^ (332, 3) 

where ctj, aj, a^, •••» A are all either constants or functions of 

Now as the degrees of freedom considered are all classical, the partition 
function p\T) is equivalent to the classical phase integral, that is to say 

/*='( T) = A-* J . . . . . . dqf dp,... dp: (332, 4) 

where 6^* is given by (3). The limits of integration of the coordinates q and 
the momenta p, p* are all — oo to +00, but those of the q’^ will be determined 
by the geometry of the system. Local boundary fields such as those defining 
the walls of a containing vessel may be regarded alternatively, as shown in 
§302, as geometrical variables defining the limits of integration of the q*. 
Ow ing to the form of given by (3) we can perform the 5-f ^ integrations 
in (4) over the 7, p, p* and obtain 

r\T) = h->(27TkT)i^>^j ... jdqr,,...dq:{x,...a,^,...fi,)-*, (332,5) 

the integral being now' a pure function of the q* only. For the average energy 
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in the classical degrees of freedom of the system we have 

'E^ = = N(8 + t) \kT. (332, 6) 

Thus the average energy of the classical degrees of freedom per system is 
one unit of \kT for each square term of (3). This is an accurate statement 
of the theorem of equipartition of energy. 

A slightly more general form of this theorem has been derived,* but the 
form given above is sufficiently general for all important applications. In 
particular we may mention the following. The average translational kinetif^ 
energy per molecule (in three dimensions) is ^kT. The average (kinetic) 
energy of a classical rotator without axial spin is kT. The average (kineticr) 
energy of a classical top (symmetrical or unsymmetrical) is \kT. The simple 
harmonic oscillator has two square terms in its Hamiltonian energy and its 
classical energy content is therefore kT, in agreement with (320, 9) when 
hvjkT-^O. 


§ 333, Equipartition of kinetic energy. Let us again consider an 
assembly containing N systems A whose energy e sej)arato8, according to 
(332, 1 ), into the energy corresponding to a number s of classical degrees of 
freedom and the energy of the other degrees of freedom. Suppose now 
that has the somewhat more general form 

^C1 ^ ...,g,) + JApf + ... (333, 1) 


where the potential energy is a function of qi, ...,7^, and may 

now be functions of ...,qg. On classical theory we may discuss separately 
the distribution of kinetic and of potential energy. The kinetic energy 
is given by 


e''*" = yiPH--- + y,Pl 


(333,2) 


Then on classical theory the average number of systems in a state corre- 
sponding to the element of phase space dq^ ...dq, dpi . . . dp^ will be 

dgi ... dq,dp^ 


N- 


ln)ikT 


N'- 


(333,3) 


J . . . jdqi ...dq,dpi...dp, 

Consequently the average value of the kinetic energy will be 

j...jdqi...dq,dpi...dp, e"" 

J ... Jdg, ... A?, dp, ... dp, 

If we substitute the value of e*'*" from (2), we can perform the integrations 


(333,4) 


. Sm S.M. p. ei. 
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over obtain simply ^NskT, the remaining integrals in 

5 ^ 1 , cancelling. 

We have thus obtained the important result that in classical theory the 
average kinetic energy of each system is one unit IkT for each classical 
degree of freedom. This theorem enables us to conclude that the average 
kinetic energy, on classical theory, of a linear anharmonic oscillator will be 
lk7^ and of a three-dimensional anharmonic oscillator ^kT. The potential 
energy for these systems is, how ever, not given by the equipartition formula. 

§334. Averages for molecules crossing a plane. The average pro- 
})erties which we have hitherto deduced have been averages for all the 
molecules in a bounded volume at a given instant of time. They are not the 
same as the averages for all the molecules crossing a plane in a bounded 
time interval, because relatively more fast molecules cross the plane than 
slow^ ones in the same time interval. We shall now derive some of these 
averages for the molecules crossing a plane, as these have important applica- 
tions, j)articularly in connection with rates of condensations at a liquid or 
solid surface. 

It can be verified that the distribution of velocities and the average 
kinetic energy in directions parallel to the plane are the same for all molecules 
crossing the plane in a bounded time as for all the molecules in a bounded 
volume at a given instant. We need therefore consider only the distribution 
of velocities and the average kinetic energy in the direction normal to the 
plane, taken as the axis x. Then the number of molecules with a given 
velocity component u in the x-direction which cross an area A of the plane 
in a time interval r is equal to the number of molecules with the given 
velocity component, which at any instant are contained in a box of cross- 
section A and length ut. This number is by (303, 5) 

r (27rlT)* (334, 1 ) 

The total number of molecules of unprescribed velocity crossing an area of 
the surface, say from left to right, is obtained by integrating (1) from u = 0 
to u = CO. We obtain 

V = PM2nmkT)-i, 

(334,2) 

where p denotes the partial vapour pressure. 

We shall now calculate the average kinetic energy in the ^-direction of 
all the molecules crossing area A of a plane normal to the x-direction in the 
time interval r. The number of such molecules with velocity component in 
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the x-direction between u and u^du is given by (1), and these inoiecules 
have kinetic energy in the x-direction. The average value of the x- 
kinetic energy for all molecules crossing the surface is therefore 

r® ^ / 171 

f'^JV / wi • 

(334,3) 

We see from (3) that, for the molecules crossing a surface in a given time 
interval, the average kinetic energy in the x-direction normal to the surface 
is just double the average value in the y- or z-directions which are parallel 
to the surface. In Chapter xii we shall derive formulae for pairs of colliding 
molecules, and there again we shall find that the average relative kinetic 
energy in the direction of the line of centres is kT, as compared to ^kT for 
each of the two directions at right angles to the line of centres. 


§335. Small corrections to the perfect gas laws due to non- 
classical statistics. As is clear from the discussion in § 219 a deviation 
from classical statistics ( A 1 ) might be barely appreciable for Hg and perhaps 
He at very low^ temperatures. Both these molecules contain an even number 
of electrons, an even number of protons and an even number of neutrons. 
The assembly eigen functions will therefore be symmetrical with res})ect to 
the molecules when these are taken as the independent systems forming 
the assembly. The assembly of molecules will therefore obey the Bose- 
Einstein statistics. 

It is, however, uncertain whether any deviation due to the difference 
between Bose-Einstein statistics and classical statistics could be dis- 
entangled from the corrections to the perfect gas laws due to intermolecular 
forces. We shall therefore not give detailed formulae. 


Footnote to p. 118. Kistiakowsky, Lacher and Stitt, J. Chem. Phys. 7, 289 (1939), report new 
meaaureinents of the heat capacity of in the range 92^ K. to l.)4°K., and of in the 
range 93® K. to 334® K. Those measurements establish beyond reasonable doubt that the potential 
energy associated with the twisting mode can, at least for small values of be represented by 
formula (328, 3), with u®/k- 1380 deg. 



CHAPTER IV 


CRYSTALS 

§400. Introduction. In order to apply statistical mechanics to a 
crystal, we regard the whole crystal as a single Hamiltonian system, whose 
classical motion may, to a first approximation, be regarded as small oscilla- 
tions about a position of equilibrium, and can be analysed into its normal 
modes. Each of these, to this first approximation, is an independent simple 
harmonic oscillation. This analysis will adequately represent the motion so 
long as the general run of the oscillations is small enough, that is so long as 
the crystal is not too hot. At greater violence of oscillation terms in the 
potential energy of higher order than the squares of the displacements 
must be introduced, but we shall not investigate these effects here. To tran- 
scribe this classical theory into quantal theory we have merely to assign 
the quantum states of the harmonic oscillator to each of the normal modes. 

The construction of the partition function to this approximation demands 
only an enumeration of the freqqencies of the normal modes of the crystal 
consisting of a given number of molecules, and is precisely as accurate as 
the enumeration. It is difficult, however, to make an accurate enumeration, 
and various approximate enumerations have been given, more or less based 
on guesswork. The earliest was Einstein’s* who suggested that, for a crystal 
containing N atoms, it was sufficiently accurate to take all the 3JV fre- 
quencies equal. This still remains a valuable rough approximation. It was 
improved by Debyet who suggested that the 3N frequencies could be taken 
to be the 3N lowest frequencies of a continuum with the same elastic con- 
stants as the actual atomic crystal. This suggestion has proved of great 
importance, and we shall give an account of Debye’s theory in the somewhat 
more general form into which it was cast by Bom.t The theory is very 
successful in accounting for observed facts, so successful that it has been 
strained beyond its natural range, and facts which do not fit it have been 
thought to be anomalous and to require special explanations without due 
cause. It has only recently been realized, thanks to the work of Blackman,§ 
that Debye’s suggestion for the frequencies of the normal modes, even as 
elaborated by Born, may be a much less good approximation than it was 

* Einstein, Ann. d. Pky*. 22, ISO, 800 (1907); 84, 170, 590 (1911). 

t Debye, Ann. d. Pkya. 89, 789 (1912). 

i Bom, '*Atomtheorie dee feeten Zuetandee*’, Encycl. Math, Wisa. 5, part 3, no. 25 (1923); 
Bom and Gdppert-Mayer, '^Ifynamiflche Oittertheorie der Kristalle*’, Handb. d. Pkyaik, Ed. 2, 
84, part 2, 623 (1933). 

ji Blackman, Proe. Roy. Soc. A, 148, 365, 384 (1935); 149, 117, 126 (1935); 189, 416 (1937). 
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formerly held to be. Considerable caution is therefore required before 
departures from Debye’s theory can be held to indicate anything more than 
slight errors in the assumed distribution of the frequencies of the normal 
modes. 

It is possible here to give only an elementary study of the equilibrium 
properties of perfect crystals; in particular no attempt is made to deduce 
these properties from assumed lattice structures and laws of force.* The 
study of crystal imperfections is taken up in Chapter xiii. As a first step 
we consider the normal modes and i)artition function of an elastic con- 
tinuum. 


§401. The normal modes of a continuous elastic solid. In order 
to construct a partition function for a continuous elastic solid, we must 
analyse the degrees of freedom according to their natural frequencies. We 
assume that any steady internal motion of the medium may be described 
by a superposition of stationary harmonic waves, each such wave being 
characterized by a direction of vibration, a frequency, and an amplitude. 
For a wave in a given direction in an elastic solid there are three independent 
directions of vibration, one longitudinal and two transverse. If we know 
the frequency of a possible wave, we can use the partition function for a 
harmonic oscillator of this frequency to calculate the average value for its 
energy, which is equivalent to calculating the average value of the amplitude. 
Thus the whole problem resolves itself into a determination of the possible 
values of the frequency. Now the determination of the possible values of 
the wave length is easy. Let us suppose the medium contained in a rect- 
angular box defined by 

(** 01 , 1 ) 

Then for a wave travelling parallel to the x-axis the half wave length lA 
must be an integral sub-multiple of the length a of the box; that is to say 

2/A = //a (I integral). (401, 2) 

Similar conditions hold for waves parallel to the y- and 2 -axes. For a wave 
travelling in any direction, it can be shown that the boundary conditions 
of the box lead to the general restriction on the wave length 




(/, m, n integral). (401 , 3) 


Hence for a given type of vibration, say longitudinal, the number of possible 
wave lengths greater than Aq is equal to the number of positive integers 
wi, n satisfying 




(401,4) 


• The reader may refer to S.M., Chapter x, for some account of thia field. 
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This is equal to the number of points i, fj, ^ with positive integral coordinates 
inside the ellipsoid 


O’-C)'*®'-©' 


(401,5) 


and therefore to the volume of an octant of this ellipsoid, namely 

1 47r abc V 


8 3 (iAo)'3 


3 xr 


(401,6) 


where V is the volume of the box. It can moreover be shown that this 
depenrlence on V is independent of the shape of the box as soon as the wave 
length becomes small compared with the dimensions of the box, and it is 
only such modes which are numerous enough to matter. Now the velocity 
of longitudinal waves in a continuous medium is the same for all wave 
lengths, and, if the medium is isotropic, the same for all directions; calling 
this value of the velocity c^, the frequency v is related to the wave length A by 

= (401,7) 


Hence the number of possible frequencies less than Vq for longitudinal 
waves is a i 


Similarly, if the velocity of all transverse waves is c^, then, remembering 
that there are two independent transverse directions of vibration, the total 
number of frequencies less than Vq for transverse waves is 


(40 i, 9) 

The total number of independent waves, longitudinal or transverse, with 
frequencies less than Pq is then 

Finally, the number of independent waves with frequencies between p and 
p-hdp, by differentiation of (10), is 

+ (401,11) 

This classical analysis into normal modes is easily translated into quan- 
tum theory. To the approximation used in this classical analysis, Schrd- 
dinger’s equation for the medium can be so transformed that it separates 
into a set of equations for simple harmonic oscillators, one for each normal 
mode, with the same frequencies p distributed according to (11). It is 
therefore easy to construct the partition function to this approximation. 
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§402. The partition function for a continuous medium. It is 

convenient to define an average velocity c for waves, longitudinal or trans- 
verse, by the equation 

The number of normal modes with frequencies between v and v+dv then 
becomes 

— j- (402, 2) 

c 

Now each of these modes, regarded as a harmonic oscillator, whose energy 

zero is assumed to be its lowest quantum state, has according to (320, 2) 

the partition function , 

^ (402,3) 

Consequently the partition function /(T) for the whole medium is given by 
the continued product of factors such as (3), each raised to the power given 
by (2). Taking logarithiiia we obtain 

\2 itV r® 

log/(^) = ^ (402,4) 

c Jo 


§ 403. Temperature radiation. As an example of a truly continuous 
medium, we shall digress for a moment to consider the temperature radiation 
in an enclosure containing no matter. Except for one modification we may 
apply the formulae of the preceding section directly. As the electromagnetic 
vibrations of radiation in empty space are only transverse and not longi- 
tudinal, we have only the second terra in (401, 11). The partition function 
(402, 4) must therefore be multiplied by the factor 2/3 and we obtain for 
the partition function R( T) of temperature radiation 


httV r ® 

log R(T) = - log( 1 - e dv 

c Jo 


where c is the velocity of light. Using the power series for the logarithm, and 
then integrating term by terra, we have 

^00 1*00 00 r 2 

- UMog(l-e-i)<i^= 

Jo Jo n-l » 



(403,2) 


Substituting (2) into (1) we obtain 

logi?(r) = 


TW 

46cW 


(403, 3) 
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The equilibrium energy of the radiation is given by 

= kT^ -log R(T) = ^3 TW, (403, 4) 

which is the Stefan -Boltzmann law of total radiation with the theoretical 
value H7T^k^l]5c^h^ for Stefan's constant. 

To obtain the energy in any particular frequency range we factorize 
B{T) into a factor Ri{T) for the range PjP-h dv, and R^^T) for the remaining 
frequencies. Then according to (1) we have 

gnV 

= i' i^^log(l (403, 5) 

c 

It follows that E^dp, the energy in this frequency range, is given by 

E.dv . A log J!.(r) - . (403, 6) 


This is Planck’s law for the energy distribution, from which the quantum 
theory originated. When we have discussed the thermodynamic functions 
of a crystal in § 408, it will become clear that the free energy of radiation 

is given by 

prad = _ jtr log /?( r) = - ^^-3 T*V. (403, 7) 

The pressure of radiation is therefore 


dV 45c®A» ’ 


(403, 8) 


in agreement with the electrodynamic relationship 

prad = (403,9) 


§ 404. Crystals of structureless atoms. We now return to the pro]3er 
theme of this chapter. For simplicity we begin with a crystal composed of 
N structureless atoms. We shall extend the treatment later to crystals 
containing several kinds of atoms with internal structure. 

A continuous medium has an infinity of normal modes. An actual crystal 
such as we consider here can have only a finite number, 3A^, corresponding 
to its 3N degrees of freedom. We do not know exactly how the frequencies 
of these modes are distributed. Let us suppose that there are Ng{p)dp 
modes, with frequencies in the range Pj p-\-dp. Then in place of (402,4), 
which would hold only for a continuum, we have at once for the partition 
function K(T)oi the crystal 

logiL(T) = g(p)log(\ — e~-^f^'^)dp. 


(404, 1) 
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Since there are 3N modes in all 



(404,2) 


The distribution function g(y) has recently been elaborately reinvestigated 
by Blackman. By carrying further the older work of Born,* he has shown 
that it is possible to make certain general statements about g{v), but in no 
case does it appear to be possible to give it any simple analytic form. The 
following statements are, however, true. 

(i) There is a maximum frequency such that g(v) = 0 for v> 
the upper limit of integration in (1) and (2) may therefore be replaced by 


(ii) For small frequencies and consequently long wave lengths, the 
frequency distribution for the modes of a crystal is the same as that for a 
continuum with the same elastic constants, So that 

g(v)'-^OLV^ a constant). (404,3) 

(iii) As V increases from very small values it is usually, though perhaps 
not universally, true that g{v) at first increases faster than clv^, taking the 

g{v)'^(XV^-^Pv^ (404,4) 

(iv) During the later stages g{p) may show two or more distinct peaks. 
In certain cases which have been studied in detail, one of these maxima is 
close to Vjntkxy where g(v) descends very steeply to its final zero value. 

This behaviour of g(v) is illustrated in Fig. 1, constructedf for a simple 
cubic lattice with the arbitrary ratio 20 : 1 of the force constant for nearest 
neighbours to the force constant for next nearest neighbours, interac- 
tions between atoms farther apart being neglected.^ 

Owing to the complicated form of g(v) the resulting properties of the 
partition function cannot be simply formulated, and it is still necessary to 
use partition functions derived from simplified forms of g(v), which were 
first proposed when the true form was quite unknown. As we have already 
mentioned in § 400, the inherent inaccuracies in these ^(i^) s must always be 
remembered when the resulting formulae are compared with experiment. 

Einstein’s approximation consists in putting g(y) = 0 except for an 
infinitesimal range of values near say, where all the values are supposed 
to congregate, so that (2) is still true. Such an assumption leads therefore to 

log K(T) = - 3N log( 1 - (404, 5) 

This is at first sight very crude, but actually g{p) usually has a very pro- 

* Born and Von KArmdn, Phynhal, Zeit. 13. 297 (1912). 

t Blackman, Proe. Roy. 8oc. A, 169, 416 (1937). 

^ See appendix, § Al. 


9-a 
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nounced peak near so that for high and moderate temperatures, where 
kT>hv^^j^ or Einstein’s approximation represents the most 

important part of g(v) with reasonable accuracy, and may still be used with 



Fig. 1. The density of normal vibrations as a function of the frequency for a simple cubic lattice 
for a ratio 0*06 of the force constant between next closest neighbours to the force constant between 
closest neighbours {vo = 1-32, = 1-55 in arbitrary units; the unit of the density is such that 

the total number of points is 89,373). The upper curve a represents the total spectrum, the lower 
curves 6, c, d the spectrum for each of three frequency branches. The “step** curve through which 
curve a is drawn is given to illustrate the method used in constructing the curves. The “steps” 
are obtained by calculation and represent the total number of vibrations (i.e. total area) for a 
frequency range of 0*1 ; the curves are drawn through these “steps” in such a way as to keep the 
area under the curve equal to the area of the “step” for any particular frequency range. 

advantage in rough investigations on account of its simplicity. It is, 
however, necessarily very inaccurate at low temperatures, where the low 
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frequency modes for which hv:^kT will give the dominant contributions to 
the true partition function. 

Debye’s approximation preserves the correct low frequency form (3) of 
g{v)j but assumes that this form holds for all frequencies until a frequency 
Vj) is reached, such that the right number of modes has been included; that 
is, Vj) is chosen so that 


-i: 


(xv^dv = 


(404, 6) 


(404,7) 


The complete specification of Debye’s g(v) is therefore 

g(v) = 

^(^) = 0 (^ >!'/))•] 

One constant (or a) remains to be specified in Debye’s theory. This is 
actually done, as we shall see, in a variety of ways. From the present point 
of view the correct method is to determine a so that the long waves are 
distributed like those of a continuum with the same elastic constants, which 
implies that a and so Vj^ can be calculated in terms of the observed elastic 
constants of the material. On Debye’s assumption the partition function 
is given by 


\ogK(T) = - 


^Jo 


log( 1 — dv. 


(404, 8) 


On referring to (402, 4) we see that logiC(T) can also be put in the form 




log( 1 — dv\ 


(404, 9) 


thus, if Debye’s distribution of frequency is adjusted to fit the actual dis- 
tribution for low frequencies, „ « 3 

(404, 10) 




F47r’ 


where c is the mean velocity of sound for long waves in the crystal defined 
by (402, 1), and calculable from the elastic constants. 

It is convenient to define a temperature 0/> by the relation 


hvj) _ be 1 3iy y 

In terms of 0x> we can rewrite (8) as 
logK(T) = 

If we integrate this by parts, we obtain the alternative form 

7Ti /•vr n 

logK{T) = -3i^log(I-e-V*’) + 32yr^J^ 


(404, 11) 


(404, 12) 


(404, 13) 



184 Crystals [404 

The first term has the form of Einstein’s approximation, while the second 
term becomes relatively unimportant when T > ©p. Hence we see that when 
T>@ 2 > Einstein’s approximation is practically as good as Debye’s. 

We shall discuss the application of Debye’s approximations in some detail 
to actual crystals. After doing so we shall return to consider what modi- 
fications would be introduced into the theory by the use of a more accurate 

§ 405. Contribution of electrons and nuclei to partition functions. 

In the preceding section we have derived the form of the partition function 
for a crystal formed of structureless systems all alike. We must now consider 
briefly what modification, if any, must be introduced to take account of 
the electronic structure of actual atoms. We shall still use a crude approxi- 
mation. The conclusions reached are sufficiently accurate for almost all 
applications, and are on the whole confirmed by a deeper analysis of the 
electronic behaviour. We assume that the electrons are either very tightly 
bound to nuclei or only loosely bound. The tightly bound electrons may then 
be treated as attached each to a specific nucleus forming an atomic core. 
The atomic cores are effectively localized systems, and therefore each 
introduces a factor e(T), or [e(T)Y in all, into the complete partition func- 
tion, where c( T) is the partition function for the electronic states of the core. 
Usually only the lowest electronic energy level will contribute appreciably 
to e{T), and e{T) then reduces to its first term. If then as usual we take the 
zero of electronic energy as that of the normal electronic state, e(T) reduces 
to Vq, the statistical weight of the lowest electronic energy level. The re- 
maining electrons, if any, usually referred to as free electrons, may be 
thought of as moving freely in a periodic potential field. For our present 
purpose it is sufficiently accurate to average out this periodic field, and 
treat the electrons as moving in a uniform potential. They will then obey 
the statistical laws of an assembly of particles in a uniform enclosure. These 
laws will not, however, be the familiar laws of perfect gases on account of 
the small mass and high concentration of the electrons, which cause con- 
dition (219, 14) to fail. In fact at all temperatures up to about 2000° K. we 
have the opposite state of affairs, 1. In simple physical terms this means 
that instead of the number of states of low energy being much more numerous 
than the number of electrons, there is on the contrary a scarcity of low energy 
states. Consequently the electrons all crowd into the lowest energy states 
available. The state of the assembly of electrons is completely determined 
by the condition that all the lowest translational states are occupied, each 
by two* electrons, and all the remainder are empty. In other words there 

* TVo, because to each translational state there oorrespond two states of electron spin. 
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is only one state of the collection of free electrons that contributes appre- 
ciably to the average properties of the assembly. Consequently we are led 
to the strikingly simple result that the contribution to the partition function 
of the crystal from all the free electrons is just the factor unity. This con- 
clusion will be confirmed by more precise reasoning in Chapter xi . The present 
discussion has been purposely simplified; the electrons may sometimes even 
make important contributions to the heat capacity. 

Finally we have to introduce an orientational weight factor p for the 
nuclear spin. 

Introducing the new factor for the bound electrons, the factor unity 
for the free electrons, and the factor p for the nuclear spins, we obtain for 
the complete partition function of an atomic crystal, in place of (404, 1), 

\ogK{T) — g(v)\og{\—e~^^i^'^)dv-\-N\ogVQp. (406,1) 

It is to be remembered that this partition function has been constructed 
by using for energy zero the state of lowest energy of the crystal, which 
includes the residual energy \hv in each normal mode. In §408 we shall 
revise our energy zero. 

§ 406. The average properties of a crystal. We have so far analysed 
the motion of the crystal into that of a set of localized simple harmonic 
oscillators. For many purposes it is unnecessary to be so precise, and w e may 
then merely suppose that the localized oscillators are anharmonic, each 
with a partition function of the more general form 

f,(T) = (406,1) 

the suffix T referring to the rth oscillator. The partition function K(T) for 
the crystal is then given b}^ 

\ogK{T) = 2log/^(T)-f iVlog^oP, (406,2) 

1 

if we continue to use the same approximations for the electronic and nuclear 
contributions. 

It has been convenient above to use the natural frequency of the oscillators 
as a classifying parameter, allowing us to group together a large number 
Ng(v)dv of oscillators of practically indistinguishable properties, which can 
then be treated as a typical assembly of identical localized systems. It is 
by no means essential that the frequency should be chosen for this purpose. 
In the more general case any parameter t might be chosen, prov^ided merely 
that it enables us to select groups of oscillators, = Ng(T) dr in number, 
all of which have practically the same states and partition functions. Using 
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any such classification we can rewrite (2) in the form 

log K(T) = JvJff(T) log/,{r) dr + N log v^p, (406, 3) 

and may also at once apply formula (227, 3), and find for the number n^. of 
oscillators of the rth group in their rth state 

_ ^-erlkT 

(406,4) 

Whenever our arguments require to be large, this may be guaranteed 
by making N large enough. The other properties of the crystal, such as its 
energy or external reactions, can always be calculated by the use of n,. as 
given by (4). 

Though in fact it is always possible to group the oscillators of an actual 
system in some such manner into large groups, at least with the same accuracy 
as an analysis into separate normal modes is itself possible, we shall find 
in the following section that this grouping is really not essential, and can be 
omitted without any effect on the results for the energy and reactions. If 
we start with logiL(T) as given by (2) and apply (4) with N = I to each 
distinct oscillator, we always arrive at the same results as we find by prior 
grouping. With this use of the formula (4), n,. is always a fraction less than 
unity. On referring back to the general proofs of such formulae in Chapter ii 
we see that there is nothing in these proofs which requires any particular 
to be large, unless we want to study the fluctuation of the equilibrium 
values so determined. If therefore part of one large assembly is a single 
system, and we calculate formally n,. for a particular state or set of states 
for this system, the value so calculated will be the average or equilibrium 
value of the fractional “number” of systems found in the specified state. 
Since by our fundamental assumption averaging over phase space is equi- 
valent to a time average, the fraction calculated for our system is the fraction 
of time during which it occupies the specified state or states as a member of 
the given large assembly. This interpretation is quite general, and fre- 
quently useful for complicated single systems. We can express it in the 
general form that if if (T) is the partition function for a system and SK{T) 
that part of it which corresponds to any selected sets of states, the fraction 
of time that the assembly spends with the system in that set of states is 
SK(T)IKiT). 

This statement, which is here a deduction from the fundamental hypo- 
thesis we have adopted, may be shown to be precisely equivalent to Gibbs’ 
fundamental hypothesis, in a form adapted to quantal assemblies as well as 
classical. 
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§ 407. Energy and external reactions of crystals. In setting up the 
formula for the energy of a crystal, we shall start by supposing large groups 
of oscillators to have been formed, and apply (406, 4). We shall end by veri- 
fying that prior grouping is unnecessary. Having formed the groups, the 
average energy in the rth group, referred to the energy zero used in (406, 1 ), is 
given by 

K = = N^Hre^e-^nicTif^iT) = N^kT^-^logUT). (407, 1) 

Taking = Ng(T) dr and summing for all r, we find 
1 = NjdTg{T)kT»:^logMT) 

= NkT^^jg{r)logMT)dT = kT^-^\ogK{T), (407, 2) 
where K{T) is given by (406, 3). 

If we proceed without grouping we use (406, 4) with = 1 and find 

E, = kT^~logMT). (407,3) 

Summing now over all oscillators and using (406, 2) for K{T) we find 

E = = fcr*^^S,logA(7’) = kT^^\ogK(T) (407,4) 

as before. In future we shall not trouble to form groups. 

If the energy levels of the mode r depend on a parameter x, then the 
average value of the corresponding generalized force exerted on the 
outside world by the rth oscillator is given by 

X = 2,^ - = - E,|%-^*^//;(r) = kTyJogfAT). (407, 5) 

It follows that the average value K of the generalized force exerted by the 
crystal is given by 

X = = ArE,^log/,(r) = kT^^\ogK(T). (407, 6) 

This formula for the force exerted by a single crystal is the analogue of 
(226, 7) for the force exerted by an assembly of free (gaseous) systems. 

§408. Thermodynamic functions of a crystal. Revision of energy 
zero. Having now obtained statistical formulae for the average (equih- 
brium) properties of a crystal we can transcribe these into thermodynamic 
form. This transcription is achieved most simply by defining the function 
F by the equation 

F ^-kT\ogK(T), (408,1) 
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and then showing that F has the properties of the thermodynamic free 
energy (of Helmholtz). We must, however, first consider more carefully 
than hitherto the dependence of K{T) on the volume. Up to the present we 
have taken as zero of energy the energy of the assembly with all its modes 
in the lowest quantum state. But if, as we know to be the case, the volume 
of the crystal varies with the temperature, this state of zero energy will also 
be shifted. We must now use a true standard state independent of tem- 
perature for the energy zero, and we therefore choose the state of infinite 
separation of the atoms of the crystal, each atom being in some specified 
normal state. The energy of the crystal in its state of lowest permissible 
energy will henceforth be denoted by — Nx, so that the value of x is positive. 
For a macroscopic crystal it is physically obvious that the energy of the 
crystal will be proportional to the number of atoms N, and so for a regular 
crystal subjected to a uniform pressure, x will be determined by VjN the 
volume per atom. The residual energies of the lowest vibrational states of 
the normal modes are included in — Nx^ that of a mode with frequency v 
being \hv. 

When we use this new energy zero we have for K(T) instead of (405, 1 ) 

logA'(7') §((»>) ]og(l-c-*-'*^')d»' + JV log VoP. (408,2) 

The distribution function g(v) will strictly depend on N and V, but for given 
values of VjN, or more generally for given values of size and shape of the 
basal cell, it can be proved to approach a limiting form for large N, It is only 
this limiting form, necessarily independent of N except in the form F/JV, 
which we need consider. It is therefore natural to introduce the volume per 
atom V defined by 

V = NV, (408, 3) 

and to introduce a function K{T,V) defined by 

K(T,N,V)=^[k(T,V)]^, (408,4) 

It is convenient to refer to /f(T, V) as the partition function per atom in the 
crystal. We have then 

\ogK(T,V) = g{v)log{l-e-»''l'‘^)dv + logvop, (408,5) 

and formula ( 1 ) which defines F becomes 

F = -NkTlogK(T,V) = -^NkTlogKiT.VIN), (408,6) 

We have now to verify that F has the properties of the free energy, that is 
to say of the thermodynamic potential for the independent variables 
T, V, N. We therefore differentiate F/T regarded as a function of T, V, N. 
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\ Jr, N \ oV Jt,n 

+ jrfJVr. (408,7) 

But according to (407, 2) and (4) we have 

£ = (408,8) 

and, since the only geometrical coordinate ar is F and the corresponding 
generalized force is the pressure P, (407, 6) becomes, when we use (4), 


P = NkT 



T,N 


(408, 9) 


Hence by comparing (8) and (9) with (7) we derive 


d{FIT)^-^^dT-^dV-k 


log K + N 



dN. (408,10) 


If we identify the average energy E of the crystal with the thermodynamic 
total energy E, we see that the dependence of P on T is just what it should 
be if F is the free energy. The dependence of free energy on the volume is 
also correctly given by (10). We can then complete the identification of F 
with the free energy by assuming the jiartial potential // to be given by 







(408, 11) 


But since k depends on N only through F/^ = F, we have 

using (9). Hence substituting (12) into (11) we obtain 

/I = -~kT\ogK + PV. (408, 13) 

For the contribution F of each atom to-the free energy we have 


F = fi-PV= — iriog/c, (408, 14) 

in agreement with (6). 

We see then that if we take F defined by (6) to be the free energy of the 
crystal, the dependence of F on T and F is correct. The dependence on N, 
w hich leads to (13), is as a matter of fact also correct, but proof of this must 
be deferred to Chapter v, where we consider variations in N due to evapora- 
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tion and condensation. Until we introduce such considerations, variations 
of N are irrelevant. Meanwhile we shall assume the free energy of a crystal 
to be statistically defined by ( 6 ). 


§409, Thermodynamic functions according to Debye’s approxi- 
mation. We return now to Debye’s approximation, and shall combine it 
with the formulae of the preceding section for the thermodynamic properties, 
confining attention to regular crystals subjected to a uniform pressure. On 
Debye’s approximation the frequencies of the normal modes are distributed 
according to (404, 7), with or 02 > depending on F = VjN, and so the total 
contribution of their residual energies to — is 

Jo (409,1) 

Substituting from (404, 7) into (408, 5) we obtain 

log k(T,V) = ^ dv + log V^p 

V T* 

+ (409,2) 

Consequently for the free energy of the crystal we have by (408, 14) and ( 2 ) 

■P = ]^= -A:+O* 0 rJj^ Plog(l-e-i)di-kTlogv^p 

= - + 3fcT log( 1 - J ^ d^-kT log v^p, 

(409, 3) 

using integration by parts. 

For the total energy, remembering that x ®d functions of T and 
V^VjN only, we have 


E 

N 


n\ BT \ dT j, 

T* UQtA* ) T* r*vr 

t) 3g*log(l-c£)d£ 

T* r»olT £8 


using integration by parts. 

We can readily obtain simple approximations to these formulae when 
T/@j, is large or small. For high temperatures, we expand ^/(el— 1 ) 

in power series in | and integrate term by term, and expand log(l -e~* 8 /z') 
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in a power series in Q^IT. We thus obtain 

(r>0o), (409,5) 




(T>0^). (409,6) 


It will be noted that the term uiQjy cancels the residual energy in and 
that there is no term in (©x^/T)®. 

r»i>lT r® /•« 

When the temperature is low we replace I I ■” I » evaluate the 

Jo Jo J»„IT 

infinite integral by (403, 2), and obtain an approximation to the second 
integral by integration by parts. We find 


F = -^ = -X-kT\ogu,p-3kT 


(n* T3 T 

15 


(7’<0^). (409,7) 

E = § = + + (7’«0o). 

(409, 8) 

§410. Heat capacities of atomic crystals. We obtain the atomic 
heat capacity at constant volume for an atomic crystal by differentiating 
the energy with respect to the temperature, keeping F, N constant; x ^'Hd 
0x> being functions of V only, thus remain constant also. Using Debye’s 
approximation (409,4) for the energy, we obtain for the atomic heat 
capacity Cy 


6V = 




dT 


^*^03 


'3 re 

i)J 0 


e«-l 


di 


(410,1) 


The forms of Cjr for high and low temperatures are obtained directly from the 
approximations to E given in the preceding paragraph. For high temperatures 
we have by (409, 6) , i 02 /a 

Cy = 1 

while for low temperatures we have by (409, 8) 
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§411. Comparison of Debye*8 approximations with experiment.* 

At high temperatures Debye’s Cy has the value Zk, and this should be 
accurate (according to this theory) to within J % so long as T > 302j. This 
is an example of the theorem of equipartition, and should actually hold 
more widely than Debye’s theory, remaining true when g(v) differs widely 
from OLv^, so long as T > The equality Cy = ^k corresponds to a 

heat capacity per gram atom of 6 cal./deg. This is an improved form of the 
old rule of Dulong and Petit, which states that the gram -atomic heat capacity 
is approximately 6*4 cal./deg. for all elements in the solid state. The heat 
capacity referred to in this empirical rule is, however, Cp, the heat capacity 
at constant pressure. The heat capacities for any substance are connected 
by the thermodynamic formula f 



where a is the coefficient of (cubical) thermal expansion, andyff the isothermal 
compressibility. The reduction from NCp to HCy has an average value 
0*4 cal./deg. gram-atom, so that Dulong and Petit s empirical rule reduces 
to NCjr 6 cal./deg. gram-atom, in agreement with the theoretical value 3ft 
for high temperatures. When the correction (1) is applied accurately to 
elements and compounds in solid form, the value 3ft is found to hold 
accurately for liCy for temperatures which are sufficiently high — not, 
however, too high since then the approximation of harmonic modes becomes 
inadequate. Certain metals, notably the transition metals, are exceptions, 
because they have important electronic contributions, which have here 
been left out of account. 

At low temperatures Cy should according to Debye’s approximation 
vary as T*, with deviations of at most 2 % so long as T < 0£>/lO. This tem- 
perature dependence has been found for many substances, of which typical 
examples are given in Table 1. For other substances the constancy of CyfT^ 
is apparently poor, because the temperatures are not low enough for the 
important normal modes to be distributed according to the assumed 
law. It has been shown in fact by Blackman’s investigations that the true 
3r®-law can be expected to hold only at very low temperatures indeed, and 
that many of the apparent T^-regions are accidental, because Cy deviates 
again from this law at lower temperatures and only settles down to a final 
T’-variation at temperatures still lower. In fact for metals one can hardly 

* The experimentol data referred to in this aection and in § 414, when no other reference is 
given, are taken from SchrOdinger, Phyeikal. Zeit. SO, 420, 460, 474, 497, 523 (1010). This applies 
in particular to the data of Tables 1, 3, 8 and of Fig. 2. 

f See, for example, M.T. p. 36. 
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expect a true T^-region ever to be reached, since, before it is, contributions 
by free electrons (§ 1110) raay become dominant with a variation like T, 
which will depress sharply the value of 0^, derived from the observations. 

Table 1 

I'he T^-laxv for at low temperatures 


Temp. 

"K. 

NC, 

cal./g. atom 

102(NC, 

14-51 

Copper 

0-0390 

2-35 

1 . 5-60 

0 - 0.506 

2-37 

17-50 

0-0726 

2 39 

18-89 

0-0930 

2-40 

20-20 

0 - 11.55 

2 42 

21-50 

0-1410 

2 42 

23-5 

0-22 

2-57 

25-37 

0 234 

2 43 

27-7 

0-32 

2-47 

32-0 

Iron 

0-152 

1-67 

33 1 

0-177 

1-70 

35-2 

0-244 

1-77 

38-1 

0-288 

1-73 

42-0 

0 325 

1-64 

46-9 

0 522 

1-71 

19-1 

Aluminium 

0-066 

2-12 

23-6 

0 no 

2-03 

27-2 

0-162 

2-01 

32-4 

0-25 

1-95 

33-5 

0-301 

2-00 

35-1 

0-33 

1-97 


At intermediate temperatures Debye’s value tor Cy cannot be expressed 
in any simpler form than (410,1). It is, however, evident that Debye’s 
Cyjkj like E/N1\ is a universal function of SjjfT. This theoretical value of 
6V/3^ as a function of e^/T is given in Table 2. That this law of corre- 
sponding states for Cy is in fact roughly true for elements, and many simple 
compounds, is well shown* by the data plotted in Fig. 2 for eighteen simple 
substances, particulars being given in Table 3. For each substance in Fig. 2 
the value of 0^; has been chosen to give the best general fit between the 
observations and Debye’s formula (410, 1). The general agreement there 
shown indicates that, for these and many other substances, the deviations 
of (/(i') from olv^ are not sufficiently violent to give a marked nonconformity 
with Debye’s theory over a limited temperature range, when the theory 
and the observations are fitted in this way . 

* The applicability of the formula to compounds will be discussed below in § 414. 



CyjZk <18 a function of according to Debye 
Reference: J. A. Beattie, Journal of Mathematics and Physics (Mass. Inst. Tech.), 6, 1 (1926-27) 
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0*1 

0-9617 

0-8254 

0-6628 

0-5031 

0-3686 

0-2656 

0-1909 

0-1382 

0-1015 

0-07582 

0-05773 

0-04478 

0-03586 

0-02835 

0-02307 

0-01902 

0-9 

0-9606 

0-8404 

0-6794 

0-5181 

0-3807 

0-2745 

0-1972 

0-1426 

0-1046 

0-07800 

0-05928 

0-04590 

0-03617 

0-02896 

0-02354 

0-01938 

00 

6 

0-9687 

0-8550 

0-6961 

0-5334 

0-3930 

0-2838 

0-2038 

0-1473 

0-1078 

0-08025 

0-06087 

0-04705 

0-03701 

0-02959 

0-02402 

0-01975 

0-7 

0-9759 

0-8692 

0-7128 

0-5490 

0-4057 

0-2933 

0-2107 

0-1521 

0-1111 

0-08259 

0-06253 

0-04823 

0-03788 

0-03024 

0-02451 

0-02013 

90 

0-9822 

0-8828 

0-7294 

0-5647 

0-4187 

0-3031 

0-2177 

0-1670 

0-1146 

0-08600 

0-06424 

0-04946 

0-03878 

0-03091 

0-02601 

0-02062 



0*5 

0-9876 

0-8960 

0-7469 

0-5807 

0-4320 

0-3133 

0-2251 

0-1622 

0-1182 

0-08761 

0-06600 

0-05073 

0-03970 

0-03160 

0-02553 

0-02092 

6 

0-9920 

0-9085 

0-7622 

0-5968 

0-4456 

0-3237 

0-2326 

0-1675 

0-1219 

0-09011 

0-06783 

0-05204 

0-04066 

0-03230 

0-02607 

0-02132 

0-3 

0-9955 

0-9203 

0-7784 

0-6131 

0-4595 

0-3346 

0-2405 

0-1730 

0-1267 

0-09280 

0-06973 

0-05339 

0-04164 

0-03303 

0-02661 

0 02174 

0-2 

0-9980 

0-9315 

0-7943 

0-6296 

0-4738 

0-3455 

0-2486 

0-1788 

0-1297 

0-09558 

0-07169 

0-05479 

0-04265 

0-03378 

0-02718 

0-02218 

6 

0-9995 

0-9420 

0-8100 

0-6461 

0-4883 

0-3569 

0-2569 

0-1847 

0-1339 

0-09847 

0-07372 

0-05624 

0-04370 

0-03465 

0-02776 

0-02262 

o 

6 

1-0000 

0-9517 

0-8254 

0-6628 

0-5031 

0-3686 

0-2656 

0-1909 

0-1382 

0-1015 

0-07682 

0-06773 

0-04478 

0-03535 

0-02835 

0-02307 

0 

oooo oooo oooo oooo 
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Fig. 2. The gram-atomic heat capacities of various solids as functions of T/Bd. 

Table 3 

DaJUi for Fig. 2, stvdying the law of correspofnding staiea 

Tem- Points in Fig. 2 


Substance 


Lead 

Thallium 

Mercury 

Iodine 

Cadmium 

Sodium 

Potassium bromide 

Silver 

Calcium 

Sylvine 

Zinc 

Rocksalt 

Copper 

Aluminium 

Irpn. 

Fluorspar 
Iron pyrites 
Diamond 


Chemical 

symbol 


Tem- 

perature 

range 

°K. 

0., 

14-673 

88 

23-301 

96 

31-232 

97 

22-298 

106 

60-380 

168 

60-240* 

172 

79-417 

177 

36-873 

216 

22- 02 

226 

23-660 

230 

33-673 

236 

26-664 

281 

14-773* 

316 

19-773 

398 

33-96* 

463 

17-328 

474 

22-67* 

646 

3(^1169 

1860 




Curves 

I II I III 


* For Na, Co, Fs, FeS., CfUiMS odove the curve after theM temperatures. 


• O + X □ o 
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A more sensitive test of Debye’s theory, and hence of the deviations 
between g{v) and olv^, is provided by the following procedure. The heat 
capacity Cy, derived from the observations for any given temperature, is 
compared with Debye’s value, and made to agree exactly by the proper 
choice of 0j>. The observations are thus reduced to a set of ‘‘observed” 
values of 0j, as a function of T. This function would of course be constant, 
if Debye’s approximation were exact, except for the variation of 0^ itself 
with temperature, even in Debye’s theory, due to the thermal changes in 
the elastic constants referred to at the close of this section. This variation in 
Qif is, however, never more than a small percentage change, and always 
in the direction of a decrease with increasing temperature. The actual 



Fig. 3. Experimental 0i), T curres for various metals. The dotted curves show the values 
after subtraction of the electronic contributions (see Chapter xi) to the heat capacity. 

variations in are mainly, and, for simple substances, almost entirely, 
due to the failure of Debye’s av^ approximation. Examples of such deter- 
minations of 0/>(T) are shown in Fig. 3 due to Mott and Jones.* Lithium is 
particularly noteworthy, as the variations in 02 ) are large and we have no 
reason whatever to attribute them to any other cause. A similar analysis 
of the data for diamond in a higher temperature range is given in Table 4. 

The great initial successes of Debye’s theory have tended somewhat to 
obscure the essentially approximate nature of the g{v) used by him. As a 
result, values of Cy have been held to be anomalous and to require a special 
explanation, when in fact the only unusual feature is a somewhat more 
marked departure of g(v) from olv^ than usual. A great variety of curves of 

* Mott and Jones, ProptrUt^ oj Metals and AUoys (Oxford, 1936 ). 
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heat capacity are possible for values of g(v), possible for an actual lattice/ 
A specimen of the behaviour of 0/)(T) for a simple cubic lattice is shown in 
Fig. 4. There is, however, one thing that the heat capacity of lattice vibra- 
tions can never do, so long as the assumption of simple harmonic modes is 

Table 4 


Observed values of 0£>(T) for diamond* 


(’ (diamond) 

C (diamond) 

o 


T’K. 


70-2 

1930 

173-3 

1833 

75-4 

1890 

200*9 

1818 

81-6 

1900 

211*8 

1820 

88-6 

1930 

23M 

1817 

96-7 

1920 

262*4 

1840 

1051 

1900 

276*6 

1855 

125*3 

1874 

288*0 

1865 

153*7 

1845 

1 

1 



* Vitzer, J. Chem, Phys. 6, 68 (1938). 



Fig. 4. Debye's 0i> m a function of the temperature for a simple cubic lattice for a ratio 0-05 of 
the force constant between next nearest neighbours to the force constant between nearest neigh- 
bours. 


legitimate, it can never decrease as T increases. If we calculate Cy using 
(404, 1), instead of Debye’s approximation (404, 8), we find 




r ^hu/kT T 
'LsinhiAiz/i-rJ 


(411,2) 


But the function ar/sinhx steadily decreases from 1 to 0 as a; increases from 
zero to infinity. The integrand of Cy therefore increases as T increases for 
each fixed value of Py so that Cy itself can never decrease. It follows that if 
any observed value of Cy decreases in any range of values of T, the decrease 

A See appendix, § A2. zo -2 
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must occur in some contribution which is not due to lattice vibrations, and 
some special explanation is called for. 

As a final test of the theory we may compare the values of ©x>, which fit 
the experimental Cy T curve for a given substance, with the values calculated 
from the elastic constants. There are two such constants for an isotropic 
solid, which may be taken to be the compressibility p, and Poisson’s ratio o* . 
In terms of these the velocities of sound Ci and are 


,2_ 3(1 3(1 -2(7) 
(l-h<r)pp^ ' 2(l+(r)/?p’ 


(411,3) 


where p is the density. 0^ is then given in terms of p, <r and p by substituting 
from (3) into 


1 47rF P/ 1 2 \ 


(411,4) 


obtained by combination of (402, 1), (404, 11). The comparison is shown for 
four substances in Table 5. 

Table 5 


Comparison of the values of Qj^from heat capacities 
arid from direct calculation from the elastic constants 


Substance 

p 

g./cm.* 

fix 10“ 
cm. ‘/dynes 

(7 

© 2 ) from 
heat 
capacity 

© 2 ) from 
elastic 
constants 

A1 

2-71 

1-36 

0-337 

398 

402 

Cu 

8-96 

0-74 

0-334 

315 

332 

Ag 

10-53 

0-92 

0-379 ! 

1 215 

214 

Pb 

11-32 

2-0 

0-446 

88 

73 


Table taken from Bom, AUmiheorit desfuten Zustandes (Berlin, 1923). 


In view of the approximate nature of the theory, as applied to the heat 
capacity at normal temperatures, it is hardly worth while discussing how 
far such good agreement is to be anticipated. At low temperatures, however, 
the Debye theory should be exact, and the agreement should be good. There 
are, however, no direct measurements of the elastic constants at low tem- 
peratures, so the best that can be done is to extrapolate from measurements 
at ordinary temperatures, using estimates due to Griineisen.’" The values 
of @x) derived thus and in various other ways are collectedf and compared 
in Table 6. 

The agreement between the low temperature 0/) values should hold 
generally for compounds, not merely for elements, as wiU be made clear in 

* Grlineisen and Hoyer, Ann. d. Physik, 22, dS5 footnote (1035). 

t For referanoee see Mott and Jones, Propertiu of MOaU and AUoys, Chapter i (Oxford, 1986). 
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§413. It is therefore perhaps worth while to extend this part of the com- 
parison to other substances. In Table 7 data are j^iven for elements which 
have a crystal lattice other than cubic, and for simple compounds. 

Tablk 6 


A comparison of the values of 0^^ derived by various methods 


Suhstance ! ^ 

1 inoiid) 

Fe 

! A1 i 

1 ; 
1 ! 

Til 

Ag* 

VV 

0/^ from general Cy-T curve 

1800 

453 

' 398 

315 1 

215 

305 

02^ from Jaw at tempera- / 

2230 

434 

; ~ 385 

3l(i i 

212 

337 1 

tures less than 02^/12 \ 


to 392 

1 1 

to 330 ; 

to 225 

1 

0 1 ) from elastic data at 290° K . 

— 

4()l 

394 ' 

342 ' 

212 

384 

02 ; from estimated values of 

— 

4()8 

40b 

351 

218 

390 ! 


j clastic constants at 0° K. | 'll 

* Low temperature valuen below 4 are seriously afferted by eleetromc eontributions and are 
therefore omitted here. 


Table 7 

Further comparisons of the values of 0y) at low temperatures 
derived from heat capacities and elastic constants 


Substance 

Zn 

Cd 

NaCl 

KCl 

MgO 

ZnS 

02 ^; from T'^ law for heat j | 

200 


275 

212 

750 


capacities at temperatun?s -! i 

270 

- 130 

308 

237 

890 

260 

less than 02 ;/ 12 1 ! 

163 



220 



02 ) from estimated values of 

320 

200 

320 

246 

946 

336 


clastic constants at O^K. 


On the whole, there appears to be reasonably good agreement between 
the values of calculated from the law and from the elastic constants. 
The electronic contributions to the heat capacity may depress but it is 
doubtful if they can account for the whole of the discrepancy for W, Zn and 
Cd. For NaCl and KCl, where no such terms can arise, the discrepancy is small 
and })robably not significant. For ZnS the 0^^ value from tlie heat caj)acitv 
might very likely rise again and remove the discrepancy, if the measurements 
were extended to lower temperatures. In general the largest values of 
0^ from the heat capacities and those in best agreement with from the 
elastic constants come from the lowest (very low) temperatures. 

§412. Equation of state of crystal (Debye’s approximation). 

Since the pressure is the generalized force corresponding to the volume, we 
can obtain its value by differentiating the free energy with respect to the 
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must occur in some contribution which is not due to lattice vibrations, and 
some special explanation is called for. 

As a final test of the theory we may compare the values of 0p, which fit 
the experimental Cy- T curve for a given substance, with the values calculated 
from the elastic constants. There are two such constants for an isotropic 
solid, which may be taken to be the compressibility p, and Poisson’s ratio a. 
In terms of these the velocities of sound C/ and are 


3(1-0-) 2^ 3(1-20-) 

(1+0-)/?/)’ 2(l + o-)/?/o’ 


(411,3) 


where p is the density, ©jj is then given in terms of yff, o* and p by substituting 


from (3) into 


1 2 \ 
0^ " WA»\cf'^cf/’ 


(411,4) 


obtained by combination of (402, 1), (404, 11). The comparison is shown for 
four substances in Table 5. 

Table 6 


ComparisoTi of the values of from heat capacities 
and from direct calculation from the elastic constants 


Substance 

P 

g./cm.® 

fi X 10“ 
cin.'/dynes 

a 

from 

heat 

capacity 

0X) from 
elastic 
constants 

A1 

2-71 

1-36 

0-337 

398 

402 

Cu 

8-96 

0-74 

0-334 

315 

332 

Ag 

10-63 

0-92 

0-379 1 

1 215 

214 

Pb 

11-32 

2-0 

0-446 

88 

73 


Table taken from Bom, AUmtheorit dea futen Zustandes (Berlm, 1923). 


In view of the approximate nature of the theory, as applied to the heat 
capacity at normal temperatures, it is hardly worth while discussing how 
far such good agreement is to be anticipated. At low temperatures, however, 
the Debye theory should be exact, and the agreement should be good. There 
are, however, no direct measurements of the elastic constants at low tem- 
peratures, so the best that can be done is to extrapolate from measurements 
at ordinary temperatures, using estimates due to Gruneisen.** The values 
of ®j) derived thus and in various other ways are collectedf and compared 
in Table 6. 

The agreement between the low temperature values should hold 
generally for compounds, not merely for elements, as will be made clear in 

* OrttneiBen and Hoyer, Ann. d. Phyaik, 22, 666 footnote (1936). 

t For referanoae eoe Mott and Jonei, ProperHes of MataU and Alloys, Chapter i (Oxford, 1936). 
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§413. It is therefore perhaps worth while to extend this part of the coni' 
parison to other substances. In Table 7 data are given for elements which 
have a crystal lattice other than cubic, and for simple compounds. 

Table 6 

A comparison of the values of 0y^ derwed by various methods 


Substance 

(* (<im- 
rnond) 

Fe 

A, 


Ar* 

W 

1 

0/; from general Cy-T curve 

1800 

453 

398 

316 

215 

305 

0y> from law at tempera- 1 

2230 

434 

^ 386 

310 

212 

~ 337 ! 

turt^s less than 0y)/12 \ 


to 392 1 

1 1 

to .330 1 

to 225 


0 from clastic data at 290^^ K . 

— 

401 

394 

342 ' 

212 

384 

from estimated values of 

— 

408 

400 

351 

218 

1 390 ! 

elastic constants at O^^K. 

1 



1 


i 1 


* Low temperature values below 4" are seriously affected by electronic contributions and are 
therefore omitted here. 


Table 7 


Further comparisons of the values of at low temperatures 
derived from heat capacities and elastic constants 


Substance 

Zn 

C.i 

NaCl 

KCl 

MgO 

ZnS 

0/; from law for heat j 

capacities at temperatures ’ 

200 

270 

130 

275 1 

308 ' 

212 

237 



760 

890 

~ 260 

less than 0y,/ 12 | 

103 


220 


0^ from estimated values of 

320 

200 

320 

240 

946 

336 

elastic constants at O'^K. 



1 





On the whole, there appears to be reasonably good agreement between 
the values of 0^, calculated from the law and from the clastic constants. 
The electronic contributions to the heat capacity may depress (-)yy but it is 
doubtful if they can account for the whole of the discrepancy for W, Zn and 
Cd. For NaCl and KCl, where no such terms can arise, the discrepancy is small 
and probably not significant. For ZnS the 0^, value from the heat capacity 
might very likely rise again and remove the discrepancy, if the measurements 
were extended to lower temperatures. In general the largest values of 
0jry from the heat capacities and those in best agreement with 0;^ from the 
elastic constants come from the lowest (very low) temperatures. 

§412. Equation of state of crystal (Debye’s approximation). 

Since the pressure is the generalized force corresponding to the volume, we 
can obtain its value by differentiating the free energy with respect to the 
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volume. Using (409, 3), we obtain 


P = - 


dF_ 

dV 


* ' dV ~ dV 


0V^ dV BQ, 


dx 9ifcT^a0^ 

■“ 0r &\) 'dv ]q 


[412 


(412,1) 


This formula may be considered as the equation of state of the crystal. 
It can be useful only if we know how x ^^^d 0^ depend on V, and for this we 
should require a fairly detailed knowledge of the interatomic forces. We 
shall therefore make no direct use of (1). 

Formulae (408, 1 1) for the partial potential fi gives us 

^ + -fcTjlog^-F^-^^ (412,2) 

Comparing (2) with (408, 6) and (1), we see that the thermodynamic relation 
F^PV = F^PNV = Nfi (412,3) 

is satisfied identically. 


§413. Crystals composed of molecules. The formulae of Debye’s 
theory are directly applicable only to crystals containing a single kind of 
atom. Let us now consider crystals containing one or more elements, having 
in all cases the atoms grouped into molecules. For a crystal of this type, 
containing N molecules each composed of s atoms, we can evidently obtain 
an approximation to the normal modes by assuming ZN modes with fre- 
quencies distributed according to Debye’s theory, and treating the remaining 
ZN(8-^ 1) modes as internal degrees of freedom of the molecules, to a first 
approximation unaffected by the packing of the molecules into the crystal 
lattice. We then have a partition function K(T) for the crystal of the form 

logA:(r) = ^|-9iV^J^ gMog(l-c-£)d£+iy^logi(n (413,1) 

where j(jr) is the partition function for the internal degrees of freedom of 
the molecule, including the electronic motions and nuclear spins. Usually 
these internal degrees of freedom, 3(«— 1) in number per molecule apart 
from the electronic motions, may be regarded approximately as simple 
harmonic vibrations of the same frequency for each molecule in the crystal. 
Their contributions to the thermodynamic functions are theref(H*e often 
described as Einstein terms. If the frequencies of these vibrations are 
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denoted by kQJh, k@Jh, kQ^jh, or in general by kQJh, then the partition 
function for the crystal takes the form 

Vy 7*3 /-eWT 

logJf(r) = ^-9JV^J^ |*log(l-c-«)dg 

— N 2 log(l — e"®<^^) + iVlogt;j rip, (413,2) 

i-4 


where lip denotes the product of the nuclear spin weights in each molecule.* 
The corresponding formulae for the free energy and total energy are 

F pt 

If- 


/: 


«i>/T 

log( l-e-^)di + kT ^ log( 1 - -kT log lip, 


i==4 


N- ^ + ^^*03 


Ti r 

0?) Jo 


kioJT p 3« 


(413.3) 

(413.4) 


By differentiating (4) with respect to T we can obtain a formula for the heat 
capacity. 

It may happen that one, two or three of the internal degrees of freedom of 
the molecule in the crystal are described to a better approximation as 
rotations than as harmonic vibrations. This possibility was first suggested 
by Simont and investigated by Pauling, J who also considered the transition 
from an almost free rotation to a vibration, as the temperature is lowered 
and the potential energy of orientation becomes more important compared 
with kT, Pauling gave reasons for supposing that free rotation is the better 
approximation in the case of Hg. For other molecules or radicals containing 
only one atom other than H, such as CIH, CH 4 , NH^, the motion is effec- 
tively a rotation at high temperatures, but a vibration (libration) at low 
tem{>eratures. There is a more or less sharp transition in a short temperature 
range. When the free rotation is a better approximation than a vibration, 
one, two or three Einstein terms must be rej)laced by the partition function 
for a one, two or three-dimensional rotator. We shall have occasion to refer 
to this again in Chapter v. 


§414. Crystals with ionic or complex lattices. We have already 
mentioned the work of Born in analysing the normal modes of crystals, on 
which Blackman’s advances have been based. It will be convenient in 
closing this elementary account of crystal partition functions to give some 
account of his results, as they show how the analysis given above is to be 
extended to more complex crystals. 

If all the atoms in a crystal are not of the same tyf>e, or of the same type but 

* In certain cases an extra term uVlogo (o constant) must be introduced. See Chapter v, 
especially §§ 516 sqq. 

t Simon and Simeon, Zeit. Phys. 21, 176 (1924). t Pauling, PAys. Rev, 86, 430 (1930). 
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not all similarly situated in the lattice, they must be grouped into elemen- 
tary cells containing a atoms each, the cells being identical repetitions of 
one another. A crystal of N unit cells, containing sN atoms, can then be shown 
to possess 38 distinct seta of normal modes and frequencies. The wave numbers 
(reciprocal wave lengths) of each set are distributed uniformly in a three-dimen- 
sional space, in which spherical polar coordinates represent wave number and 
direction of the normal to the corresponding wave front. This result of Born’s 
is exact, but of no use for computing the partition function until the con- 
nection between wave number and frequency is established. It is here that 
exact analysis is difficult, and that recent progress has been made by Black- 
man, with results in simple cases which we have already examined. The 
approximate procedure used by Born is to divide the sets of frequencies 
into two types, commonly referred to as acoustical and optical (infra-red) 
respectively. The essential feature of a set of acoustical modes is that the 
frequency tends to zero when the wave length becomes large according 

to the formula / . , . , v 

>'« = c„/A„, (414,1) 

where c^ is the velocity of sound for long waves. The velocity is not strictly 
independent of A„, but this variation is ignored by Born for this type of 
mode, which is equivalent to using Debye’s approximation for these types. 
The essential feature of an optical set of modes is that the frequency tends 
to a non-zero limit Vi as the wave length increases. The frequency is not 
strictly independent of wave length, but Born’s approximation is to ignore 
its variations compared with v^. Each such set is therefore assumed to 
consist of N identical frequencies. This is Einstein’s approximation, the 
same approximation as was suggested by the wider discussion of §413. 
Each set of N acoustical modes, to this rough approximation, will con- 
tribute a Debye term, and each set of N optical modes an Einstein term to 
the partition function and resulting thermodynamic functions. 

It remains to consider how many of the 3^ sets are acoustical and how' 
many optical, in the sense that their frequencies are roughly represented 
by Debye or by Einstein approximations. The best answer will depend on 
the structure of the crystal. We have seen in §413 that, when each basal 
cell may really be regarded as a distinct molecule, it is natural to take three 
acoustical sets (containing 3N frequencies in all) and 3(s—l) sets each of N 
equal optical frequencies. For a simple ionic lattice of two atoms of approxi- 
mately the same mass, such as KCl, it will obviously be a better approxi- 
mation to assume six sets each of N acoustical frequencies. As the mass 
dLTerence increases for such a lattice, this approximation becomes worse. In 
a lattice such as that of CaC 03 we should expect nine of the fifteen sets of 
modes to be definitely optical with i^/s well separated from zero, and three 
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to be definitely acoustical; it seems not unlikely that the remaining three 
sets will be of an intermediate nature, with i^/s so small that the variations 
of the frequencies with wave length are comparable with them. In all this 
analysis it must be remembered that a set of acoustical modes, which must 
conform to g(v)'^ 0 LV^ for low frequencies, may deviate more or less widely 
from this law for higher frequencies. 

We may therefore expect the partition functions for any cr 3 '^ 8 tal, excluding 
free rotations of molecules or radicals, to be representable roughly by the 
product of 35 partition functions, of which at least three will be of the Debye 
type and the remainder of Einstein's. At high temperatures, when ^>0, 
either ty[>e of term contributes k to the heat capacity per cell, while at 
extremely low temperatures, when T<^0, either type contributes to the 
heat capacity a term which tends to zero as T tends to zero. It is therefore 
only in the range where T is comparable with or at least not very much 
smaller than 0 that the difference between the two types of terms is im- 
portant. In practice it is found empirically that for crystals of many simple 
compounds the heat capacity is adequately reproduced by the simple Debye 
formula, with three terms })er atom and only one 0 value. This is shown 
by the inclusion of several compounds in Fig. 2. The T®-law for Cy should 
also be obeyed at low temperatures by simple compounds. That this is so 
is suggested by the data in Table 8. It must be admitted however that the 

Table 8 

The T^-law at low temperatures for simple compounds* 


Temp. °K. 

NPpr cal./mole deg. 

lO'CNc^)*/^ 

27-5 

Iron pyrites (FeS,) 
01 096 

1-75 

29' 8 

0-1385 

1-74 

32'9 

0179 

1-72 

35-8 

0-232 

1-72 

38 3 

0-295 

1-74 

42-2 

0-402 

1-75 

46-7 

0-530 

1-74 

51*7 

0-712 

1-74 

64-7 

0-844 

1-74 

56-9 

0-952 

1-73 

76*8 

Beryl (BeO) 
0-202 

I 0-766 

78-1 

0-219 

1 0-773 

79-3 

0-226 

1 0-769 

80-3 

0-223 i 

! 0-766 

82-6 

0-236 

0-760 

84-9 

0-274 

0-766 


* For references see footnote at beginning of § 411. 
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verification is open to doubt, as the lowest temperatures are so high that 
further variations in 02) and failure of this 5r®-law may well set in at lower 
temperatures. 

§415. Perfect mixed crystals. So far we have considered only pure 
crystals made up of a single kind of molecule. We shall now extend the treat- 
ment to mixed crystals made up of several kinds of molecule in arbitrary 
proportions, but we shall confine ourselves here to the simple case where the 
different molecules are very much alike. The most important applications 
in view will be to mixtures of isotopes. We shall therefore assume that in 
the mixed crystal any pair of molecules of different kinds can be interchanged 
without appreciably affecting the volume, the configurational energy, or the 
frequencies of the normal modes of the crystal. Such mixed crystals are 
strictly analogous to the perfect mixed solutions discussed in Chapter viii. 
We shall discuss particular cases where we make less restrictive assumptions 
in Chapter xin. 

Let us for the moment take as energy zero the lowest energy state of the 
crystal. Then we have already seen that the partition function for a pure 
crystal of N molecules (or basal cells) can be put in the form [(x(T)j(T)]^y 
where a(T) is the partition function per molecule for the acoustical modes, 
and j(T) the partition function for the internal motions of each single mole- 
cule at its lattice point. Now let us suppose that we have a crystal made up 
of molecules of one kind and of another, arranged in some definite 
manner on 4- lattice points. There is then first one distinct eigen func- 
tion for the crystal in a state in which the oscillations in each molecule have 
given quantum numbers — one whether we ignore symmetry requirements 
or whether we make the crystal eigen function have the correct symmetry 
by permuting the molecules of type A over their lattice points and the 
molecules of type B over theirs. If we interchange an A and a on 
the contrary, we obtain a significantly different crystal with very slightly 
different normal modes and energy levels. If mixing of the two sorts of 
molecule can occur, as we have assumed, in all positions without appreciable 
effect on the energy levels, there will be {N^ -f Nj^) ! /N ^ ! ! different crystals 

possible, each with very slightly different normal modes and energies. If 
we ignore these very small differences, there is the same partition function 
for the acoustical modes for each arrangement. The resulting 
partition function counting all the distinct arrangements will therefore be 

(415,1) 

This formula has, however, allowed only for a single state of w'eight unity 
for the internal motions of each molecule. Those of the type A will actually 
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provide a factor {T) for each A molecule, and those of the type B a factor 

The complete partition function for the whole mixed crystal to this 
ax>proximation will therefore be 

( 415 . 2 ) 

the energy zero being still the lowest energy state of the crystal. When, 
however, we use the more usual energy zero of the state of infinite dispersion, 
this beconies 

( 416 . 3 ) 

where Xa* Xb independent of the composition. 

The usual thermodynamic functions can be obtained at once from 

F = -kTlogK{T), ( 415 , 4 ) 

which continues to hold for any solid phase. 



CHAPTER V 


CHEMICAL EQUILIHRIA AND EVAPORATION. 

NERNST’S THEOREM 

§500. Introduction. We now pass on to the general assembly, in 
which gaseous atoms and molecules react chemically, or evaporate from 
and condense on crystals. Generally speaking, we may say that we are now 
to investigate the equilibrium state of an assembly of practically indepen- 
dent systems, which no longer retain their individualities throughout the 
motion of the assembly, but are able to break up and recombine in such a 
way as to form any specified number of different types of independent 
systems. It will obviously be imj)ortant to 8|)ccify what we regard as the 
ultimate structural elements of the assembly — the indivisible systems which 
can combine, but never break nj) further. The formal exposition will be the 
same wliatever the ultimate units are assumed to be, but the physical inter- 
pretation will be different. We shall for the sake of definiteness suppose that 
the ultimate units arc the atoms of chemistry. Alternatively the same 
formulae can be reinterpreted in terms of positive nuclei and electrons in 
the study of the properties of matter at very high temperatures. This 
interpretation is obviously the more fundamental, and will of course include 
the former as a special case; in practice the two fields hardly overlap. In 
most assemblies hot enough to contain an appreciable equilibrium con- 
centration of atomic ions and free electrons, the number of molecular species 
effectively present will be found to be negligible. 

Previous to the accurate formulation of the quantum theory the most 
satisfactory discussion of the problems of dissociation, from the standpoint 
of pure statistical mechanics, was based on the work of Ehrenfest and 
Trkal.* These authors discuss the dissociation problem on semi-classical 
lines; they assume, that is, that all degrees of freedom of a system are either 
classical or unexcited. This restriction is here removed, so that the discussion 
is perfectly general, and subject only in its range of applicability to restric- 
tions of a physical nature inherent in the problem. Thanks to the simplifica- 
tions introduced by quantum theory, the method of analysis of Ehrenfest 
and Trkal need no longer be followed. Actual matter, however (for example, 
imi>erfect gases), will not always be comparable to an assembly analysed 
into practically indei)endent systems. We shall make a first attempt in 
Chai>ters v ii, viii and ix towards the removal of this particular restriction. 

* EbreDfest and Trkal, Proc. Sec. Sci. Amsterdam, 28, 162 (1920). We do not know of any 
earlier diecuasion of diaaociation, or the kindred matters of ** chemical oonstanik", “thermo- 
dynamic probability", and “abaolute entropy", which can be regarded aa logically convincing. 
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§501. Isomeric equilibrium. Before deriving the general law of 
equilibrium, we shall consider some simple examples. We can obtain the 
special law for the simple case of isomeric equilibrium by elementary rea- 
soning. We consider a system defined by its composition in terms of 
permanent particles, say atomic nuclei and electrons. Now suppose that 
its states can be divided into two sets having quantum numbers r^^r^y 
and rJ'jrg', respectively, such that the equilibrium distribution among 
the states ..., and the equilibrium distribution among the states 
» each attained much more rapidly than is the equilibrium 

distribution between any of the r states and any of the r" states. Then it 
may be possible to observe an assembly of such systems over an interval of 
time such that the two former distributions have reached equilibrium, 
whereas the last has not had time to adjust itself appreciably. In this case 
we attribute different names A' and .4" to a system Ay according as it is in 
one of the states r' or one of the states r". A' and 4" are called isomers. 
We may assign separate partition functions f\T) and f'\T) to the isomeric 
systems A' and A'\ defined by 

/'(T) = S^Ti7,,e-v/*^, (501,1) 

/"(T) = (50i,2) 

Suppose now we wait a sufficient time for the distribution between the A ' 
and 4" to reach its average value, or alternatively that we speed up the 
transitions between 4' and 4 " by means of a catalyst, and investigate what 
is the final average (complete equilibrium) distribution. In other words 
we study the equilibrium of the isomeric change 

4' 5^4". (501,3) 

When this complete equilibrium is reached, the average properties of the 
assembly are determined by the complete partition function, 

/(T)=/'(T)+r(n 

the two terms /'(T) and f'\T) referring to states in which the system is an 
4' molecule and an 4" molecule respectively. Hence at complete equi- 
librium, the average numbers of 4' and 4" are given by 

=r(T) -./"{T) :f(T). (601, 4) 

This is the simplest example of the law of mass action — for the equilibrium 
between two isomers. 

As a matter of fact we have already assumed and made use of the equi- 
librium condition (4) in our discussion of para- and ortho-hydrogen. At low 
temperatures the properties of the two forms are separately determined by 
their two partition functions fp(T) and/o(r), but their relative proportions 
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can be varied independently. At high temperatures, or in presence of a 
catalyst, the equilibrium between the two forms is maintained, and this 
equilibrium is given according to (4) by 

=fp(T)lfoiT) = r^(T)l3r,(n (501, 5) 

where rjj(T) and 3r^(T) are the rotational -nuclear partition functions of 
the two forms; the translational, vibrational and electronic partitions are 
the same for the two forms, and so cancel. At high temperatures the ratio 
rp(T)/3ro(T) becomes and this is the ratio of the two forms in the meta- 
stable mixture obtained on cooling ordinary hydrogen in the absence of a 
catalyst. 


§ 502. Simple dissociation. We shall now give an elementary discus- 
sion of the simplest form of dissociative equilibrium, represented by the 
chemical formula a . d 

(502,1) 

If each of the three species AB, A, B behaves as a perfect gas, we may 
assign a partition function to each species. We denote these by /j^, /^, 
respectively. Suppose we now consider a definite pair of atoms A and B. 
They can exist, either as a single molecule AB, or as a pair of free atoms. We 
can now assign a partition function to the pair regarded as one system. 
Thi.wmhav.thetom (M2, 2, 

the first term referring to the molecular states AB and the second term to 
the states of the free atoms A and B. From this point of view of treating the 
pair of atoms as one system and making use of the distribution laws already 
derived in Chapter ii, it is clear that the times spent by this particular pair 
of atoms in the molecular states and in the states of free atoms will be in 
the ratio If this is to be true simultaneously for all possible pairs 

of atoms, we must have the average distribution between molecules and 
free atoms given by 

(502, 3) 

This argument is plausible, but admittedly not logically convincing. The 
result, however, can be rigorously established by an argument, which we 
shall outline briefly in the following section. 


§ 503. Mathematical deduction. We shall for the sake of brevity 
continue to consider the very simple equilibrium 

ABz^A-^^B. (503,1) 

The extension of the result to any more complicated equilibria will be 
obvious. Although we shall be interested only in classical statistics, the 
reasoning is equaUy simple for Fermi-Dirac or Bose-Einstein statistics, and 
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so we shall outline the argument for the general case. It is so simjile and 
differs so little from that of §§ 214-217, that we need outline the reasoning 
only quite briefly. 

Let the total number of atoms A, free or combined, be iV^, and the total 
number of atoms B, free or combined, be N^. Since dissociation and recom- 
bination are assumed to proceed freely, the number of molecules .4 present 
in an accessible state of the assembly may have any value whatever from 
zero to or Nj^ whichever is the less, and all such complexions have to be 
included in the enumeration. It is convenient to refer to all complexions, 
in which the number of free atoms A has a specified value the number of 
free atoms B has a specified value and the number of molecules AB has 
a specified value as an example of the assembly. We can sum the com- 
plexions for each example and then for all examples to obtain the total. 
For each example the values of must satisfy the conditions 

= (503,2) 

“ ^B- (503, 3) 

To find the number of complexions for a particular example 

we can proceed exactly as in §214 and construct the analogue of (214, 9), 

allowing for degenerate states, namely 

n^(l ± XZ^r)±rBr 11^(1 + 11,(1 ± (503, 4) 

where e,., are the energy values (referred to the same zeros), and ru' 
and m'l weights, of the state r of a free A atom, the state « of a free B atom, 
and the state t of an A B molecule respectively. In each continued product 
the -h or — sign is to be used according as the A atoms, B atoms, AB mole- 
cules obey the Fermi-Dirac or the Bose-£instein statistics; that is according 
as the A atoms, the B atoms, the A B molecules contain an odd or even number 
of primary particles (electrons, protons, neutrons). The number of com- 
plexions of this example of the assembly with a total energy E is then 
obtained as the coefficient of in (4). 

It will be observed that, in accordance with the rules for enumeration 
laid down in § 108, we do not permute the free and bound atoms A or the 
free and bound atoms B. Thus the coefficient of z^ in (4) gives 

the total number of complexions of the assembly corresponding to the 
specification free -4*s, free B^b and molecules AB, 

We have next to sum over all examples, that is over all sets of values of 
^By satisfying (2) and (3). For this purpose we replace w by xy, and 
use instead of (4) the expression 

n,(l ± xz^r)±^r n,(l ± yz^*)^^» n,(l ± xyzft)^<. (503, 5) 

The total number of complexions is then given by the coefficient of y^» 
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in (6), since this is equal to the sum of the coefficients of in 

(4) and all similar expressions, with values of satisfying (2) 

and (3). 

All average values are derived from (5) exactly as those for assemblies 
of permanent systems were derived in §§214-217, and the results can be 
written down immediately by analogy. The average number of free atoms 
A in the state r of energy and weight is given by 





(503, 6) 


and similarly the average number of free atoms B in the state 8 of energy 

Tjg and weight tzr' is given by 

~ " (503,7) 




The average number of molecules ^ -B in the state t of energy and weight 


mj is given by 




(503, 8) 


All other average values can be derived from (6), (7) and (8). They can 
be summarized by the statement that the atoms A and B and the molecules 
AB are each distributed over their states according to a formula of the type 


— tZ7yA#®»’ 

” T±X»^^ 


(503, 9) 


where there is one for the whole assembly, but one A for the free atoms A, 
another for the free atoms B and a third for the molecules AB, The three 
A’s are not independent, but are related by the equation 


^AB “ ^A^B- 

( 503 , 10 ) 

It follows at once from (6-8) that 


— ^ ^Aa^ — V 



( 503 , 11 ) 


The bars denoting average values will generally be omitted in future. 


§ 504. Relationship to thermodynamics. As in § 223 we now define 
Fa.Fs. by the equations 

^log^ - 2,w,log(l ±A^^)±»-n^logA^, (604, 1) 

J’jjlog^ = £,wilog(l ± Aa^’»*)±i-n3logA^, (504, 2) 

^slog# - S,m;iog(l lA^a^O^^-n^alogA^a. (504,3) 
noh i doDoting + for systeou containing an odd number of primary 
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particles (electrons, protons, neutrons) and — for systems containing an even 
number. These functions are to be regarded as functions of x (the geo- 
metrical coordinates), and n^, the apparent variables A^, ... being 
evaluated and substituted for in terms of x, ... by means of (503, 11). 
It is, however, inconvenient and unnecessary to carry out the actual 
substitution. We have only to observe that 


A 


= 




l±A^#'r ” 


= 0 , 


(604, 4) 


and that similarly dFg/dA„ = 0 and = 0. We may therefore 

treat the A’s in the F’s as quasi-constants, which need not be varied in any 
first order variation of x orn^ , . . . . This is a feature of equilibrium formulae 
which we have already encountered, and shall frequently encounter again. 
We then define F by 


F = F.+Fj, + Fj 


AB' 


(504, 5) 


We can then show exactly as in § 223 that the average value of the general- 
ized force corresponding to the coordinate x is given by 

X = (504,6) 

and, exactly as in § 223, that the average energy E of the assembly is given by 
E = (d[F log^]/e (504, 7) 

In deriving both formulae the A’s need not be varied. We also find that 

= -\ogAJlog», (604, 8) 

(0f = - log AWlog^^, (504, 9) 

= - log A^B/log(^. (504, 10) 

We can now show that F can be taken to be identical with the free energy 
of the assembly. If we define T, jig, by 


- \ jkT = \og», (604,11) 

11 ^ = -\og\J\og», (604,12) 

/tp = -logAa/logi^, (604,13) 

Fab = -logA^fi/log^, (604, 14) 

then equations (6-10) become 

X = -(0/’/0*)r.„,.„,.„,,, (604,16) 

E = (604,16) 

(0F/0n^)r.,.„^„^ = Fa, (504, 17) 

(dFldnB)T^,^^,n^ = Ab. (504, 1 8) 

(0F/0w^B)rAni.» Fab- (604,19) 
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But these are the well-known formulae of thermodynamics, if F is the free 
energy, T the absolute temperature, and the partial potentials 

oi A, By AB. We are entitled to interpret the symbols in this manner pro- 
vided that the average distribution laws obtained by statistical mechanics 
agree with the laws of thermodynamics. The statistical theorem that there 
is a common d- value for the whole assembly agrees with the thermodynamic 
law that there is a common T for the whole assembly. For the chemical 
equilibrium AB:stA + B 

we have deduced from statistical mechanics that the average distribution is 
determined by x ^ > 

Substituting from (12), (13), (14) this becomes 

f^AB^M'A+Z^B^ 

which is just Gibbs’ thermodynamic condition for equilibrium, if we inter- 
pret the /t’s as the partial potentials. We therefore obtain all the usual 
thermodynamic formulae and laws when we define the F of (5) as the free 
energy, which justifies the interpretation. 

It is to be particularly noted that this reasoning determines the depend- 
ence of the free energy F and therefore also of the entropy S on the w’s. 
This is because we have considered chemical reactions, in which the w’s 
were made to vary. A great part of the controversies about entropy in 
statistical mechanics has centred round the determination of the variation 
of the thermodynamic functions with the n’s, ignoring the fundamental 
point that such variations can only be relevant, and therefore determinable, 
when the w’a can change by a chemical or physico-chemical process. This 
has led to great confusion of thought,* only avoidable in some way equi- 
valent to the foregoing. 

§505. Free energy and entropy of gaseous mixtures. Now that 
the correlation between statistical and thermodynamic functions is com- 
pleted, it is desirable to examine how the thermodynamic fun(;tions of a 
mixture of perfect gases are related to those of the single gases of which the 
mixture is composed. The absence of interaction between the molecules 
leads, as explained in §301, to additivity of all the thermodynamic quan- 
tities Ey Fy S when these are expressed as functions of T, V and the N'h. 
This additivity of thermodynamic quantities can be expressed in the form 

E (505,1) 

F = N^{F^AT) + kT\og{NJV)}, (505, 2) 

5 iV^{S«(r)-*log(J\r^/F)}, (506, 3) 

• For . critio.1 exposition of this confusion, sue Ebrenfest and Trkal, Proc. Sec. Sci. Amsterdam, 
BS. 162 (1920). 


(504. 20) 

(504.21) 
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where are functions of T only, related to one another by 

(505,4) 


In Chapter iii we obtained detailed expressions for ‘5^, but what we 

now have to say is independent of these details. 

The concentrations Nj^jV, ... are related to the partial pressures ... 
by the formulae 


P^=^kTNJV, p^ = kTNj,IV, 


(505, 5) 


If we substitute from (5) into the above equalities, we notice that (1) is 
unaltered while (2) and (3) become 


F = ^AWA{T)-kTlogkT-^kTlogpJ, (505,6) 

S = (T) + ^logI'T-^logp^}, (505,7) 

and we see that the additivity of E, F and S is preserved, when they are 
expressed as functions of the partial pressures instead of the concentrations. 

It is sometimes convenient to take as independent variables the tem- 
perature, composition and total pressure. To obtain the relevant formulae 
we have to use the equation 

P = ^^N^kTjV, (505,8) 

Substituting for V in (2) and (3) we now obtain 

F=Z^NAf^AT)- kT\ogkT + kT\ogP}^^^N^kT\og-^-^ — , 

^^A i- -irB -r . . . 

(505, 9) 
(505, 10) 

We thus see that the free energy of the mixture exceeds the free energy of 
the component gases at the same temperature and at the same total pressure. 
as the mixture by the (negative) quantity !S,F given by 

^F = . (505, 11) 

Similarly the entropy of the mixture exceeds the entropy of the component 
gases at the same temperature and at the same total pressure as the mixture 
by the (positive) quantity given by 

^S = k log . (505, 12 ) 


The quantity AS' is often referred to by the name entropy of mixi7ig\ the 
analogous name for Af is the /ree energy of mixing. The nomenclature is well 
established, but can be confusing, if it is not remembered that the total 
pressure must be chosen as one of the independent variables. When the 
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partial pressures or the total volume are chosen as independent variables, 
instead of the total pressure, we have seen that there is complete additivity 
of both free energy and entropy. 


§ 506. General chemical equilibrium. The extension of these 
results to the most general type of chemical equilibrium is immediate. For 
each chemical species, such as for example .4 J?, w hich has states r of energy 
6^ and weight the equilibrium distribution amongst the states is given by 




(506,1) 


where T is the absolute temperature, the + or — is determined by the nature 
of AB, and the absolute activity has the same value for all the states of 
the molecule A B. 

The absolute activities A for the different species are, as we have seen, 
not independent. Corresponding to all possible chemical changes such as 

ABC^A B^-C^A^ BC^AC -hB^A^B^C, (506, 2) 
we have relations of the form 

^ABC “ ^AB^C — ^A^BC = ^AC^B = ^A^B^C^ (506, 3) 

These relations reduce the number of independent absolute activities A to 
the number of atomic species A^ B, C, .... 

Finally the values of the absolute activities A are determined by the 
necessary equalities such as 

'^ A + '^AB + '^AC + • • + + . . . + + '^ABD + '^ACD + • • • 

■*" ^^AAB^ ••• '^^ABC/?~^ ... -h ... = (506, 4) 

where Nj is the total number of atoms A , free or combined, in the assembly. 
There is one relation of this type for each atomic species, and so just sufficient 
relations to determine all the absolute activities, and so all the average 
(equilibrium) properties of the assembly. 

These formulae for average properties simplify considerably when we 
may use classical statistics, that is when the A’s are sufficiently small, as is 
in practice always the case. For each chemical species such as, for example, 
AB, which has states r of energy and weight the distribution law 
(l)«mpMe.to (506.6) 

the A’s for the various molecular species being related by formulae of the 
type (3). 

If we sum (5) over all states of the molecular species AB, we obtain 

(606, 6) 
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where is the partition function of the systems AB. From (6) we see 
that in a gas of given temperature and volume the absolute activity of each 
species is directly proportional to the number of molecules of that species. 
We can use (3) to eliminate the A’s between (6) and similar formulae. We 
obtain relationi? such as 

/abc Sab/c Ja/bc fAcfs IaIb/c 

Now each partition function / can be factorized into a translational 
partition function i, and an internal partition function j. The former is 
directly proportional to V and the latter independent of V. It is clear then 
that the classical law of mass action is included in (7). 


§507. Shift of energy zero. For the validity of formulae such as 
(506, 7) it is essential that all inter-connected energy levels should be referred 
to the same zero, such as the state of complete dissociation into free atoms 
in their lowest quantum states. As far as atomic states are concerned this is 
the obvious choice, but for molecular states it is sometimes more convenient 
to use as zero the lowest quantum state of the isolated molecule. If we wish 
to use this, or any other energy zero, for the molecules, disagreeing with the 
energy zero for the atoms, we must modify formulae such as (506,7) as 
follows: 

'^ABC _ '^ab^c ’^a'^bc 


^ac'^b ^ nAUBtlc 

Ub/c ’ 


(507, 1) 


where c^bc^ ^ABy ^BCy ^AC excess energies of the states chosen for 

zeros in the molecular partition functions over the atomic energy zeros. 
The €®’s will usually have negative values. 


§ 508. Detailed formulae for dissociation of diatomic molecules. 

Let us now consider in more detail the formulae for the dissociative equili- 
brium of a diatomic molecule, say 


AB:g^A + B. 

(508, 1) 

The atomic partition functions are given by 



(508, 2) 


(508, 3) 
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where the masses of the atoms; are the electronic weights 

of their normal states ; p^ are the nuclear spin weights. The molecular 
partition function is given to a sufficient approximation by the factorized 

where r(T) is the rotational partition function defined according to (315, 7); 
q{T) is the vibrational partition function; is the weight of the lowest 
electronic state \pAyPB nuclear spin weights, and cr^ ^ is the symmetry 

number, equal to 2 if ^ and B are identical atoms, and to 1 otherwise. The 
energy zero is the lowest quantum state of the molecule AB, Using these 
values for the partition functions, the equilibrium state of the assembly is 
given by ^ . 

rijUn J aJb ^fO,f,/kT 

Jab 


A '•'B 


•'AB 


= V ^AB^OA^OB 

{niA + msi^h^ r(T)q(T) 


^OAB 


(508, 5) 


where e^^B defined in § 507, and is usually negative. 

We notice that in (5) the nuclear spin weights for the molecule have just 

cancelled those for the atoms. It is obvious that this must happen if the 

atoms A and B are of different kinds. It also happens if the atoms A and B 

are identical, whenever the rotational-nuclear partition function r^iT) may 

be factorized as imx , /.rr.o ov 

rni^) = r(T)p^pBl<T^B. (508, 6) 

The condition for this is that the rotational degrees of freedom should be 
classical or nearly classical. For the accurate formula for r^{T) for a sym- 
metrical molecule .^4^4 is 


rn(T) = i/^(p-l)MT)-f i/9(p+l)r,(n (508,7) 

where rp(T) and r^^iT) are the sums of alternate terms in the rotational 
partition function r(T), One of these contains all the even terms, the other 
all the odd terms. Which is which depends on whether the nuclei have an 
odd or even mass. If now the rotational degrees of freedom are classical or 
nearly classical, we have with a high degree of accuracy 

r^(T) ^ r^(T) ^ ^r(T), (508,8) 

and so (7) reduces to ^n(^) = 

in agreement with (6). We shall see in §510 that a similar rule holds for 
polyatomic molecules. 

In terms of the concentrations defined by 

> ^B “ » ^AB ~ "^Ab!^ > 


(508, 10) 
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equation (5) becomes 


_ i ^mn ^n igkT) * (TabJ^^ob _p^^tikT 
{m^ + mg)*h^ riT)q(f) 

^OAB 


^AB 


(508, 11) 


In all practical applications to dissociative equilibrium r(T) may with 
sufficient accuracy be assumed to have its classical value (314, 1), and (11) 
then becomes 

^ A ^ (27r m^ rrij^kF)^ ^ab}^oaJ^^ 

( m ^- fm ^) Ui 3 87^2^4 Art g(t)i;o.4B 


^^AB 


(508, 12) 


where A is the moment of inertia of the molecule A B. This can alternatively 
be expressed in terms of partial vapour pressures in the form 


PaPb 

Pab 


(27 Tmj mjj)^(kT)^ _ _ ^ab ^oa ^o b 

(m4 + m;,)*/«3 Hn^AkT q{T)v^^^ 


(508, 13) 


The form of q{T) depends on the temperature range, and is discussed 
in §320. 


§ 509. Isotopic diatomic molecules. Another interesting simple ex- 
ample of the general chemical equilibrium is a gaseous mixture of isotopic 
diatomic molecules. For the sake of definiteness we shall consider the 
equilibrium between hydrogen and deuterium, 

H2 + D2-"2HD, (509, 1) 

but tlie formulae obtained will be applicable to any similar equilibrium 
between isotopic diatomic molecules. The equilibrium is given in our usual 
notation by 

^HP _ _*/hj> 

/h*/d2 

_ ^HD ^ HP ^OHP ^JtLL- 

^H2^D2 S'Ha^'Pa *^0Ha*^Op2 PllPji 

(509, 2) 

Let us now examine how the isotopic differences enter into the separate 
factors of (2), assuming that the rotations as well as the translations are 
classical. 

(1) The nuclear orientational factor (/>h/^i))V/^h/^p (2) is identically 

unity. 

(2) The translational partition functions of the three molecular species 
differ from one another only through the differences of mass. Hence the 
translational factor in (2) becomes 

^HD _ ( twh + wtp)^ _ /mg+nigY 


(509, 3) 
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(3) The rotational partition functions of the three species differ from 
one another only through the differences of moment of inertia. The rotational 
factor in (2) is therefore 


>4 2 


(509, 4) 


where the A 's denote moments of inertia. 


(4) The form of the vibrational partition functions will depend on the 
temperature. Usually at ordinary temperatures we have in each molecular 
species hvt^kT, and so each q{ T), and therefore the complete factor, becomes 
unity. In the opposite extreme of temperatures so high that kTphv, we 
have for q(T) the limiting form kTjhv, which for the three molecular species 
will differ through the factor v. Thus we have the two limiting cases 

= 1 (kT4,hv), (509,5) 

_?|d_ = {kT^hv). (509,6) 


(5) The electronic states are identical for all three molecular species and 
the resultant factor is unity. 

(6) The symmetry numbers are 2 for Hg and Dg, but 1 for HD. The resul- 
tant factor in (2) is therefore 4. 

Collecting these results we see that (2) becomes 


^HD _ 

^HD _ A 

\ 2mtH / 




(kT^hv), (509,7) 


(kT^hp). 


•'IhD 

(509, 8) 

It may safely be assumed that the internuclear forces and distances in 
these molecules are practically unaffected by change of mass. This being so, 

•4h,:^d,:-^hd = + (509,9) 

"h. : >'d. : »’hd = »»5* : »»5* : {2m^mol(m^ + mo)}-*. (509, 10) 


Further the e®^8 will differ only by the residual energy of the lowest vibra- 
tional levels, so that 

24D--e^.-c?). = 

(609,11) 
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”hd _ ^ 

/mH + m^ | 

r 1 




L 


'^UD _ 

'-^Ha^Dg 




(509, 12) 


Equation (12) applies to hydrogen and deuterium at experimental tem- 
peratures. Inserting numerical values (j^„j) = 3770 cm.-^), we find an 
equilibrium constant given by 


2 

K = — = 4 X l-0«e-w^. (509, 14) 

A comparison of values so calculated with the experimental values is 
given in Table 1 . The agreement is excellent. It should be mentioned that 
at the lowest temperature, 195° K., the rotations can no longer be regarded 
as classical, and so our formulae are no longer strictly applicable. A more 
exact calculation* leads to the value K = 2-87 at 195° K. 


Table 1 

Values of equilibrium constant K = 

Values calculated from iiT = 4 x 1-06 e -78/?’ 


Temperature ° K. 

195 

273 

298 

383 

543 

670 

741 

K experimental 

2*92 

3 24 

3 28 

3-50 

3-85 

3*8 

3-70 

R.M.s. deviation.s 

±008 

±008 

— 

±006 

±010 

±0-4 

±012 

K calculated 

(2-84) 

318 

3-26 

3-46 

3 67 

3-77 

3-81 


Experimental values from Rittenberg, Bleakney and Urey, J. Chem. Phys. 2, 48 (1934); Gould, 
Bleakney and Taylor, J. Chem. Phys. 2, 362 (1934). 


The equilibrium, here discussed, f between hydrogen and deuterium is an 
extreme case. For the isotopes of chlorine, of masses 35 and 37, either (7) 
or (8) leads to = 4(1 — <y), with 10“*, which is negligible. 

§ 510. Chemical constants. It is convenient at this stage to translate 
the general laws of homogeneous gaseous chemical equilibria into a more 
familiar thermodynamic form. We consider the general gaseous reaction 

aA + bB-\- ... + (510, 1) 

where 5, ..., denote molecular species and a,b,..., l,m,,.. are 

* Urey and Rittenberg, J. Chem. Phya. 1, 137 (1933). These authors have calculated K to four 
significant figures for the temperature range 50-700“ K. Deviations between these values and 
those gpven by formula ( 14) become appreciable only below 300° K. 

t Details of the analogous calculation for equilibria between triatomic isotopic molecules are 
given by Jones and Sherman, J. Chem. Phya. 5. 376 (1937). 
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small positive integers. We can abbreviate (1) to 

(510,2) 

The condition for chemical equilibrium is 

'La/iA = (510, 3) 

Now we have for each partial potential // a formula of a definite type, 
according to whether the Hj)ecies is monatomic, diatomic, polyatomic linear 
or non-linear. We have already obtained these formulae in Chapter ill on 
the assumption that the rotational degrees of freedom are classical. They 
were there expressed as functions of the concentrations N/V, and alter- 
natively as functions of the partial pressures p. The two forms are of course 
simply correlated by use of the equation of state in the form 

p^ = -y^kT. (510,4) 

For our present purjKise it is convenient to regard //^ as a function of the 
partial j)re88urep^. In Chapter iii we chose as the internal energy zero for 
each molecular species the state of lowest internal energy. This choice is 
the natural one as long as each molecular species is regarded as a permanent 
system. But we are now allowing molecules to react with one another 
chemically, and it is therefore necessary to revise the energy zeros, so that 
they become consistent with the energy changes accompanying cliemical 
reaction. We therefore denote the energy of the lowest internal state of the 
molecule A by We may, if we wish, set zero for the usual molecular 
form of each element, but will still differ from zero for compounds. The 
partial potential fi ^ will now contain an extra term as compared with the 
formulae used in Cha])ter iii. For convenience we collect the several for- 
mulae here. 


Monatomic molecules : compare 


log A = + log;) - 1 log T - log i;o/)j • (510, 5) 

Diatomic molecules : compare (321, 3) 

Jog'' = + 

Polyatomic linear molecules: compare (329, 7) (519, 6) 

logA = = 4 ^ + logp-|log7’-S„loggr„(7’)-log|^-^:^^^- . 

(610.7) 
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Non-linear moleciUes : compare (329, 8) 

- «o* M „ ,, 

In these formulae m is the molecular mass. A, B, C are principal moments 
of inertia, q(T) or q^,(T) is the partition function for a single vibration, Vq is 
the electronic weight of the normal state, cr is the symmetry number, and 
is the product of the nuclear spin weights. 

All these formulae for different types of molecules are conveniently 
summarized in the form 

It ~ ~k ^ ~ - - log/». (510, 9) 

where Cp,j are molecular constants (independent of T, p). Their values are 
as follows: 


Monatomic molecules: \qJ,T)= 1] 


c%lk=l, j = log[^' -^3 ’ i-oj. 

(510, 10) 

Diatomic molecules and polyatomic linear molecules: 


^pIK-z, J-iog a- r 

(510, 11) 

Non-linear molecules: 

<Mk .4. j. , 

(510, 12) 

We can now compare these statistical formulae with formulae obtained 
entirely by classical thermodynamics. We shall assume that for each gas 
there is a range of temperature in which the rotational degrees of freedom 
are classical (unless the molecule is monatomic), while the vibrational 
degrees of freedom are unexcited. We select any temperature in this range 
and denote it by T®. We now write formally 

C'(T) = Cp-C% (T>T% 

C'(T) = 0 (T<T«), 

(510, 13) 


where C% is the constant value of Cp in the temperature range around T®, 
while C'{T) represents deviations of Cp from this value at higher tem- 
peratures. Thus C^Tl-^Oas T-^T^, It is evident that thus defined is 
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the same quantity as that hitherto denoted by the same symbol. We can 
then by pure thermodynamics derive* for fi the formula 


/I 

kT~ kf 


+ logp- 


k 




(510, 14) 


where is the value to which H tends as T 0 and^Q is a molecular constant 
independent of T and p. The value of this integration constant Jq is left 
undetermined by thermodynamics, but we shall see that it is determined 
by the statistical formulae which have already been obtained. 

Let us compare the thermodynamic formula (14) with the statistical 
formula (9). Since for a perfect gas H = E-\‘kT, it follows that for T == 0 
there is no difference between H and E so that H® = -E® = e®. Thus the terms 
in the two formulae proportional to 1/T agree. The terms containing p and 
Cj> evidently also agree. We can also show that the term containing C'(T) 
in (14) is equfikl to when qJ,T) is so defined that the 

energy of the lowest state is zero: g^(0) is the weight of the lowest vibrational 
state for the normal mode v, and this weight is alwayfi unity. Hence the 
term containing &(T) in (14) is equal to the term — 2„logg^v(T) in (9). 

The integration constant Jq in (14) is represented by j + Slogp in (9). 
There is thus complete agreement between the statistical formula (9) and 
the thermodynamic formula (14). But the statistical method leads to an 
evaluation of the integration constant about which the thermodynamic 
method gives no information. The constants j are called the chemical con- 
stants of the relevant molecules. 

The reason for separating the term Slogp in (9) instead of including it 
in j is that, in applying (9) to any chemical equilibrium, we shall find that 
all the terms involving nuclear spin weights cancel, and there is therefore 
no need to evaluate them. The term S logp is thus chemically unimportant, 
and could be omitted without affecting any chemical deductions. It is not 
even necessary to know the nuclear spin weights, and actually they are not 
yet all known. This cancellation of the nuclear spin weights is dependent on 
the rotational degrees of freedom of the gaseous molecules being at least 
approximately classical. For strictly the rotational-nuclear partition 
function is the sum of terms each of which is the product of a nuclear spin 
weight and a rotational factor. These terms can be grouped according to the 
symmetry properties of the rotational eigen functions, and the nuclear spin 
weight factor will have the same value for each of these groups, but will vary 
from one group to another. A rotational-nuclear partition function of this 
form cannot strictly be factorized into a rotational and a nuclear factor. 
But if the rotational degrees of freedom are classical or nearly classical, then 


* Sm M,T. Chapter xiv. 
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it can be shown that, with a high degree of accuracy (except for Hj, Dg at 


low temperatures), 


rn(T) = r(T) 


Up 


(610, 16) 


where r(T) is the complete rotational partition function containing terms 
for all rotational states whatever their symmetry properties, Up is the 
product of the nuclear spin weights of the atoms present in the molecule, and 
cr is the symmetry number of the molecule, defined as the number of in- 
distinguishable orientations of the molecule. Fortunately the approximation 
(15) is adequate in all chemical applications, and we shall see that con- 
sequently all nuclear spin weights may be ignored. 

Let us now transform the equilibrium condition (3) for the chemical 
reaction (1) or (2) into the familiar law of mass action in terms of partial 
vapour pressures, namely 






By using (9) for the partial potential of each species, we find that 


(510,16) 




V A^p)l 


k 


logT 


+ {2^ 1 2„ log T)-Y.^a 2„ log T)} + {Sj, aj^}. 

(510,17) 

The values of C%lk and j are given by (10), (11), (12) for monatomic, linear, 
and non-linear molecules respectively. It is now evident that the nuclear 
weights cancel. Formula (17) can also be written as 






logT + 


Jo 7^1 Jo 


A2c'(7i) 


dTg-fASj, (610,18) 


where the operator A denotes the increase in the value of any quantity 
when the chemical reaction takes place to the extent represented by 
'LaA-^lLlL, Atf® is the limiting value of A// or A£7 as T-^0. Thus written 
(18) is purely thermodynamic and is in principle due to Nernst. Thermo- 
dynamics can predict nothing concerning the values of the chemical con- 
stant j, but asserts only that there is one chemical constant for each gaseous 
molecular species, and that this same constant will occur in all chemical 
equilibria in which that particular species takes part. This is the reason for 
the name chemical constant. Statistical mechanics gives us the values of 
these constants. 

All the formulae of this section, except those for monatomic molecules, 
involve the assumption that the rotational degrees of freedom are classical. 
We postpone to § 524 a discussion of how to amend them when this condition 
is not fulfilled. 
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§ 511. Chemical constants of isotopic mixtures. If we are inter- 
ested in equilibria between isotopes, each isotope must be treated as a 
sei)aratc chemical species and there is no special difficulty. We have already 
in §509 given an example of such a problem. More often we shall not be 
interested in the isotopic composition, and it will be more convenient to 
ignore the existence of isotopes. We shall now explain how this may be done. 

Consider for example the parallel reactions 

+ (511,1) 

DR+BR^D^ (511,2) 

+ (511,3) 


where H, D denote the isotopes hydrogen, deuterium, while R denotes a 
single atomic species such as ®*C1. If we define the equilibrium constants 
of these reactions by 


PUtPliitiPllR)^ = 

(511,4) 

PHtPaJ^PDR)^ == 

(511,6) 

PhdPuJPurPdh — -^HD» 

(511,6) 


and express these equilibrium constants in terms of partition functions, 
we find that the symmetry numbers of H 2 , D 2 and R^ contribute factors 
1/4, 1/4, 1/2, to Kii^, ^dd» ^hd respectively. Hence we have the approxi- 
mations 






(511,7) 


the inexactness of the equalities being due to differences of mass, moments 
of inertia, vibrational frequencies, and residual vibrational energies. If we 
do not wish to distinguish explicitly between the isotopes H, D, the effective 
equilibrium constant is defined by 


K = {Pb,+Pd, + Phd)Pr,I(Pur+Pdr)^- ( 511 , 8 ) 

From (4-8) we deduce that 

A"hh — — i^HD» (511,9) 


and so the effective chemical constant^* is approximately given by 

j -Jrh-Jdd -Jud - log 2. (51 1 , 10 ) 

We can write (10) alternatively in the form 

(511,11) 

where jijT) ^ fictitious chemical constant, obtained by applying to HD the 
formula for the chemical constant of a molecule with symmetry number 2. 

To obtain a more accurate value of the effective chemical constant j we 
take a weighted average of the true chemical constants juu, and the 
fictitious chemical constant Jhd: 


(511,12) 
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where are the relative amounts of Hg, Dj, HD expressed as 

fractions of Hg + Dg + HD. As the values ofjn^, differ greatly 

from one another, we require only rough values of in (12). 

But to §509., .bowed th.t 

If 1 — ^ and ^ are the fractional abundances of H and D atoms regardless of 
the state of combination, then (13) is equivalent to the relations 

•• ^HD •• = ( « “ S)" : 2^( 1 - g) : ^2. (511,1 4) 

We may therefore write in place of (12) 

j = ( 1 - + 2^(1- i) /„p + (511,15) 

Thus in the formula for j we must use an effective mass m defined by 

logm= (l-^)21ogmp^+2g(l-^)logm,jp4-^MogrWi),, (511, 16) 
and an effective moment of inertia A defined by 

logA = (I - ^)"log AH^ + 2g(l ~g)logto‘l„p + piogAp^. (511, 17) 

Exactly analogous considerations a])ply to other isotopic mixtures. We 
have therefore the simple rule, that, as long as we are not interested in the 
separation of isotopes, we may ignore their existence, excci)t in so far as 
we use correctly averaged values for the properties of the isotopic mixture. 

§512. Equilibrium between a crystal and its vapour. We turn 

now to the equilibrium between a crystal and its vapour. The thermo- 
dynamic condition for eijuilibrium is 

(512,1) 

where the 8uperscri})t G refers to the gaseous phase, and the superscript K 
to the crystal ])hase. If then we can by statistical methods evaluate and 
the equilibrium is statistically determined. We have already given 
formulae for and //^', and the equilibrium is correctly given by using 
them. But we must not forget that thc^se values were obtained from 
and which in turn were arbitrarily defined by (225,4) and (408,1) 
respectively. It is true that we proved that F^, F^ depend on T and on V 
in exactly the same way as the thermodynamic free energy, but their 
de[iendence on N was there assigned quite arbitrarily. To complete the 
statistical argument we should determine a priori the statistical condition 
for equilibrium betw^een crystal and vapour, and then show that this can 
be put into the form ( 1 ) with the values of F^^, F^ and so of hitherto 

assumed. To this we now proceed. 

We consider an assembly of total volume V and total energy E containing 
altogether N molecules. We commence by considering an example of the 



176 Chemical Equilibria and Evaporation [512 

assembly, in which n of the molecules are in the gas and N — n are in the 
crystal. Let f(z) be the partition function for gaseous molecules, and let 
k(z) be the partition function per molecule in the crystal as defined in § 408. 
Then by the usual method of counting complexions we find, to the accuracy 
with which classical statistics are applicable, that the total number of com- 
plexions for this example of the assembly is equal to the coefficient of 

“ Wz)}^--"exp{x/(z)}, (512,2) 


in which k(z) and f(z) must refer to the same energy zero. 

If we neglect compressibility, the volume V per molecule in the crystal has 
a definite value at each temperature. The volume of the vapour phase for 
the particular example of the assembly which we are considering will be 
V -{N — n)V. We therefore know that f(z) will contain F — (iV^ — n) F as a 
factor, and will otherwise be independent of K, N and w. We therefore define 

S(z) = <j>(z){V-(N-n)V}, (512,3) 


and <j>(z) is then independent of F, N and n. The total number of complexions 
for the example of the assembly being considered is then the coefficient of 

i|r» 

{/c( 2 ))^ '‘exp(x 9 i(z) F — (N — n)x<l>{z) F}, (512, 4) 

or alternatively the coefficient of x^z^ in 

exp{(iV — n)log[a;/c(z)] 4 -a::^( 2 ) F - (N -n)x(l>(z) V). (512, 5) 

Finally, in an assembly in which evaporation and condensation are pro- 
ceeding freely, all values of n from Oto N are possible, and the total number 
of complexions for the assembly could be obtained by summation over all 
possible examy)le8. This summation is, however, neither convenient nor 
necessary. 

All average properties of the assembly would be known if we knew the 
average value of n. For it can be shown that this knowledge would com- 
pletely fix the average volumes and energies of the gas and crystal separately. 
The average properties of each would then be determined according to the 
formulae of Chapters iii and iv respectively. Thus the whole problem is 
reduced to determining the average value of w. In §515 we shall briefly 
outline how this can be done. Anticipating this we shall here merely quote 
the result and examine its consequences. 

It can be shown that the average value of n is that value of n which makes 
the expression (5) have a maximum, when z is replaced by # or and 

x by the value of A in the gas corresponding to this value of n. It can also be 
shown that this value of n is determined by the condition that the coefficient 
of (jV — n) in (5) should vanish, when z is replaced by and x by the 
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value of A in the gas. If we provisionally accept this, then the average state 
of the assembly is determined by the relation 

log{A^/f(d“)} = A®0(il>) F. (512, 6) 

But from the definition (3) of and from (225, 3) 

'A^^(#l = w/F^, (512,7) 

where n is the average number of molecules in the gas and F^' is the average 
volume of the gas. Substituting (7) into (6) we obtain 

log A" = - log K + V. (5 1 2, 8) 

Before interpreting this formula we shall derive an extended form of it. 

§513. Crystal and vapour in the presence of inert gases. We 

consider an assembly consisting of a crystal composed of molecules A , and 
a gaseous phase containing molecules of A and of an inert gas B, which has 
no interaction with the crystal other than exerting a pressure on it by mole- 
cular bombardment. Let the total number of A molecules be N and the 
number of B molecules be N\ If the B molecules have a partition function 
/'(z), and we define (f>'{z) by the relation 

Az) = F^V»> (513,1) 

then the number of complexions for the example of the assembly, when the 
number of molecules A in the gas phase is w, is given by the coefficient of 
in 

exp{(iV’ — n) log[a;/c( 2 )] 4 - x(f>(z) V — {N — n) x</)(z) V 

+ #'(^) V-(N-n) y(j>'(z) V). (513,2) 

This expression is the obvious extension of (512,5). It is to be observed 
that the partition function f'{z) depends on n through the factor but 
<j>\z) is independent of N, N', n. The average value of n is again given by the 
condition that when we replace z by # = x by A^, and y by A^, the 

coefficient of {N — n) in (2) must vanish for the values of A^, A/^ corresponding 
to the required average value of n. This condition is 

log[A^M^}} = V + A^^'(^) F. (613, 3) 

Using the definitions of <f> and and (225, 3), this becomes 

\ogA^ = -logK + ^f V, (513,4) 

or using the equation of state of perfect gases 

logA^ = - logK + PvjkT, 
where P is the total pressure of the gas. 


( 513 , 5 ) 
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§ 514. Thermodynamic interpretation. We have derived formula 

(513, 5) by purely statistical reasoning, and can now translate it into thermo- 
dynamic terms. It must be remembered that the value of occurring in 

(513. 5) is the value of for a gas having the composition of the actual 
vapour in equilibrium with the crystal. To emphasize this point we add the 
superscript 0 to A^ and can now drop the subscript A, We thus rewrite 

(513.6) as logA® = -log/c + PF/tT. (514,1) 

The right-hand side of ( 1 ) is determined entirely by the temperature of, and 
the total pressure on, the crystal. We may therefore regard (1) as the con- 
dition for equilibrium between crystal and vapour recalling the thermo- 
dynamic condition ^ 2) 


since in (2) as in (1) the left-hand side is a function of the state of the gas, 
and the right-hand side a function of the state of the crystal. We can now 
go further and identify (1) with (2) if we define the partial potentials pPy 
in terms of statistical quantities by the relations 

= iTlog A^, (514, 3) 

2= — inog/c + Pr. (514, 4) 

But (3) and (4) are exactly the definitions which we have already used 
tentatively in Chapters m and iv. We have now completed the justification 
for these definitions, by showing that they enable us to arrive at the usual 
thermodynamic conditions of equilibrium (2) from purely statistical con- 
siderations. 

For some purposes it is convenient to introduce a statistical quantity A^ 
for the crystal related to k by 


logA^ = -log/f + PF/ifcr. (514,5) 

We then have in both the gas and the crystal the same relation between 


fi and A, 


fi = i;TlogA, 


(514, 6) 


and the condition for equilibrium between vapour and crystal can be 
expressed in the form 

We accordingly call A the absolute activity in either phase. 

From (4) we derive for the contribution of each molecule to the free energy 


of the crystal 


J?’ = /^~Pf= -kTlogK, 


(514, 8) 


in agreement with formula (408, 14). To complete the justification of this 
formula, introduced in Chapter i as a tentative assumption, we have had 
to consider variations in the number of molecules in the crystal. This could 
not conveniently be done at an earlier stage. 
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§ 515, Mathematical derivation of the results of the preceding 
sections. We start with a few words of further explanation of (512, 5) 
and (513, 2). According to the general principles of short cut methods for 
enumerating complexions laid dowm in (Chapter i, in order to enumerate the 
complexions contributed by all examples of the assembly, in which there 
are just N — n molecules in the crystal, it is sufficient to treat the crystal as 
one permanent system of iV — n molecules, and to exact the proj)er symmetry 
requirements for the remaining n non-localized molecules in the vapour 
phase. With the notation of § 512 it is at once clear that the number of com- 
plexions is strictly the coefficient of in 

{/c(2)}^-«Il^(l ± (515, 1) 

This number is also the coefficient of in 


exp{(iV - n) log[.i:/c( 2 )] -f 2^ log( 1 ± xz^r)±^}. (515, 2) 

Now when the classical approximation to the statistics of the gas phase is 
sufficiently accurate, all the terms log(l ±xz^r)±^ reduce effectively to 
and this reduction may be made from the start. We therefore find that the 
total number of complexions contributed by examples with n molecules in 
the gas phase is the coefficient of x^z^ in 


exp((xV - n) loglx/c( 2 )] + xf(z)}, 

that is in e\Tp[(N — n)\og[xK(z)]+x^{z)V — (N — n)x(j>{z)V), (515,3) 

where/( 2 ) is the gaseous partition function for each molecule when there are 
wof them in the gas, sothat/( 2 ) = {V — {N — n)V}(f>(z) as postulated in §512. 
Exactly similar arguments establish (513, 2). It is assumed in this argument 
that V is correctly known a priori. 

If we denote this number of complexions by we have therefore, by 
using Cauchy’s theorem twice, 

C, = exp{(iV - n) \og[xr.(z)] + x^(z) V-(N-n) x<f>(z) V). 

(515,4) 

For the complete set of complexions C we have 


(7 = 2,6;, (516,5) 

and by the fundamental hypothesis of statistical mechanics 

Cw =2,n6V (516,6) 

Now it can be proved* rigorously that a sufficiently accurate approximation 
for log^; is obtained by replacing the integral (4) by the value at the col 


See S.M. §5-41. 
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of the factor multiplying dxdz/xz in the integrand. This approximation gives 
log 0^ = {N — n) log{A/f(i?)} -I- A^(d) {V — (N — n)V} — N log X — E log^, 

(515.7) 

where # and A are the unique roots of the pair of equations 

(515.8) 

A = A{ K - (iV - n) K} <!>{») + {N-n)-N = Q. (515, 9) 

OA 

The parameters # and A so determined are functions of n. 

We now seek to evaluate C and Cn by searching for the maximum value 
of log (4 given by equations (7), (8) and (9). It must occur where 

d log CJdn = 0, 

that is where + + = 0. (515, 10) 

Owing to the subsidiary conditions (8) and (9) this reduces to 

or -log{A/c(^)} + AF0(#) = 0. (515, 12) 

It can be shown that (12) determines a unique maximum among the terms 
of the series at n = n*. On referring to equation (9) we see that it is also true 
that at this maximum 

A = n*/{V-(N-n*)V}^(») = = n*//G'(i^), (515, 13) 

the superscript 0 denoting, as usual, the value in the gaseous phase. From 
(13) we see that A in (12) has the value characteristic of the gas phase for 
the corresponding values n* of n and provided that # may be identified 

with This identification may be made at once, if we consider a more 

inclusive assembly which contains, besides the complex crystal-vapour 
system, an ordinary gas of molecules, or a set of oscillators constant in 
number, capable of exchanging energy with the crystal- vapour system, but 
composed of entirely distinct molecules. The equilibrium state of this 
assembly will be governed by a common value of the parameter d', and, in 
the part of the assembly distinct from the crystal-vapour system, we may 
suppose that the identification of and has already been made. 

It can be proved further that n = n* corresponds to such a strong maxi- 
mum among the terms of the series (5), that the terms in the immediate 
neighbourhood of this value make the dominant contribution to C. Similarly 
the terms in this neighbourhood in series (6), or any similar series with a 
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slowly varying extra factor such as n, make the dominant contribution. 
It follows at once that 

w = n*, (615,14) 

and further that any other average quantity, such as or has a value 
derived entirely from these terms, and therefore corresponds to the ordinary 
values obtained when n is fixed at n = n*, as we have already assumed. 
The statistical proof of the results used in § 512 is thus completed, and those 
of § 513 may be established in exactly the same way. 


§ 516. Vapour pressure of a crystal. We can now obtain an explicit 
formula for the vapour pressure of a crystal, by substituting into the 
thermodynamic equilibrium condition 

(516,1) 

the values for and obtained by statistical mechanics. 

For we have by (510, 9) 

/i^jkT = eJkT + log p - (C^plk) log T - i:,, log T)~j -I, log />, 

while for we have by (514, 4) (*^1^> 2) 

fi^jkT = -log K(T) + PVjkT, (516, 3) 

We must now consider more carefully the form of k(T). In all formulae 
where evaporation and condensation are permitted it is of course essential 
that the gaseous and crystal partition functions should be referred to the 
same energy zero. We therefore have for the crystal, using the notation of 

= (516,4) 

where Cq denotes the energy of the lowest quantum state of a gaseous mole- 
cule, and X denotes the excess of this energy over that of a molecule in the 
crystal in its lowest quantum state; (x{T) is the partition function per mole- 
cule for the acoustical modes; j(T) is the ]:)artition function for the internal 
degrees of freedom of the molecule in the crystal, f We can further usually 
assume that, in the accessible temj)erature range, the only factors of j(J’) 
which are temperature dey)endent are those from the internal vibrational 
modes. We may then write ^ (5i6. 5) 

where ^(T) is the partition function for all the internal vibrations, is the 
w^eight of the lowest electronic state, and Up is the product of the nuclear 
weights. Finally o is an orientational factor, usually unity; it can, however, 
differ from unity if there are several distinguishable orientations of the 
molecule in the crystal with efiFectively equal energies. We shall have much 

t There should be no confusion between j(T) in formulae (4) and (6) and the symbol J for the 
chemical constant. 
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to say about o, but at this stage all we need emphasize is that o, like and 
the p’s, is temperature independent. 

If we now substitute (5) into (4), and then (4) into (3), we obtain 

If we now substitute (2) and (6) into ( 1 ), we obtain for the vapour pressure 
over the crystal 

logp = -x/Jfcr+PF/tT+{(c5./A-)iogr+s,iog«,(r)}» 

- {log a(T) + log Q(T)]^ +y® - log{ot;f }, (616, 7) 

the nuclear weights again cancelling. This result is, as it must be, indepen- 
dent of the common energy zero used for the energy states in the crystal 
and in the gas. Superscripts 0 and K have been inserted to distinguish 
functions referring to the gas and the crystal respectively, but they will in 
future be dropped whenever there is no danger of confusion. 

§517. Vapour pressure constants. We can translate (516, 7) into 
thermodynamic form as follows. We pointed out in § 610 that 

S«logg?(7’) = dT^, (617,1) 

where C' is defined by (510, 13). Inanexactly similar way it can be shown that 

log{a(r) Q{T))^ = (617, 2) 

where is the molecular heat capacity of the crystal,* provided that the 
int.egral converges, and no degrees of freedom other than the acoustical and 
the internal vibrations contribute to C^, We shall consider these restrictions 
later. Substituting (1) and (2) into (516, 7) we obtain 

logp = -;^/*T + PF/A:T + i^log7’+J^^^J^ dT. + i, (517,3) 

where i = j — log ov^. (517,4) 

i is called the mpour pressure constant, 

§ 518. Relation between vapour pressure constants and chemical 
constants. Formula (517, 3) for the vapour pressure of a crystal and 
formula (510, 18) for the equilibrium constant of a gaseous equilibrium are 
both obtainable by pure thermodynamics, and were effectively first so 
obtained by Nernst. But classical thermodynamics can predict nothing 


• Our choice of energy zero and weight factors is such that a(0) = ^(0) = 1. 
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about the values of the two integration constants, namely the vapour 
pressure constant i in the former case, and the chemical constant j in the 
latter. Statistical mechanics, however, predicts the values of both, and in 
particular the relation between them, 

^ =i-logot;f. (518, 1) 

F or the majority of crystals o and vf are both unity, in which case i and j are 
identical. The two constants are, however, in principle different* and must 
not be confused. 

We shall see that one version of Nernst’s heat theorem is equivalent to 
the assertion that « 

= 1, (518,2) 

which leads to i = j. (518, 3) 

If this were valid for all crystals, there would be no necessity to continue 
to distinguish between the vapour pressure constants i and the chemical 
constants j as they would be equal. We shall discuss the conditions for the 
validity of (2) in great detail in §§ 536-539. Meanwhile we shall continue to 
distinguish between i and j. 


§ 519. Heterogeneous reactions. We have so far considered homo< 
geneous gaseous equilibria and equilibria between a single crystal and a 
vapour phase. Any heterogeneous equilibrium between several pure crystal 
phases and a vapour phase can be regarded as a superposition of the two 
types of equilibrium already discussed. There is therefore no need to discuss 
the more general type of heterogeneous equilibrium in detail. We shall refer 
only to one type of special interest, namely an equilibrium between pure 
crystals only, the vapour phase not occurring in the equilibrium equation 
being discussed. This does not mean that the presence of a vapour phase is 
excluded, but merely that every species taking part in the chemical process 
being discussed is present in a pure crystalline phase as well as in the vapour. 

Let us consider the process 

aA +55+ ... = ZX + mif + ... (519, 1) 

occurring between crystalline phases, and let us use the operator A to denote 
the increase in the value of some function for the whole assembly when 
a molecules A, 5 molecules 5, ... are isothermaUy and at constant pressure 
replaced by or changed into I molecules L, m molecules M We have then 

AS/t = A£(e®-x) + i’A2F-i;?’AElog{a(7’) Q(T))-kT ^Zlogovf. 

^519, 2) 


Cf. Eucken and Fried, Ztit. Phyt. 29, 36 (1924). 
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In thermodynamic notation this becomes 

M.fi = AfJ<^ + PM.V-T\ M.CdTz-kTM.\ogov^, (519,3) 

JO Jo 

where AJ^® is the limiting value as 0 of for the reaction between the 
crystals. Formulae (3) is derivable from pure thermodynamics* except for 
the definite value, a S log oi;f = A 2 (j - i), (619, 4) 

of the coefficient of —kT in the last term. 

The value of AE/^ can be determined experimentally at a given tem- 
perature T by electromotive force measurements, provided the process can 
be made to take place reversibly in such a manner as to give an electric cell. 
Alternatively one can measure the transition temperature, that is the tem- 
perature at which the direction of the naturally occurring process becomes 
reversed. At this temperature A E/i is zero. AU the terms on the right of (3) 
except the last can be determined by calorimetric and density measurements. 
Consequently, when these data have been obtained, a determination of the 
transition point, or a measurement of electromotive force, fixes the experi- 
mental value of the integration constant (4). 

As already mentioned, for the majority of crystals ovf is certainly unity, 
and the integration constant (4) is then zero. The vanishing of (4) is the 
statistical equivalent of Nernst’s heat theorem. 

§ 520. Perfect mixed crystals. We have hitherto in this chapter 
considered only simple crystals composed of one type of molecule. The 
formulae are easily extended to mixed crystals in the special case that the 
different molecules forming the mixed crystal are very similar. This case 
has been discussed in §415, where we found that the partition function 
K(T) for a crystal containing molecules A and molecules B has the 
form 

K(T) = (520, 1 ) 

The essential approximation is that the acoustical partition function oc(T)y 
the internal partition functions and the energies Xa* Xb should 

all be independent of the ratio : iV^, and of the different configurations 
of the molecules in the lattice. It may safely be assumed to be accurate for 
a mixture of isotopes, which is the case to which we want to apply (1). 

The free energy of the whole ideal mixed crystal is given by 

F = -fcTlog K(T) 

^-N^kT log{e^*^ a(T) jJT) (N^ + N^yNJ 

+ Ns)INb}, (620, 2) 

• See M.T. Chapter xiv. 
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using Stirling’s approximation for log(iV^ + ^Vg) !, log^^! and log^s*- 
the Gibbs function 0 we have 


0 = -NAniogeX^l>‘Ta{T)jJT)(N^ + Ns)INJ 

- NBkT{logex^'‘^ a{T) js(T) (N^ + + PV, (620, 3) 

and so for the partial potentials 

Pa = PyA-XA-k'P\og{a(T)jjliT){N^ + NB)IN^), (620,4) 
Pb = PVB-XB-lcT\og{oL(T)j„(T) (N^ + Ns)INb}. (620, 5) 


If we compare (4) with the partial potential of ^ in the pure crystal we 
obtain 


liAT,P) = ti^AT,P) + kT\og 


N, 


(620, 6) 


where pij{Ty P) denotes the partial potential in the perfect mised crystal, 
and ( jT, P) the partial potential in the pure crystal at the same temi>erat ure 
and pressure. 

The extension to ideal mixed crystals of more than two molecular species 
is obviously 


//^(T,P)=//«(T, P)^kT\ogx^ 


(520,7) 


where denotes the molecular fraction of A in the crystal defined by 

a: 4 = N^j (A 4 + Nq 4- . . . ). (520, 8) 

The partial vapour pressure of A over the ideal mixed crystal is obtained 
by equating the partial potentials of A in the crystal and in the vapour. 
The r^ult obtained!. P) . P)^^. (520, ») 


where p^(T, P) is the partial pressure of A over the ideal mixed crystal and 
P® 4 (T, P) is the partial pressure of A over the pure crystal at the same 
temj)erature and total pressure. 

By comparing the value given by (2) for the free energy of the })erfect 
mixed crystal with the values for the crystals of the single component 
substances, we find for the free energy decrease - AP on mixing 

- Af’ = fcrj.y, log + .Vb log — > 0. (520, 10) 

The corresponding entropy increase ^8, usually called the entropy of 
mixing, is 

We notice that the entropy of mixing of a perfect mixed crystal is given 
by the same formula as (505, 12) for the entropy of mixing of two perfect 
gases at constant total pressure. 


~Na ' 


+ Nb log > 0. (620, 1 1 ) 
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§521. Vapour pressure of a crystal composed of isotopes. Fora 
crystal composed of isotopes we see by using (520, 0) that the partial pressure 
of the isotope* is given by (621,1) 

where is the partial pressure of the isotope t over its pure crystalline 
phase at the same temperature and total external pressure. The total vapour 
pressure p of the crystal is given by 

p = J^iPi =» (621, 2) 

This formula is exact for ideal mixed crytals, and so prsustically exact for 
isotopes. It is, however, inconvenient to use, and since the differences 
between p^ for various isotopes are in the most unfavourable case of H 2 
and Dj only one part in seven, we may replace (2) by the approximation 

logp = 2<x<logp<, (621, 3) 

with an error less than 1 % in this most unfavourable case. We then obtain 
for the vapour pressure of the crystal 


log? - - jy+tf yjJ. - 


where Cp, Fhave the same values for all the isotopes, while x> ^ 

taken as weighted averages of the values Cfy for the several isotopes 


according to the rules 


X = ^i^iXi> 

(521,5) 

C' = £,-X(Cj, 

(621,6) 

C«= S,x<Cf, 

(521,7) 

* ~ S^Xj*^. 

(521,8) 


Since the values of x, C\ are determined directly by calorimetric measure- 

ments, it is the formula for i that has particular interest. 

We see that formula (8) relates the vapour pressure constant of the iso- 
topic mixture to those of the pure single isotopes. Now the vapour pressure 
constants t, of the isotopic molecules may differ from one another owing 
to differences of mass differences of moments of inertia 
differences of the symmetry number and differences of the weight ^ 
for the molecule in the crystal in its lowest energy state. The effect of 
differences in mass and moments of inertia is taken account of by using 
average values as already described in §511 for the analogous chemical 
constants j. There is no reason to expect the electronic weight in the crystal 
to be different for different isotopes. There remain the symmetry number 
(Tf of the gaseous molecule and the orientational weight in the crystal 
to be considered. These occur in the vapour pressure constant as the 


combination 


- log (7, 0 ,.. 


(521,9) 
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Now it can be shown that as changes from one isotope to another, 
varies in the inverse ratio to and consequently (2) has the same value for 
all isotopes. Instead of giving a general proof of this we shall verify it for 
a simple example. 

Let us compare the molecules »*C1 ^^Cl, ^’Cl *’C1, »®C1 ®’C1. For the 
molecules *^C1®^C1, ^’CP’Cl the symmetry number a is 2, while for the 
molecule ®®C1 ^’Cl it is 1. In the crystal on the other hand o for ^®C1 ®’C1 will 
have double the value for ^®C1 ^®C1 or ®’C1 ®’C1, because each molecule 
^^CP’Cl can be reversed to give a physically distinct state of the crystal 
of eflFectively equal energy. Thus the product ao has the same value for the 
three types of molecules. It is easy to verify this in all more complicated 
cases. 

We have then the simple rule for calculating the vapour pressure constant 
for a mixture of isotopes regarded as a simple substance. The molecular mass 
and moments of inertia are assigned values averaged according to the 
proportions of the several isotopes. Apart from this all the isotopes are 
treated as identical, and the isotopic nature of the mixture ignored. 

§ 522. Effects of ortho -para separations. As we have already seen, 
molecular hydrogen (and deuterium) must frequently be treated as mixtures 
of two separate substances, para-hydrogen and ortho-hydrogen, owing to 
the slow rate of interchange between the para and the ortho states in the 
molecular form. There are special reasons why this division becomes 
prominent and important for hydrogen; the first is that its rotational degrees 
of freedom in the gas become non-classical at easily accessible tem[>eratures; 
the second we shall examine in detail in § 531. The division, however, must 
undoubtedly occur for all other molecules of type and similar more 
complicated divisions will occur for j)olyatomic molecules of this or higher 
symmetry. In calculating chemical constants and vapour pressure con- 
stants for such substances we commonly entirely ignore these divisions, 
just as we ignore the separation of an element into isotopes. It is important 
to see why this neglect is in general justified. We shall be content to examine 
only the simplest case of a molecule in which the spin weight of each 
atomic nucleus is p. 

(1) The symmetrical molecule X 2 with equilibrium maintaiued between the 
para and ortho states. We have already seen in § 508 that the nuclear sym- 
metry requirements in the eigen functions can be completely taken care of 
in the gas phase by introducing the symmetry factor l/ar and setting 

rjr) = r(r)ip*, (522,1) 

provided the rotational degrees of freedom are classical or nearly classical.* 

* This approximation in far more accurate than the claasical approximation for r{T) itaelf. 
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We shall now show that there is a similar simplification in the solid phase. 
In general, and certainly for all molecules X 2 no longer rotating in the 
crystal, each molecule JCg will have, apart from nuclear spins, one para 
and one ortho state of least energy, these energies being eflPectively equal. 
These two states are the correct stationary states, which correspond to the 
two classical states provided by a single natural direction of equilibrium, 
and the possibility of turning the molecule end for end. The complete lowest 
energy terms in the partition function for the vibrations and nuclear 
orientations of each molecule in the crystal are therefore 

- 1 ) + + 1 ) (522, 2) 

where S is the (negligible) energy difference between the para and ortho 
vibrational states. These two terms therefore reduce to the factor and 
the same factor occurs in all the higher vibrational states when these need 
to be retained. Thus the nuclear spins in the crystal still make the standard 
contribution to Up, which could with equal propriety be regarded as the 
simple factor p per atom in the crystal. 

(2) The symmetrical molecule X 2 when the para and ortho states must be 
regarded as effectively non-combining. The above arguments apply only 
when there is full equilibrium between the para and ortho states of mole- 
cules of each type. This equilibrium in general is not preserved, and the gas 
and the crystal must each be treated as a perfect mixture of distinct sets of 
para and ortho molecules, exactly equivalent to an isotopic mixture. The 
rotational partition functions rj^{T) and r^^{T) for the two types of gaseous 
molecules consist one of the even and the other of the odd terms of r(T), but 
provided the rotational degrees of freedom are classical or approximately 
classical we can assume that with a very high degree of accuracy* 

r^(T) = rJT) = Hn (522,3) 

The two forms have therefore the same rotational partition function. 

In the crystal phase the two forms, if librating, have sets of states whicli 
differ insignificantly in energy and lead therefore to equal partition functions. 
If effectively rotating, the same arguments apply as in the gas phase, so 
that in all cases and in both phases the rotational and vibrational partition 
functions of para and ortho molecules may be taken to be equal. 

It follows from this equality, by reasoning exactly parallel to that of our 
discussion of isotopes in §521, that the para and ortho forms occur in 
effectively the same proportions in the crystal and the gas. The j)ara and 
ortho forma have nuclear spin weights 1) and ip(p+ 1) respectively, 

but these make equal contributions to the partition functions of each type 


* These approximations are far more accurate than the classical formula for r{T) itself. 
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in each phase and therefore also for the mixture. The entropy of mixing 
terms are also equal in both phases. We thus find again that the existence 
of para and ortho forms may be ignored. 

This reasoning does not apply to Hg and Dg, because their rotational 
degrees of freedom are far from classical. These molecules are also excep- 
tional in another respect, and they are discussed separately in § 531. 

This general absence of effect of ortho-para separations on phase equi- 
libria, because taking account of them makes changes in the partition func- 
tion equal in all phases, is even more complete than the general arguments 
above have indicated, and this complete absence of eff ect is worth recording 
in passing. Suppose we liavc a crystal of molecules -Xg composed of atoms 
of nuclear s]jin weight p. If we ignore entirely ortho-para separations and 
the association of atoms in pairs to form molecules, we should conclude 
that the partitioji function for the crystal of 2iV atoms was of the form 
p^^^K{T), where K(T) takes account of all the normal modes of the solid. 
If we take account of ortho-para separation.s and all possible arrangements 
of the para and ortho molecules, we must regard the crystal as built up of 

a mixture of \ri / iw •> 

N\p(p- !)//>" = N{p- \)l2p 

para, and N\p(p-{ l)/p2 = N(p-\~ l)/2/> 

ortho molecules. The partition function for the mixed crystal is then 

TV* S(p-\) .V(ptl) 

A'(T). (522,4) 


p(p-in, 

T^(p+in 

L 2p J 

L 2^ J 


This differs from the earlier expression by the extra factor 


N 

{p-n 
1 2p J 

2p 


2p 

1 

. 2p _ 

1 

N(p+ 1) 

- 

f 

— 


(522, 5) 


which becomes unity for large TV. 


§ 523. Molecular entropies of gas and crystal. Many authors 
prefer to express their thermodynamic results in terms of entropy. We shall 
therefore derive the relevant formulae. For the partial potential of any 
single gas, if we do not assume the rotational and vibrational motions to be 
necessarily independent, we can write instead of (510, 9), (510, 10) 

pP{T^ P) = eQ-\- kT log P — ^kT log T — kTlogrv(T) 

,523.1) 
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where rv(T) denotes the rotational- vibrational partition function, in- 
cluding all terms regardless of their symmetry characters; these are taken 
care of by the symmetry number a*. The corresponding formula for the 
molecular entropy is 

sO(2\P)==--(d/i0i3T)^ 

- -tli«i' + |l;rogI' + tlogr»(r) + 43’--|p^2 

For the crystal we have by (516, 3) and (516, 4) 

= e^-x-^PV-kTlog{ct(T)j(T)}, (^23, 3) 

and for ordinary pressures (PV<^kT) 

/i^(T,0) = eo-X-^Tlog[oc(T)j(T)}. (523,4) 

Hence for the molecular entropy at ordinary pressure 

(523,5) 

If we now make 0 we have 


a( T) 1 , j( T) ov^ lip, (523, 6) 

the last equation being in effect the definition of the orientational weight o. 

We thus obtain r jt n i /mo 

0) = k\og{ou^ lip}. (523, 7) 

If we now subtract (7) from (2) we obtain 

S^( T, P) - ^^^(0, 0) = - it log P + fifc log T + A; log rv( T) 

d\ogrv(T) r \(2nm)^0 \ SI 


the nuclear weights cancelling as usual. 

Now the left side of (8) is directly determinable by calorimetric measure- 
ments apart from an inevitable extrapolation to zero temperature, about 
which we shall have more to say. For we have 

S^(T,P)-S^{Q,())= Lt (523,9) 

where dq is the element of heat absorbed, and the path of integration is any 
reversible one leading from the crystal at temperature T® and negligible 
pressure to the gas at temperature T and pressure P. This path may, and 
usually will, pass through the liquid state. There may be two or more phase 
transitions on the way, and each will make its contribution to the integral. 
If now the energies of the molecule have been determined spectroscopically, 
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then rv{T) and its temperature coefficient can be computed for each T, 
while and cr are also determinable spectroscopically or otherwise. Thus 
everything on the right of (8) is known except ou^. By comparison of the 
calorimetric and spectroscopic data one can determine the value of ouj^. 
If Nernst’s heat theorem is obeyed, the value unity should be found. 

§ 524. Absolute entropy. This is perhaps a suitable place to remind 
the reader that there is no physical significance in an absolute value of an 
entropy. It is only entropy difi’erences between interconvertible states of 
an assembly that are physically significant. We have throughout used a 
convention such that, when every system is in its lowest quantum state, 
the contribution of each system to the entropy is 

kiogvjQ, (524, 1) 

where Wq is the product of the weight of the lowest translational-rotational - 
vibrational-electronic state and the nuclear spin weight Up. But, if we 
cared to do so, we might replace (1) by 

^ log thq -I- A* log Ua, (524, 2) 

where a is an arbitrary constant characteristic of each atomic species, and 
the product is taken over all atoms in the system. So long as nuclear trans- 
formations are excluded, as they are excluded in all ordinary aj)plications 
of thermodynamics, the new terms will cancel in all physically significant 
formulae, and no physical result will be affected. If we wished to include 
formulae valid for nuclear transformations, the degree of arbitrariness in 
the a’s would be greatly reduced. If all possible nuclear transformations 
were under consideration, one may presume that the arbitrariness w ould be 
reduced to three arbitrary factors for the electron, for the proton and 

for the neutron. Such considerations do not, how^ever, normally interest 
us in terrestrial thermodynamics, and w^e are still too ignorant of the details 
of nuclear structure to be able to specify what the correct values of the a s 
would be. There is, however, no reason to expect that the same value of a, 
namely unity, would be the correct value to assign to every type of nucleus. 
We thus see that there is nothing absolute about (1). Putting a = 1 for all 
nuclei is merely the simplest and most convenient convention allowable in 
the absence of nuclear transformations. 

Returning to practical thermodynamics we may of course assign, if we 
please, the value zero to the entropy of all perfect crystals of a single pure 
isotope of a single element in its idealized state at the absolute zero of 
temperature, but even this has no theoretical significance on account of 
nuclear spin weights. For the purpose of calculating experimental results 
some conventional zero must be chosen, and the above choice or a similar 
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one is thus often convenient. But its conventional character will no longer 
be so likely to be overlooked that any importance will in future be attached 
to absolute entropy, an idea which has caused much confusion and been of 
very little assistance in the development of the subject.* 


§ 525. Extrapolation to absolute zero. In deriving all our formulae 
we have assumed that we could select a temperature T® at which in the gas 
the vibrational degrees of freedom are unexcited, and the rotational degrees 
of freedom, except for monatomic molecules, are effectively classical. The 
formulae so obtained are then valid for all temperatures greater than T^. At 
tera})eratures where the rotational degrees of freedom are nearly, but not 
entirely, classical, we can correct any formula by using a more accurate 
value for r(T) than the classical value. For diatomic molecules we should 
according to (313, 4) use the approximation 


log r( T) - log ^ y, _ log ^2 +3 ^rp . 


(525, 1) 


instead of the classical value given by the first term. Use of this more 
accurate form for r(T) will introduce an extra term — into fijkT. If 

then we continue to use formula (510, 9), the effective chemical constant j 
and the effective vapour pressure constant i will not be true constants, but 
will each contain an extra term ^0^/^- The magnitude of this correction 
will be discussed in §530. It is unimportant at ordinary temperatures 
for HCl, and is negligible for any molecule with a large moment of inertia. 

With Hg, Dg, HD, owing to their small moments of inertia, one can per- 
form experiments at temperatures at which the rotational degrees of freedom 
are far from classical and can even be unexcited. The formulae which we 
have given for diatomic molecules are not applicable at such temperatures, 
and we have to adopt a different procedure. At these temperatures the 
vibrational degree of freedom is unexcited and may be ignored. The pro- 
cedure then ado])ted is to choose for cj, the value given by 

C^plk = l (525,2) 


• To prevent all possibility of misunderstanding, we should perhaps mention that in deciding 
to call the A’s ‘‘absolute activities*' we are using the epithet “absolute” in an entirely different 
sense from that under discussion, the purpose being to contrast the A’s with the relative activities 
a used by the school of G. N. Lewis. If we compare two thermodynamic states denoted by single 
and double primes respectively, then 

fi' -^t"-kT log A'/A" 
is identically true, whereas the analogous 

li' - fi*' = kT log 

is valid only if the two thermodynamic states have the same temperature. 
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and to define C'{T) by 

C'(T) = Cp(T)-|A: (T>T% 

C'(T) = 0 (T<T% (526, .3) 

exactly as for a monatomic molecule, except that the temperature T® is 
now chosen in the range where the rotational degrees of freedom are un- 
excited. The value that has to be used for the vapour pressure constant i in 
combination with this value of wiJl be discussed in § 531. 

Thus whether we define Cp in the usual way, or in the exceptional way just 
described for Hg, HD and D 2 , jnovided we choose an appropriate T® and 
define C'(T) by (T> T®), 

C\T) = 0 (T< r®), (526,4) 

the integral containing C\T) is 


0 




(525, 5) 


and by the definition of G'{T) there can be no question of the integral not 
converging. 

We must now consider the convergence of the integral 






0 TlJo k 


dT,. 


(625, 6) 


Since one cannot perform experiments at the absolute zero, this integral 
must be regarded as an abbreviated notation for 


Lt 


T* T\ }t* k 


dT^, 


(626, 7) 


and in proceeding to the limit we are compelled to make an assumption or 
use a convention with regard to the behaviour of in the range 0 to T®. 
We therefore proceed as follows. We choose for T® a temperature, in a range 
where is tending rapidly to zero according to some simple theoretical or 
semi-theoretical formula, such as that due to Debye described in Chapter iv. 
We then extrapolate to T = 0, using the convention that continues to 
obey this law. In other words is defined as follows: 

For T > T®: is the observed molecular heat capacity of the crystal. 

For T <T^: is defined by extrapolation according to the simplest 

formula with a theoretical basis that is verified to hold for when T T®. 

In the lower ranges of temperature there is no experimental value for the 
heat capacity, and we can only speculate as to what its value would be if the 
range became experimentally accessible. We shall postpone such speculation 
to a later stage. In anticipation we may mention here the conclusions we 
shall reach for substances, for which at present ouq > 1 . When temperatures 
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much lower than T® become experimentally accessible, we may expect to 
find two alternative kinds of behaviour, (i) In some cases we shall find 
striking abnormalities in and, with a new much lower jT®, the new value 
of ov% will become unity. The important case of H 2 comes into this class, 
(ii) In other cases we shall find that the actual value of agrees closely with 
the extrapolated value here defined, and ovq is unaffected, remaining greater 
than unity. The measurements then in fact refer to a state of the solid which 
is strictly only metastable. There is then always a possibility that by per- 
forming the experiments extremely slowly the true equilibrium state may 
be attained. Different values of and ov^ will then be found. But there 
are many cases in which the time required to reach true equilibrium is 
impossibly long at these low temperatures. 

With the above definition of the integral (2), written as ( 1 ) for brevity, 

is completely defined and always convergent, because fairly rapidly 

when as derived from its behaviour for jT^Tq. Furthermore, this 

definition of cannot lead to wrong conclusions at accessible temperatures, 
provided the value of is also taken to be that given by experiment for 
T®. Other definitions of in the range 0 to T® can be made to lead to 
correct results at accessible temperatures by compensating adjustments in 
the value assumed for ou^. In particular one can always assume to behave 

in the range 0 to T® in such a manner that the value unity will be foimd for 
ovf. In case (i) such a procedure would be theoretically correct. In case (ii) 
it may or may not be true that the modifications in C^, which would appear 
when the state of true internal equilibrium is substituted for the metastable 
state, will belong to the range 0 to T®. It is possible they really belong to 
much higher temperatures. These questions will be discussed in greater 
detail later in §§ 535-539. We shall first consider the experimental data. 

§526. Basis of comparison between theory and experiment. 
There are several alternative methods of comparing the theoretical formulae 
with experiment. The method to be used in each case must depend not only 
on the kind of experimental data available, but also on our knowledge of the 
values of the quantities occurring in the theoretical formulae. We shall 
discuss these methods of comparison in turn. 

The molecular mass m is always known, and the moment of inertia A is 
known from spectroscopic data for most diatomic molecules. The moments 
of inertia A, B,C for many simple polyatomic molecules are also known from 
spectroscopic data. The symmetry number cr is usually known from the 
chemical constitution, if not from spectroscopic data. The electronic weight 

of the normal state of the gaseous molecule is also determined spectro- 
scopically for aU simple molecules. It is unity for the great majority of 
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molecules and may safely be assumed unity for all molecules ordinarily 
called saturated’'. 

It follows that, at least for simple molecules, one usually has all the data 
for computing a theoretical value of the chemical constants But a single 
chemical constant cannot be compared with experiment; it is only linear 
combinations of the form 

= (626,1) 

occurring in formulae such as (510, 17) for logR^, that can be checked. If 
the theoretical and experimental values of ASj agree for a number of 
reactions involving certain molecular species . 4 , 2 /,..., this agreement aCFords 
indirect confirmation of the correctness of the theoretical values of the 
individual chemical constants In principle this should be the most satis- 
factory method of testing the theory, provided that a sufficient number of 
gaseous equilibria could be checked. Unfortunately there are only a few 
such equilibria, for which sufficiently accurate experimental data are 
available. Some of these are considered in § 534. 

Alternatively one might compare theoretical and experimental values of 
the vapour pressure constants t. This, however, requires a knowledge of 
theoretical values of ovf as well as th§ quantities mentioned above. For this 
it is necessary to know how the crystals concerned are constructed — that 
is whether they should be regarded as built up of atomic, molecular (diatomic) 
or even of multimolecular units. It is safe to assume that when is unity, 
as it is for the majority of stable molecules, then is also unity. When 
exceeds unity, we may not assume that vf is equal to Often the 
molecules will combine or interact in the crystal to make less than t;? » 
and often equal to unity. To determine the value of o it is further necessary 
to know whether the molecules can still rotate freely in the crystal at the 
low limit temperature T®. If they cannot rotate freely it is necessary to 
know how many distinct orientations are possible with almost equal energy. 
All these questions will be illustrated by particular examples. It is not yet 
possible to give the correct answer to these questions a priori , but information 
can be obtained by considering equilibria between solid phases only. Ac- 
cording to §519 a combination of purely calorimetric measurements with 
either an electromotive force measurement, or a determination of the 
transition temperature, for a process involving only crystal phases, gives an 
experimental value for linear combinations of the log ouf of the t}rpe (519,4). 
In § 528 we shall enumerate a number of processes of this type, for which 
accurate measurements are available. In all these cases the experimental 
value found for (519, 4) is zero. This can hardly be fortuitous, and suggests 
that for all the crystals involved ouf is unity. If ov^ were always unity, there 
would be, as we have already said, no need to distinguish between the vapour 
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pressure constants i and the chemical constants j. One would then have all 
the required theoretical data for calculating the vapour pressure constants i, 
and these calculated values could be compared with the experimental. 
Actually we shall see later that the value of ov^ associated with extrapolation 
from the values of T® ordinarily used is probably unity for most, but not all, 
crystals. We therefore proceed as follows. We compute a theoretical value 
for the chemical constant j , and compare this with the experimental value 
of the vapour pressure constant i. If in most cases we find that these values 
are equal within the experimental accuracy, this confirms the supposition 
that for these substances ^ (626, 2) 

In the remaining cases where the calculated value of j and the experimental 
value oft disagree, we can compute a value of ovf from the relation (518, 1 ,) 
and then consider whether, from the chemical structure of the molecule, 
this value oiov^ is explicable by reasonable assumptions about the structure 
of the crystal. 

This method of comparison is convenient for monatomic molecules and 
also for diatomic molecules, if at ordinary temperatures the rotational 
degrees of freedom are classical, and the vibrational degrees of freedom 
either unexcited or at least separable from the rotational. When this is not 
the case an alternative procedure is adopted. From spectroscopic data one 
calculates the quantity T,P)-k log Up, (526, 3) 

which is obtained by merely omitting the nuclear weights from (523, 2). 
This is then compared with the experimental value of 

^(T,P)-5^(0,0), (526,4) 

rT,P 

measured as Lt tfi© extrapolation from T = T® to T = 0 being 

performed as described in §525. The difference obtained by subtracting 
(4) from (3) is Arlogot^, about which information is thus obtained. We shall 
see that the value so obtained for logoff is often but not always zero. 

The procedure just described is that adopted by Giauque and his col- 
laborators, and we shall quote numerous examples. The two quantities 
defined by (3) and (4) are called by Giauque the spectroscopic entropy (nucle/ir 
spin omitted) and the calorimetric entropy respectively of the gaseous 
molecule at the temperature T and pressure P, The calculated spectroscopic 
entiopy is the entropy excess over that of an idealized state, in which all the 
molecules have the same energy, a translational-rotational-vibrational- 
electronic weight 1 , and a nuclear spin weight Up equal to the product of the 
spin weights p of the constituent atoms. The measured calorimetric entropy 
is the entropy excess over the value, obtained by smooth extrapolation to 
T = 0 for the crystal. The use of a smooth extrapolation presupposes, 
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amongst other things, that separation of isotopes does not occur. Corre- 
spondingly one ignores the entropy contribution due to the mixing of 
isotopes in computing the spectroscopic entropy. The conventional nature 
of any entropy zero used in such calculations has already been emphasized 
in § 524. If equality is found between the spectroscopic entropy and the 
calorimetric entropy, it means that smooth extrapolation of the heat 
capacity leads to a crystal at the absolute zero in which the molecules have 
a translational-rotational -vibrational -electronic weight unity; in other 
words ovf = 1 . 

We have seen that the statistical formulae are particularly simple for 
monatomic gaseous molecules, since these do not involve rotational or 
vibrational degrees of freedom. It is therefore desirable to obtain as many 
examples of vapour pressure constants for monatomic gaseous molecules 
as possible. Experimental values for such constants can in some cases be 
obtained for monatomic molecules, even when these are not the stable 
molecules at ordinary temperatures, by combining vapour pressure data 
for the stable molecule with the data for the dissociation of this molecule 
into atoms. Thus in the case of a halogen, such as chlorine, one can determine 
the ordinary vapour pressure due at oi-dinary temperatures to Clj molecules. 
One can also determine the equilibrium constant between Clg molecules and 
Cl atoms at high temperatures. Then if one knows the heat of dissociation 
of Clg and the heat capacities of Clj molecules and Cl atoms, one can calculate 
the equilibrium constant between Clj and Cl at any other temperature. 
Hence one calculates the immeasurably small pressure of Cl atoms in 
equilibrium with the diatomic vapour, and therefore with the crystal at low 
temperatures, and so obtains a value for the vapour pressure constant of 
monatomic Cl to compare with the theoretical value. It is important to 
realize that this involves the diatomic molecule only by requiring a know- 
ledge of the heat of dissociation, and of the molecular heat capacity, over 
the range of temperatures extending from that at which one measures the 
vapour pressure of Clj over the crystal, to that at which one measures the 
dissociation equilibrium Cl25=^2Cl. In other words we may say that one 
determines id, from vapour pressure measurements and 

0ci,“2^ci) = fe,“2id) 

from measurements of dissociation equilibria. By combination of these we 
obtain a value of i^i to compare with the theoretical value of and can so 
determine whether \ogo\jf = (id — ici) ^®ro- 

§527. Chemical constants and vapour pressure constants in 
practical units. In practice it is Customary‘S to use logarithms to base 10 
and to measure vapour pressures in atmospheres rather than in d3aies/cm.*. 

^ See appendix, { A8. 
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If we rewrite our formulae in this manner we obtain new integration con- 


stants j', i' defined by 


3 = 


I — 


lo&lO ’ 

t-log,Pt 


(627, 1) 


(527,2) 


log* 10 ’ 

where JPt is the value of an atmosphere in dynes/cm.*. These new constants 
j\ i' are conveniently called the practical chemical constant SLiid the practical 
mpour pressure constant respectively. 

The numerical values of j ' are given as follows : 

Monatomic molecules: Cfp/k = 


j ' = - 1 -587 + 1 logio M + logio 
Linear molecules with classical rotations: Cfpjk =■ 


(527,3) 


y = -3-185 + |logio-af + logio(10«^) + log,o~" . (527,4) 


Non-linear molecules with classical rotations: Cfip/k = 4; 


^0 


y = -3*735 + |logioJf + ilogio(10i2o^5C) + logio-^. (527,5) 

(T 

In these formulae M is the conventional chemical molecular weight and 
-d, 5, Care the three principal moments of inertia of the molecule ingm. cm.*. 
The corresponding formulae for V are given immediately by 

t' =/-logioOt;f, (527,6) 

§528. Experimental data for reactions between crystals. We 

now consider a physical or chemical process between crystalline phases 
only. If the heat capacity of each phase has been measured down to tem- 
peratures sufficiently low to extrapolate smoothly to T = 0 by a formula 
such as that of Debye, and the heat of reaction has been measured at any 
one temperature, these data are sufficient to determine the transition 
temperature, that is the temperature at which the process becomes reversed, 
provided one knows the value of 

A{Llogot;f}. (528, 1) 

Alternatively from a knowledge of the transition temperature one can 
calculate the value of (1). 

The simplest processes of this type are transitions between two crystalline 
forms a, ^ of a single substance. 


Experimental study of these teUs us the value of 

log{ot;f }• - log{oi;f 


(628,2) 


(528, 3) 
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The earlier determinations included the transitions rhombic sulphur to 
monoclinic sulphur, white tin to grey tin, quartz to cristobalite and calcite 
to aragonite.* The accuracy was not high, except for the tin transition, t but 
in all the cases mentioned it is sufficient to exclude a value of (3) numerically 
as great as ± log 2. The experimental evidence is therefore in all cases con- 
sistent with the supposition = 1 for both crystalline forms. The value 
zero for (3) for the rhombic sulphur to monoclinic sulphur transition has been 
accurately confirmed by a recent rede termi nation J of the heat capacities of 
the two forms. The heat capacities of the two solid forms of cyclohexanol§ 
and of the two solid forms of phosphine!! have also been determined recently. 
In both cases the value of (3) is found to be zero with a high degree of accuracy 
For the following chemical reactions between crystalline ])hases, 

Pb-f 2I^±Pbl2 
Ag + I^Agl 

Hg + AgCl^Ag + iHg^Cl, 
Pb-t-Hg2Cl2^-2Hg+PbCl2, 

there are (’alorimetric data and electromotive force measurements, from 
which to evaluate the integration constant. The accuracy is not very high 
except for the reaction between silver and iodine.^ In no case does the 
absolute magnitude found for the integration constant (3) exceed one-third 
the value of log 2, and the data are consistent, within the experimental 
accuracy, with the supposition that oVq is unity for each crystalline [)hase 
concerned. 

§ 529. Experimental vapour pressure data for monatomic mole- 
cules. For monatomic molecules we have always Cp = Cp = ^k^ and the 
practical vapour pressure constant is, according to (527,3) and (527,6), 

given by ^ _ j . 5^7 + 1 logi„ M + logjo vj'/vf ■ (529, 1 ) 

For a monatomic molecule an orientational factor o other than unity cannot 
occur. That o is also unity for the halogens is explained below. The experi- 
mental data are given in Table 2. 

We shall now explain the values used. Theatoms He, Ne, A, Kr, Xe, Mg, 
Zn, Cd, Hg in the vapour arc in >S states with a weight u? = 1, while Na, K 
are in *S states with a weight 2. All other electronic states lie so high that 

• Hartdb. d. Phytik, 10 , Chapter vn, “Die Beiitiminung der freien Energie”, by F. Simon. See 
also Eastman, Chem. Rtv. 18 , 257 (1936). 

t Brdnsted, Zeit, Physikal. Chem. 88, 479 (1914). 

J Eastman and McGavock, J. Am. Chem. Soc. 69 , 145 (1937). 

§ Kelley, J. Am. Chem. Soc. 61. 1400 (1929). 

|l Stephenson and Giauque, J. Chem. Phya. 6, 149 (1937). 
t Webb, J. Phya, Chem. 29, 816 (1925). 
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Table 2 

Practical vapour pressure constants for monatomic molecules 

»' = - 1-687 + o logio M log,o vj/vf 


'mula 

Normal 

electronic 

state 

< 

j' = i' + 
log,#"* 

calc. 

i' obs. 

Authorities 
for i' 
observed 

He 


1 

-0*684 

-0*68 + 0*01 

(14) 

Ne 

IS 

1 

0*370 

0*39 ±0*04 

(6) 

A 


1 

0*814 

0*81 ±0*02 

(10) 

Kr 

IS 

1 

1*297 

1*29 ±0*02 

(11) 

Xe 


1 

j 1*590 

1*60 ±0*02 

(9) 





1 0*63 ± 0*03 

(4) 

Na 

*s 

2 

0*757 

• 0*97 

(3) 





[0*78±01 i 

(7) 





f 0*92 ± 0*04 ! 

(4) 

K 


2 

1*102 

\M3 1 

! (3) 

Mg 

'S 

1 

0*492 

0*47 ±0*2 

(8) 

Zn 

IS 

1 

1*136 

1*21±015 

(8) 





|1*45±0*1 

(2) 

Cd 

is 

1 

1*488 

11-67 

(5) 

Hg 

IS 

1 

1*866 

1*95 ±0*06 

(1) 

T1 

*p 1 

2 

2*180 

2*37 ±0*3 ! 

(8) 

Pb 

•Po i 

1 

1*888 

1*8 ±0*2 

(2), (13) 

Cl 


* 

1*44 

1*53 ±0*2 

(12) 

Br 

‘Pi I 

4 

1*869 

2*00 ±0*2 

(12) 

1 


4 

2*170 

2*19±0*2 1 

(12) 


• See Table 3. 


References to Table 2 

(1) Simon, Zeii. Physikal. Chem. 107, 279 (1923). 

(2) Egerton, Proc. Phya, Soc. 87, 75 (1925). 

(3) Zeidler, Zeit. Physikal. Chem. 123, 383 (1926). 

(4) Edmondson and Egerton, Proc. Roy. Soc. A, 118, 533 (1927). 

(5) Lange and Simon, Zeit. Physikal. Chem. 184, 374 (1928). 

(6) Clusius, Zeit. Physikal. Chem. B, 4, 1 (1929). 

(7) Ladenburg and Thiele, Zeit. Physikal. Chem. B, 7, 161 (1930). 

(8) Coleman and Egerton, Phil. Trans. A, 234, 177 (1935). 

(9) Clusius and Riocoboni, Zeit. Physikal. Chem. B, 38, 81 (1937). 

(10) Clusius and Prank, to be published in Zeit. Physikal. Chem. B; private communication. 

(11) Clusius, Kruis and Konnertz, Ann. d. Phys. 33, 642 (1938). 
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600® K. Harteck [Zeit. Physikal. Chem. 184, 15 (1928)] by making some alternative, but 
unexplained, assumption obtains a value 0*4 higher for i\ 
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they do not contribute to the partition function at the relevant temperatures. 
In T1 vapour the atoms are in a state of weight 2, the upper state *Pj 
of the doublet lying too high to contribute to the partition function. Simi- 
larly in Pb vapour the atoms are in a ®Pq state of weight unity, the other 
states ®Pi, ®p 2 of the triplet lying too high to contribute to the partition 
function. For a free halogen atom the normal state is 2p| of weight 4, but 
in this ease the other state ^P^ of weight 2 of the doublet does not lie high 
enough to be entirely negligible. Hence in place of = 4 we must use 

5 + = 4 + (529, 2) 

where is the energy difference between the two terms forming the doublet. 
In Table 3 are given the data for the three halogen atoms Cl, Br, I for the 
temperatures at which their chemical constants were measured. We see 
that at these temperatures it is only for Cl that the upper level of the doublet 
is significant. The calculated j values given in Table 1 were obtained by 
using logioe(T) = 0*70, in place of log,(,t»o = 0*60, for Cl. For Br and I the 
value logioe(T) = log^Qi^J/ = logn)4 = 0*60 was used. 

Table 3 


Electronic partition function of free halogen atoms 
c(T) = 4-|-2c“«i/*^ 


Atom 

in 

electron 

volts 

Mean 
temp, 
in °K. 

icT 

e{T) 

log„e(r) 

Cl 

oil 

(1000 

1-28 

4-56 

0-66 

(1700 

0-752 

4-94 

0-69 

Br 

0-45 

1350 ; 

3-88 

4-04 

0-606 

I 

0-94 

1200 

9-1 1 

4-00 

0-602 


We see from the table that the values of^ ' calculated from the known 
values of agree in all cases within the experimental error with the observed 
values of i\ From this we conclude that in every case = 1 . We must now 
consider the physical significance of this. For Ne, A, Kr, Xe, since the crystal 
is an atomic one, one naturally expects the electronic state to be as in 
the vapour. For the halogens the crystal structure is one of molecules Clg, 
Bi g or Ig in ^2 states. The electronic weight of the normal state of the mole- 
cule is therefore unity. The weight of the lowest vibrational state of the 
crystal regarded as formed of molecules is also unity, and there is no orienta- 
tional weight o other than unity, when the requirement of antisymmetry 
in the nuclei is satisfied as explained in § 522. 

It remains for us to explain why is unity for the metals including those 
such as Na, K, T1 for which is not unity. The explanation depends on the 



202 Chemical Equilibria and Evaporation [529 

electron theory of metals described in Chapter xi. According to this theory 
we may regard the atoms in the metal as dissociated into electrons and 
positiv’e ions, e.g. Tl“*" (or the ions are in a state of 

weight unity (nuclear weights being as always neglected), and therefore 
contribute only a factor unity to v^. The electrons may be considered to 
form an electron gas obeying the Fermi-Dirac statistics in an enclosure at 
nearly constant potential. We shall see in Chapter xi that, at all ordinary 
temperatures, and a fortiori at low temperatures, the N electrons occupy 
the N states of lowest energy; this distribution corresponds to a single eigen 
function for the assembly. Thus uj" remains unity in agreement with 
experiment. 


§ 530. Experimental vapour pressure data for diatomic molecules 
other than hydrogen and deuterium. For all diatomic molecules, 
except Hj, HD, D 2 which are considered separately in the following section, 
the rotational degrees of freedom are at least approximately classical, and 
separable from the vibrational degrees of freedom. According to (525, 1) 
the rotational partition function, at temperatures where the rotations do 
not deviate greatly from their classical behaviour, is given by 


1 I 1 \ 39-6 

logr(T) = -l-gy log- +3(iy4o^)y’ 


(530, 1 ) 


the second term representing the deviation from completely classical be- 
haviour. Taking HCl as an example of a diatomic molecule with a small 
moment of inertia, we have A = 2-66 x 10"^® g. cm. 2 . Inserting this value 
into (1) we find that the deviation of logr(T) from its classical value is only 
0’016 at 300° K . This will introduce an error^ of 0*01 6 into i or of 0-007 into 
This corresponds to an error of nearly 2 % in the calculated vapour pressure, 
but is less than the error due to experimental uncertainties in the heat 
capacity of the solid.* For most other molecules, except Hg, HD, Dg, the 
situation is more favourable. Thus for Ng we have A = 13-8 x 10 ^®g. cm. 2 . 
Hence the deviations will be about five times smaller at 300° K. and will 
have the above values at about 60° K. We may therefore, for most molecules 
at most temperatures, set Cj, = |A:, and use (527, 4) for the practical chemical 
constant to which the vapour pressure constant is related by (527, 6). 


• It is worth noting that the oorresponding corrections to the molecular energy E, heat function 
free energy F and Gibbs' function O are (for not too low temperatures) independent of the 
temperature and have the value \h*fSn*A per molecule, which is one-sixth the energy separation 
of the first and zeroth rotational states. This deviation thus amounts to 13*2/10" A calories. For 
HCl this is 6 oal./mole. For H, it is 28-5 cal./mole. The analogous correction to the translational 
energy is completely insignificant. 

A appendix, § A4. 
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A comparison between theory and experiment is given in Table 4. From 
the known values of A and obtained from spectroscopic data, one 
calculates J', and this is compared with the experimental value for i\ The 
difference between these should be equal to log^QOu^, In most but not all 
cases the data indicate that ouq is unity. We shall now discuss the or^ values 
individually. We postpone discussion of Hg, HD and Dj to § 531 . 

Nitrogen is typical of a symmetrical molecule in a state, so that = I 
and we may safely assume that = I also. All such molecules other than 
Hg, HD, Dg have c(‘.ased rotating at comparatively high tcmj)eratures, and 
the extrapolation of proceeds from a temperature T® at which the mole- 
cule is free only to oscillate about a direction of equilibrium. If this direction 
is unique, there will not be more than one distinguishable equilibrium 
position for the molecule and o will be unity. We then have ov^ = 1 in 
agreement with the facts. 

For mixtures of isotopes such as chlorine there are two tyx)es of molecules; 
the symmetrical such as ^^CP^Cl and the unsymmetrical such as ^^CP’Cl. 
For the former the symmetry number tr = 2, and as for Ng we may expect 

= 1 , 0 = 1 . For the latter ( 7 = 1 , but now o = 2 because of the two distinct 
e(juilibrium directions of orientation of the molecule in the crystal. Hence 
as explained in §511 and §521 we may for convenience obtain correct 
results* by ignoring the small degree of asymmetry and use a fictitious 
(7 = 2, 0 = 1 for 35C1 37C1 the same as for ^^Cl. 

The molecules HCl, HBr, HI are typical of unsymmetrical molecules in 
a ^2 state. For these = 1 and so presumably t^= 1. As these molecules 
have an electric moment, they can have only one unique direction of equili- 
brium in the crystal at low temperatures, and o = 1. Hence ou^ = 1 in 
agreement with the data. 

CO is one of the few examples where the data seem to indicate that 
or^ ^ 1. As the normal electronic state is ^2, we have Vq = 1 and so presum- 
ably also = 1. It has been suggestedf that the CO molecules have such 
a small electric moment and are so nearly symmetrical, that in the crystal 
there is randomness between the two opposite directions of orientation 
down to the lowest temperatures at which measurements have been made. 
If this is the case, then o = 2 and the agreement between the calculated and 
observed values of becomes reasonably good. 

We have still to consider the two molecules not in ^2 states. The gaseous 
Og is in a state with weight 3, and one might have expected this weight 
to persist in the crystal. Actually the data indicate that ov^ is unity. This 
would required the Og molecules in the crystal to be lined up with their 

* Compare Giauque and Overstreet, J. Am. Chem. Soc. 64, 1731 (1932). 
t Clayton and Giauque, J. Am, Chem, Soc. 64, 2610 (1932). 
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Experimental values are taken from Eucken, Physikal. Zeit. 31, 361 (1930). 
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nuclear spins oriented in a unique regular manner.* An alternative possi- 
bility is the formation of molecules with a weight unity. We should 
therefore expect crystalline oxygen to become diamagnetic at extremely low 
temperatures. The experimental evidence is discussed by Giauque and 
Johnston but it is inconclusive. 

The normal electronic state of NO is but the other state ^Fli of the 
doublet is not much higher. As explained in §325 we therefore take the 
electronic partition function as given by 

e(T) = 2 + = 2(1 -he" 

This expression must be used in place of Vq in the formula for the vapour 
pressure constant. At the boiling-point T = 121-4'’K. we havee(T) = 2-28, 
and this value must be used in place of for comparison with experiment in 
the neighbourhood of this temperature. At T = 300"' K. we have e{T) = 3*10, 
whilst when ITS'^K. we have e(T) = 4, the two energy levels of the doublet 
behaving effectively as a single energy level. It is this last value for e{T) 
that has to be used in § 534, where the high temperature equilibrium between 
Nj, Og and NO is considered. When the chemical constant^*' thus calculated 
is compared with the observed vapour pressure constant i' in the neigh- 
bourhood of T= 120°K., it is found that there is a discrepancy. This has been 
interpreted by Johnston and Giauquef as due to a crystal of NgOg molecules, 
each in a state of weight 2. This would give a statistical weight for the lowest 
energy level in the crystal of 2 per NgOg or 2* per NO. The discrepancy be- 
tween ' calculated and i' observed is in good agreement with the supposition 
that ou^ = 2*. The weight 2 per N 2 O 2 molecule is what one would expect if 

NO 

the molecules have the shape , since owing to the similarity of N and 0 

atoms the two orientations and would presumably have effectively 
equal energies. 


§531. The special cases of hydrogen and deuterium. We have 
still to consider hydrogen and deuterium, as these molecules present special 
features meriting careful consideration. The moment of inertia of H 2 is 
only 0*463 x 10"^ g. cm.* so that 


Sn^Ak 


= 85-4 deg. 


(531,1) 


Thus according to (530, 1) the deviation of logr(T) from its classical value 
at 300° K. will be i0,./3OO = 85*4/900 = 0*095. The corresponding correction 


* Qiauque and Johnston, J. Am. Chem. Soc. 51, 2300 (1929). 
I* Johnston and Oiauque, J. Am. Chtm. Soc. 51, 3194 (1929). 
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in j is 0*095 and that in j' is 0*041, which is comparable with the experi- 
mental uncertainty. Thus in the case of H 2 the classical approximation for 
r(T) may be just allowable at temperatures above 300° K., but is certainly 
not allowable at lower temperatures. It may be emphasized that the 
deviation of logr(T), and so of^‘, from its classical value may well be appre- 
ciable even though deviations of Cpjk from its classical value | are inappre- 
ciable. For the rotational contribution to the heat capacity of a diatomic 
molecule is, according to (313, 6), given by 




Sn^AJkT/ 




For Hg at 300° K. this gives C^yk = 1*002, thus differing insensibly from 
unity. On the other hand the error inj', computed above as 0*042, corre- 
sponds to an error of no less than 10 % in the partial pressure of the gas. 
For Dj the error in j ' is about half as great as for Hj at the same temperature. 

For the molecules Hg, HD and Dj we may therefore use the usual formulae 
for the chemical constant j of a diatomic molecule only at temperatures 
above 300° K. We may further continue to use such formulae at slightly 
lower temperatures if we add a correction term i&^/Tlogg 10 to the value 
of j' calculated by assuming classical rotations. All temperatures at which 
this procedure is allowable are considerably higher than the critical tem- 
perature 33° K,, and one has then no use for a vapour pressure constant i. 
Experimental evidence for the correctness of the values of^*' thus calculated 
for high temperatures is afforded by the equilibrium data for reactions 
involving hydrogen or deuterium. Such reactions are included in Table 7. 

At lower temperatures when the condition 0,. fails, we have to use an 
entirely different method for taking account of the properties of Hg, D^, HD. 
In particular, as we saw in Chapter m, we have to treat Hg as a mixture of 
two non-interconvertible species p-Hg and o-Hj. This also applies to Dg, 
but not to HD. Not only does the classical condition T > 0,. fail for hydrogen, 
except for temperatures above 300° K., but it is comparatively easy to 
reach temperatures at which the opposite condition T<^0,. holds. At such 
temperatures the rotations will be effectively unexcited. In the case of 
p-Hg the normal rotational state, of quantum number 0, has weight 1 and 
the first excited state, of rotational quantum number 2, has weight 5 and 
energy 6A;0,.. The ratio of the number of P-H 2 molecules in the rotational 
state 2 to the number in the rotational state 0 is therefore : 1. At 

the temperature T = 43° K., corresponding to &JT = 2, this fraction is only 
3 X 10"’*. For o-Hj the ratio of the number of molecules in the state of 
rotational quantum number 3 to the number in the ground state of rotational 
quantum number 1 is similarly At T = 43° K. this fraction is 
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only 5 X 10~®. Thus at this temperature the fraction of Hg molecules, whether 
para or ortho, not in the lowest accessible rotational state is entirely 
negligible. This is equally true of Dg at temperatures half as great as for Hg. 

To obtain formulae for Hg, Dg and HD at all temperatures appreciably 
less than room temperature we use the procedure described in §525. We 
take Cp = I and define C'{T) by 

C\T) = Cp--ik (T>T% 

r'(T) = 0 (T<T«), (531,3) 

where T® is a temj)erature in the range where the rotational degrees of 
freedom are unexcited. For Hg we can take as any temperature say 
between 20° and 40°. With these definitions of cf\> and C\T), it follows from 
(510, 14) that, for any temperature T > (say T > 20° K.), 

= ^"^ + 1081,-1108 (531, 4) 

the integration constant can be determined as follows. The term in (4) 
containing C'(T) is equal to - log{r„( J')/r,^(T®)), while the rotational -nuclear 
contribution to iijIcT is — logr,^(T). Thus the rotational -nuclear term in jo 
has to be \ogrJ^T^). The remaining terms in jo are contributions from the 
translational and electronic degrees of freedom, which have their usual forms. 
We therefore have . j . I 

io = i;o + logr,(TO). (531,5) 

Before discussing the value of r,^(T®) we shall consider the behaviour of the 
crystal. 

Owing to their small moments of inertia and their nearly spherical ex- 
ternal field of force, the molecules Hg, Dg and HD continue to rotate in the 
crystal down to temperatures as low as 12° K. These rotations are of course 
not classical, and below about 40° K. only the rotational states of least 
quantum number consistent with the symmetry of the para or ortho form 
are occupied. At still lower temperatures an orientational interaction 
between the molecules will remove the triple degeneracy of the lowest 
rotational state of ortho-hydrogen. This should show itself by an extra 
contribution to the heat capacity superposed on the contribution of the 
lattice vibrations, which has in fact been observed* at temperatures 
below 12° K., and is shown in Fig. 1. It should be noticed that the extra heat 
capacity increases with the relative amount of ortho-hydrogen, and vanishes 
for pure para-hydrogen, because the lowest rotational state of the latter is 
not degenerate. It is still customary to evaluate the integral containing 


Mendelssohn, Ruhemann and Simon, ZtU, Physikal. Chtm. B, 15, 121 (1931). 
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C\T) by smooth extrapolation from above 12° K., since sufficiently complete 
data are not yet available for any other choice of T®. When we use this 
method of extrapolation, the orientational weight o associated with it is 
not unity for either Hg or Dg owing to the ortho-para metastability, but is 
unity for HD. 



Fig. 1. Heat capacity of solid hydrogen. 

Pure para. — 76% para, 26% ortho. 

60% para, 60% ortho. 26% para, 76% ortho. 

For Hg the para molecules have a least rotational quantum number 0 

and weight 1, and the ortho molecules have a least rotational quantum 

number 1 and weight 3. We also recall that ordinary Hg is a mixture of 

1 part para to 3 parts ortho. We thus have for the value of the orientational 

factor o in the crystal , i i / xt v ox 

logo = log 1 = 0 (p-Hg), (531, 6) 

logo = log 3 (o-Hg). (531, 7) 

The nuclear spin weights to be used with these values of o are 1 and 3 respec- 
tively. To derive the value of o for the ordinary metastable mixture of para- 
and ortho-hydrogen, we make use of the principle, established in §522, 
that for the ordinary mixture we obtain correct results by ignoring dififer- 
ences between the nuclear weights of the para and ortho forms, provided 
we also ignore the factor due to mixing. We thus obtain 

logo = Jlog 1 -l-|log3 = |log3 (ordinary Hg), (531, 8) 
the associated nuclear spin weight being 2‘. For the more general example 
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of a mixture of 1 — a: parts of para- and x parts of ortho-hydrogen we cannot 
use any such short cut. For such a mixture we obtain for the limiting value 
of the partition function /(O) per molecule in the crystal, taking account 
of the mixing factor as well as the nuclear and rotational factors, and 
assuming the electronic weight to be unity, 

^ogf{0) = {( 1 - a:) log 1 -f- a: log 9) - {( 1 - a;) log( 1 - x) + a: log x} 

= (l-3:)log^y^j + xlog|^|. (531,9) 

For the special case x = J this reduces, in agreement with (8), to 

= I log 3 + log 4 = logo-hlogp^. (531, 10) 

For Dg it is the ortho molecules (with nuclear spin weight 6) that have a 
lowest rotational state of quantum number 0 and weight 1 , and the para 
molecules (with nuclear spin weight 3) that have a lowest rotational state 
of quantum number 1 and weight 3. The proportion of ortho to para 
molecules in the ordinary metastable mixture is equal to the ratio of the 
nuclear spin weights, namely 6 : 3. Hence the values of o are given by 

logo = log 1 = 0 (o-Dg), (531, 11) 

logo = log 3 (p-D^), (531, 12) 

logo = flog 1 + ^ log 3 = ^ log 3 (ordinary Dg). (531, 13) 

For HD, since there are no para and ortho forms, all the molecules will 
at low tomj)eratures be in the lowest rotational state of weight 1 , and we have 
simply 0 = 1 . 

We can now combine the results obtained for the crystal with formula 
(5) for the gas to obtain the vapour pressure of a mixed crystal of para and 
ortho forms in any proportions, provided that we neglect any difference 
between the proportions in the two phases, hor at the temperature T® 
(between 12'^ and 40°) it is true both in the gas and in the crystal that every 
molecule, whether para or ortho, will be in its lowest accessible rotational 
state Thus in taking the difference of partial potentials, or the ratio of the 
partition functions, between crystal and vapour, all contributions of 
rotations, nuclear spins and mixing will cancel. In fact the value of /"^(T®) 
in the gas, averaged according to the proportions of para and ortho, is 
precisely equal to the value of in the crystal obtained by similar 

averaging. We thus have the simple result, valid equally for Hg, Dg and HD 
and for any ratio of para to ortho forms, 

i |} (CS. = |*). (531, 14) 

of precisely the same form as for monatomic molecules. Since all these 
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molecules are in ^2 states the electronic weights 4^ and are unity and 
may be omitted. 

Tlie value of i' thus calculated for Hg is — M3 as compared with the 
observed value* - 1*09 ±0*02. For Dg calculated value of t' is —0-68 
in excellent agreement with the experimentalf value — 0-67. 

The ex])erimental data for HD arc incomplete, since the heat capacities 
of crystalline and liquid HD have not been measured. It so happens, 
however, that the experimental heat capacities of condensed Hg and Dg are 
almost identical over the whole experimental temperature range. This 
equality is presumably accidental. If then one makes the plausible assurnj)- 
tion§ that the heat capacity of condensed HD is at all temperatures equal to 
those of Hg and Dg, one can compute an experimental value of i . The value 
so calculated exceeds the theoretical value by only 0 02, which is within the 
experimental error. 


§532. Comparison of calorimetric and spectroscopic data for 
diatomic molecules. When the available calorimetric and spectroscopic 
data are sufficiently accurate, it may be convenient to compare, as described 
in §§ 523 and 526, i ) 

determined calorimetrically, with 

S^(T.P)-kI.\ogp (532,2) 

determined spectroscopically. When (1) is subtracted from (2) one obtains 

Arlogot^. (532,3) 


This is essentially the procedure adopted by Giauque and his collaborators, 
who call (1) the “calorimetric entropy” and (2) the “spectroscopic entropy 
(without nuclear spin)” per molecule of gas at the temperature T and 
pressure P, 

To evaluate the “spectroscopic entropy ” for one mole we insert numerical 
values into (523, 2) and obtain 

P) -RlLXogp = - Rlog ^ + ^RlogT + R\ogrv(T) + R ^ 

+ log 71/ -J? log (T- 2*300 cal./deg. mole, (532,4) 

where P^ is one atmosphere measured in the same units as P {PjP^ is thus 
the value of the pressure in atmospheres), and M is the conventional 
chemical molecular weight. When it is allowable to separate the rotational 


* Euckpn, Karwat and Fried, Ztit. Phys. 29 , 1 (1924). 
t Clu8iu8 and Bartholome, Zeit. Physikal. Chem. B, 30, 258 (1935). 
§ See Chisius, Popp and Frank, Phyaica, 4 (no. 10), 1113 (1037). 
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degrees of freedom from the vibrational, and to treat the former as classical, 
we may replace (4) by 

NSO(T, P)-i?Slog/o = -Plog ^ + |i?logr + Plogg(7’) + P— 

+ f i? log M + R log( 10*®^ ) — ^ log O' — 7*62 cal. /deg. mole, (532, 5) 

where A is the principal moment of inertia in g. cm.*.* 

Giauque does not use the approximation (5) but calculates the “spectro- 
scopic entropy” from (4). In Table 5 we give a list of the data for diatomic 
molecules obtained in this way, mostly by Giauque and his collaborators. 
This comparison between theory and experiment, though in principle 
equivalent to that of the preceding section, is more accurate for two reasons. 

Table 5 


Molar entropy of diatomic gases at 298-1° K. and 1 atmosphere 


Substance 

“ Calori- 
metric 
entropy” 
observed 
cal. /mole deg. 

“Spectro- 
scopic 
entropy” 
cal. /mole deg. 

ovf 

assumed 

“Calori- 
metric 
entropy” 
calculated 
cal. /mole deg. 

References 

H, 

29-7 

31-23 

31 

29-59 

(1) 

D. 

33-9 

34-62 

31 

33-90 

(2) 

N. 

46-9 

45-79 

1 

45-79 

(3) 

o. 

49-1 

49-03 

1 

49-03 

(4) 

HCl 

44-5 

44-64 

1 

44-66 

(5).(7),(10) 

HBr 

47-6 

47-48 

1 

47-48 

(6).(7) 

HI 

49-5 

49-4 

1 

49-4 

(7) 

CO 

46-2 

47-32 

2 

45-93 

(8) 

NOt 

43 0 

43-75 

2* 

43-06 

(») 


t In the case of NO the data refer to 121-36° K., for all other substances to 298-1° K. 


Reference* to Table 5 

(1) Giauque, J. Am. Chem. Soc. 52, 4816 (1930); Giauque and Johnston, Phy*. Rev. 80, 
1592 (1930). 

(2) Clusius and Bartholom4, Zeit. Physikal. Chem. B, 80, 258 (1936). 

(3) Giauque and Clayton, J. Am. Chem. Soc. 55, 4875 (1933). 

(4) Giauque and Johnston, J. Am. Chem. Soc. 51, 2300 (1929). 

(5) Giauque and Wiebe, J. Am. Chem. Soc. 50, 101 (1928). 

(6) Giauque and Wiebe, J. Am. Chem. Soc. 50, 2193 (1928). 

(7) Giauque and Wiebe, J. Am. Chem. Soc. 51, 1441 (1929). 

(8) Clayton and Giauque, J. Am. Chem. Soc. 54, 2610 (1932); Giauque and Clayton, J. Am. 
Chem. Soc. 55, 5071 (1933). 

(9) Johnston and Giauque, J. Am. Chem. Soc. 51, 3194 (1929). 

(10) Giauque and Overstreet, J. Am. Chem. Soc. 54, 1731 (1932). 

* It is inadvisable to include the term iZloglO^ in the numerical constant, because the value 
of this term is sensitive to the exact value assigned to R. Thus an error of 0*001 cal./deg. in R will 
give an error of 0-09 cal./deg. in i^loglO**, but this will cancel the corresponding error in illogA, 
provided the same value of B is used consistently. If we assume R s 1*9904 osl./deg., then 
Blog 10»> - 7-62 = 182-96 - 7-62 = 175-34. Clusius uses the value 175-3(h. 
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Firstly most of the experimental data in Table 4 are older than those of 
Giauque, and considerably less accurate. [The data for the hydrogen halides 
are the same in both tables.] Most of Giauque’s data are accurate to at least 
01 cal. /mole deg. Secondly the calculations, being based on the spectro- 
scopically determined energy levels, are independent of any approximations 
concerning the rotational -vibrational motion. The probable significance of 
the values of ov^ has already been discussed in the preceding sections. 

When the gas is not comj)letely perfect the observed “calorimetric 
entropy ” has been corrected to the value it would have were the gas perfect. 
The correction is given by the thermodynamic formula 


^•ideal __ 


=/>!( 


/ ds y**' _ / 

\dP)T ~l 

actual 


' ds 

I SP/r 


dTj, 


\actual / g^ydeal 




(532,6) 


where P* is any pressure sufficiently low for the gas to be ideal. If the 
(P, 7’)-relation for the gas is known, this correction is easily calculated. 
It is always small, usually not exceeding 0*3 cal./inole deg. 


§ 533. Comparison of calorimetric and spectroscopic data for 
polyatomic molecules. We turn now to polyatomic molecules. Formulae 
(531, 1) to (532,4) apply to polyatomic as well as to diatomic molecules. 
When it is allowable to separate the rotational degrees of freedom from the 
vibrational, and to treat the former as classical, we may replace (532, 4) by{ 

N.SO( T,P)-RY.\ogp = -R log + 4P log r + i; log q,{ T) 

+ +1 «log Jtf + * log{10i*M5C') 

— J?log(T-9*14cal./deg. mole, (533, 1) 

valid for non-linear molecules. For linear polyatomic molecules we have 
merely to use (532, 5) with each term in q{T) replaced by a sum of several 
similar terms in q^^T) for the several normal modes. 

We shall now discuss those polyatomic molecules for which both accurate 
calorimetric data and reliable spectroscopic data are available. § 

The data are given in Table 6, where we have again used Giauque’s 
nomenclature, namely “ calorimetric entropy ” for (532, 1 ) and “ spectroscopic 
entropy ” for (532, 2). The values of the former are corrected from actual gas 

X If we assume R ^ 1-9864 cal./deg., then iJIog, 10»®-9 14 = 274-44 - 9-14 = 265-30. Clusius 
uses the value 265-44 and Giauque the value 265-35. Compare footnote, p. 211. 

§ A useful survey of the data previous to 1936 has been compiled by Kassel, Chem. Rev. 18, 
277 (1936). 
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to ideal gas according to (532, 6). In the sixth column are given the values 
of ovf that have to be assumed to give agreement; when these values are 
assumed for ov^ and R log ov^ is subtracted from the spectroscopic entropies 
given in the fifth column, we obtain the values given in the seventh column. 
It will be observed that in most, but not all, cases this value of oirf is unity. 
We need discuss only the exceptions. All the molecules are chemically 
saturated so that vf = \^ = \. Any deviation of ovf from unity must 
therefore be due to o # 1 . 

The value 2 for o for NjO may be explained by supposing that the linear 
NNO molecule, owing to its high degree of symmetry, can, like the CO 
molecule, be reversed end for end without appreciably altering the energy 
of the crystal. The equilibrium distribution of directions will remain 
random down to temperatures for which kT is comparable with the energy 
difference in the two orientations. If by this temperature the chances of 
reversal have become negligible, the crystal will remain for all lower tern- 
peratures with random orientations of the molecules (o = 2 ). It is interesting 
to observe that the SCO molecule is not sufficiently symmetrical to behave 
in this way. For the molecule CH 3 D the value 4 for o takes account of the 
four effectively equivalent orientations of the molecule due to the D atom 
being isotopic with the three H atoms. We notice that the product tro is 
3x4 = 12 , equal to the value for CH 4 and for CD 4 . Thus the observed 
behaviour of CHjD provides experimental confirmation of the rule, given 
in §521, that isotopic molecules have equal values of (to, even when the 
separate values of cr and 0 differ. We may note that for CHgDj we should 
have ( 7=2 and o = 6 , so that we again recover cro = 12 . 

The discrepancy between the calorimetric and spectroscopic entropies of 
H 2 O and D 2 O has been interpreted by Pauling* as due to an indefiniteness in 
the position of the hydrogen atoms, or more strictly the hydrogen nuclei, 
in the crystal. Pauling makes the following assumptions: 

( 1 ) In ice each oxygen atom has two hydrogens attached to it at distances 
about 0-95 A. forming a molecule, the HOH angle being about 105° as in 
the gas molecule. 

( 2 ) Each HOH molecule is oriented so that its two H atoms are directed 
approximately towards two of the four O atoms which surround it tetra- 
hedrally. 

(3) The orientations of adjacent HOH molecules are such that only one 
H atom lies approximately along each 0-0 axis. 

(4) Under ordinary conditions the interaction of non-adjacent molecules 
is not such as to stabilize appreciably any one of the many configurations 
satisfying the preceding conditions relative to the others. 

* Pauling, J. Am. Chem. Soc. 57, 2680 (1035). 
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Pauling then calculated o by two alternative methods, which lead to the 
same conclusion. We quote both. 

A given molecule can orient itself in six ways satisfying condition 2 , but 
the chance that the adjacent molecules will permit a given orientation is 
(i)*, since each adjacent molecule has two tetrahedral directions occupied 
and two unoccupied by H atoms; thus the chance of a given direction being 
available for the original molecule is We tlius obtain o = 

The same result is given by the following equivalent argument. If there 
are N molecules, and if we ignore condition I , there are 2 **^ configurations 
satisfying conditions 2 and 3, each of the 2N H -nuclei having the choice 
of two positions one near one O atom and the other near the other. Some 
of these are ruled out by condition 1 . Let us now consider a given O atom 
and four surrounding H atoms. There are 2 ^ = 16 arrangements of the 4H 
atoms, but of these only (4 . 3)/2 = 6 satisfy condition 1 . We thus have 

^ 22a^( 6/16VV = (IP or o = |. 

This calculated value of o is in excellent agreement with the experimental 
values for both HgO and 1 ) 20 . It is of interest to note that HgS shows no 
analogous effect. 

There are also experimental data* for BF 3 , CF^ and SF^, but the heats of 
evaporation have not been measured directly and so have to be computed 
from the dependence of the vapour pressures on the temperature. This 
procedure introduces an experimental uncertainty greater than that of the 
data in Table 6 , probably about 0-4 cal. /deg. mole. Within this degree of 
accuracy there is equality between the calorimetric entropy and the 
spectroscopic entropy. 

§ 534. Homogeneous gaseous equilibria. As mentioned in § 526, 
the ideal method of comparison between theory and experiment is the study 
of homogeneous gaseous equilibria. As the crystal phase is not involved, the 
integration constant ASj can be calculated without any knowledge of o 
OTk;^. This is particularly simple for reactions involving only monatomic and 
diatomic molecules, when the only data required are the mass, the moment 
of inertia, the symmetry number, and the normal electronic state (occa- 
sionally as for NO the first excited electronic state is also involved). Un- 
fortunat^y there are only a few reactions for which complete experimental 
data are available, and the accuracy is often not high. The most suitable 
data for comparison are given in Table 7. The agreement between theory 
and experiment is thoroughly satisfactory. 

The comparison between theory and experiment can also be made through 

* Eucken and Schroder, Zeit. Physikal, Chem. B, 307 (1938). 
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the entropy changes of the reaction, as these can be determined spectro- 
scopically and calorimetrically. Full details of this method have been 
described and applied by Giauque and Overstreet* * * § to reactions 1 and 5, 
and by Giauque and Claytonf to reaction 4. 

The same method of comparison can be applied to reactions involving 
polyatomic molecules. It can be illustrated by the important example of 
th.w.ter.g«r««.tion cO. + H,«CO + H,0. 

The values for the entropies of the gases at 298- 1° K. and at one atmosphere, 
calculated from the spectroscopic data, are according to Giauque as follows : J 

CO 2 : 5107, Ha : 31-23, CO : 47-32, H^O : 45-10 cal./deg. mole. 

Thus for the reaction proceeding from left to right at 298- 1 K. , each chemical 
species being a gas at one atmosphere, the calculated increase of entropy is 
A/Sf = 10- 1 2 cal./deg. mole. The experimental data for the equilibrium constant 
at various temperatures and for the heat of reaction have been critically 
examined, and correlated with the heat capacities of the gases calculated 
from spectroscopic values by Bryant. § The value obtained by Bryant from 
the experimental data for the same entropy change A>> is 10-01 cal./deg. mole, 
in excellent agreement with the spectroscopic value. 

The available experimental data are, however, hardly ever of sufficient 
accuracy to warrant such a refined method of comparison. When data for 
gaseous chemical equilibria become available of accuracy comparable to 
the vapour ]:)re8sure and heat capacity data, Giauque’s method of com- 
parison can be used with advantage. At present the calculated spectroscopic- 
data are certainly more reliable than the best exi)erimental data for 
equilibrium constants. 

§ 535. Entropies of liquids, glasses and solutions. We have seen 
that for isothermal processes involving only crystals of single chemical 
substances (a mixture of isotopes of constant composition counting as a 
single chemical substance) the entropy increase AaS in the limit T-^0 is 
given by 

Lt AaS^ = k^\ogou^\ (535, 1) 

T-*() 

and in a large majority of cases ou^ is unity, so that Lt ^A<.9 = 0. In §§ 536-539 

* Giauque and Overstreet, J. Am. Ckem. Soc. 54, 1731 (1932). 

t Giauque and Clayton, J. Am. Chem. Soc. 65, 487»5 (1033). 

X References given in Tables 5 and 6. 

§ Bryant, Ind. Eng. Chem. 28, 1019 (1931); J. Soc. Chem. Ind. 61, 222 (1932); Ind. En^. 
Chem. 25, 820 (1933). The computations in the first two references have been revised in accord- 
ance with those in the last reference. The final values so. obtained were communicated to us 
privately. They do not difiFer seriously from those published in the earlier articles. 
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we shall discuss in greater detail the conditions under which ov^ has not 
the value unity. Before proceeding to this discussion for crj^stals of single 
chemical substances, we shall briefly summarize the situation for other 
condensed phases, that is to say liquids, glasses, and solutions. 

We shall again emphasize that by Lt AaS we mean the value obtained 

for by a smooth extrapolation from the lowest convenient temperature 
at which measurements have been made. 

The only liquid which can remain stable down to T = 0 is helium. For 
helium at the lowest temperatures reached the liquid phase is stable at low 
pressures, and the solid is stable at high pressures. At each temperature 
there is a pressure P at which the two phases are in equilibrium. It has been 
found* that as T -> 0 this equilibrium pressure P attains a value independent 
of T, that is to say ,p 

~ (535, 2) 

But we have the thermodynamic relation 


dP _ AS 

dT^ AV' 


(535, 3) 


where AS and AV are the entropy increase and the volume increase on 
melting, respectively. But as the volume change AV was found to 

remain finite. Hence from (2) and (3) we deduce 


Lt AS = 0. (535, 4) 

T^O 


Thus the entropy difference between the liquid and solid forms of helium 
tends to zero as T 0, 

All liquids other than helium become metastable at the lowest tem- 

jwatures. They are usually called supercooled liquids at temperatures 

slightly below the melting-point, and glasses at temperatures considerably 

below the melting-i)oint; the distinction is usefulf but not sharp, and we 

shall ignore it. It was pointed out by Pauling and Tolman J that at a given 

temperature the number of distinguishable configurational states for a 

glass will always be greater than for a crystal, and so for the isothermal 

process , , 

crystal -> glass 


we must exj)ect 


Lt AS>0, 
r-^o 


(535, 5) 


This can be verified experimentally by measuring on the one hand AS at 
^ome high temperature T, and on the other the heat capacities of both glass 

* Keesom, Comm. Phys. Laih. Leiden, no. 1846 (1926); Suppl. no. 616 (1927). 
t Simon, Erg. d. Exakt. Naturwiss. 9 , 244 (1930). 

I Pauling and Tolman, J. Am. Chem. Soc. 47, 2148 (1925). 
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and crystal from the high temperature T down to a low temperature T®, 
from which one can extrapolate smoothly to T = 0. The most thoroughly 
investigated case is glycerol, ♦ for which Lt AS was found to be 4-6 cal./mole 

T *-0 

deg. The corresponding value for alcoholf is 2-6 cal./mole deg. Other less 
completely investigated substances similarly show positive values for the 
limiting values of the entropy increase for the change crystal glass. 

With regard to mixtures we showed in § 520 that the entropy of a i)erfeot 
mixed crystal containing Nx molecules of type A and A^(l -x) molecules 
of type B exceeds the entropy of the component pure crystals of A and B 
at the same temperature by the amount 

AS = -ArA;{a:logx-l-(l-a:)log(l -x)}>0. (535,6) 

We shall see in § 815 that the same formula is applicable to liquid mixtures 
of a restricted class known as perfect solutions. It will, to the same restricted 
extent, be applicable to “ perfect ** glasses. Actually one cannot expect either 
a mixed crystal or a mixed glass to remain perfect down to the lowest tem- 
peratures, but, as long as the mixture remains homogeneous, deviations 
from (6) are probably not serious (see §§ 81 8, 819). In so far as formula (6) is 
valid the entropy of mixing AS is thus independent of temperature, and in 
particular retains its value as r->0. This has actually been verified^ within 
the experimental accuracy of ±0-1 cal./mole deg. for mixed crystals of 
AgBr and AgCl. Experimental data are also available for the process 

glycerol (liq.)4-ice (oryst.)-^ mixture (glass), 

the value of AS found§ by smooth extrapolation from 9° K. to 0° K. 
agreeing with the value given by (6) within the experimental accuracy of 
± 0-4 cal./mole deg. Actually one would expect formula (6) to apply rather 
to the process 

glycerol (liq.) + water (liq,)--> mixture (glass). 

§ 536. The third law of thermodynamics, (i) The experimental 
values of o. We are now due to undertake a discussion of the third law 
of thermodynamics and Nernst’s heat theorem. The law and the theorem 
have been in the past subject to much controversy, but one may perhaps 
claim that substantial agreement has recently been achieved. We shall 
therefore follow our usual practice in this book and give a purely didactic 
exposition of the law and the theorem, in what we believe to be the most 
satisfactory form. In view, however, of recent controversies we shall start 

♦ Simon and Lange, Zeit. Pkyn. 38, 227 (1926). Of. Gibson and Giauque, J. Am. Chem. 
Soc. 46, 93 (1923). t Kelley, J. Am. Chem. Soc. 61, 779 (1929). 

X Eastman and Milner, J. Chem. Phya. 1, 444 (1933). 

§ Simon, Handb. d. Phyatk, 10, 393. 
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with a discussion of the meaning of the experimental values of ovfy followed 
by a short historical introduction, before we give the statement of the 
third law and develop its consequences. 

In discussing Nernst’s heat theorem we are concerned with the behaviour 
of the entropy change in an isothermal reaction when T-^0. The discus- 
sions of the earlier part of this chapter have shown us that: 

For any isothermal reactions between pure crystals 

Lt M 2 log (636, 1) 

^-►0 

They have shown us further how in practice this limit is evaluated, and have 
made a number of determinations of ov^ for various crystals. We shall 
consider these determinations in greater detail here. 

We have seen that usually ov^ — 1 . The occasional values of ovf > 1 can 
arise in two distinct ways which we consider in turn. 

(a) Extrapolation from too high a value of T^. We emphasize again that 
we cannot make measurements at the absolute zero, and the only physical 
meaning for a quantity such as AS at the absolute zero is the limit of this 
quantity as T -> 0. The evaluation of this limit will always involve an extra- 
polation to T = 0 from the lowest convenient temperature T® for which 
measurements of heat capacities have been made. In our theoretical formulae 
various sets of states are treated as degenerate, but none of these sets need 
be strictly degenerate; so long as their energy differences Ae are small com- 
pared with kT, it is correct to ignore these differences and treat the set 
simply as a degenerate state with the corresponding extra weight factor. 
If the observations stop at a temperature sufficiently high, no effect of 
the ignored separations will be seen in the heat capacities, and one must 
include the extra weight factors in the partition function. If, however, 
observations are pushed lower (kT^^Ae), we reach temperatures at which, 
for equilibrium to be maintained, the upper states of the set must be gradu- 
ally emptied. Finally we may reach still lower temperatures {kT^<^Ae) 
where the upper states can be ignored, and the effective states are no longer 
degenerate or at least not so highly degenerate. During this change the 
heat capacity will show temporarily exceptionally large values, and the 
extra weight factors removed from klogov^ are replaced by an equal con- 
tribution from the double integral 

dT r^« 

It is easily verified that, if T lies in a range in which states per 

molecule have a negligible and all others a large energy compared with kT, 
while T® lies in a range in which only Wq states have a negligible and all others 
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a large energy compared with kT^, the integral (2) contributes precisely 
A;log(Ti7o + Ti7i) — /rlogTiJo. This is just the diiference between [A'logot;^ ]yi and 
[/:logot«jf]7io, where the subscripts T and indicate the temperatures from 
which a smooth extraj)olation of the heat capacity is made. 

We have already seen in § 531 that ortho-hydrogen, and to a less extent 
the ordinary metastable mixture of ortho- and para -hydrogen, shows a 
rise in the heat capacity when the temperature is reduced below 12" K. For 
Hg undoubtedly ~ 1, and so we need consider only the orientational 

weight factor o. The values o = 3 for ortho-hydrogen and o = 3^ for the 
ordinary metastable mixture are evidently due to too high a choice of 
If the heat capacity measurements could be continued to still lower tem- 
peratures, and the double integral (2) were evaluated with the limits (1*3° K. 
and 12°K., its value would be / log 3 for ortho-hydrogen or 4/* log 3 for 
ordinary hydrogen. One w ould then be able to (;hoose 0*3 ’ K. and would 
find 0=1. Similarly the weight lactors o = 3 for para -deuterium and o — 3* 
for the ordinary mixture of ortho- and para-deuterium would be reduced to 
unity by using a sufficiently low T^. Thus for reactions involving Hg and 
Dg extrapolated to zero from T® 0*3'" K. no contribution would be ex))ected 
tow^ards a non-zero value of o by the or Dg involved. 

(6) Frozen-in varieties of orientation. There are a number of other mole- 
cules CO, NO, N2O, H2O and 1)20 whose crystals have non-unit values of 
o and so of ov^. These extra weight factors we have attributed to extra 
orientations of one type or another — for C'O and NNO to the })08sibility 
of turning an almost symmetrical linear molecule end for end; lor NO to the 
possibility of two distinct orientations for the molecule N2O2; for HgO and 
D2O to the possible different arrangements of the H or D (§ 533). The energy 
differences of these orientations are small, and for any example it may be 
that the various orientations form a still effectively degenerate but unfrozen 
state at T®, so that the extra weight factor would be removed by choice of 
a lower T®, an example of case (a). This however is unlikely. It is much 
more likely that we have a case of metastable equilibrium with the random 
orientations frozen in. In general we should perhaps expect such metastable 
equilibria, whenever we have a crystal built of molecules with their two ends 
physically distinguishable but extremely similar in size and force field. The 
same expectation may clearly be extended to more complicated molecules, 
where the same or similar conditions hold. For we may then expect the 
molecule to have two or more equilibrium orientations in the crystal, only 
one of which is completely stable, the remainder being metastable, leading 
to a value of o > 1 . The metastable orientations lie above the stable orienta- 
tion by an energy difference Ae, which is much smaller than fcTjt, where 7]^ is 
the minimum temperature required for reorientation at an appreciable 
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speed. In other words when we reach temperatures so low that it matters 
to the molecule which way it points, it is already practically impossible for 
it to turn round. The situation is exactly the same for orientations here as it 
is for spatial arrangements and rearrangements in a glass or in a chilled 
metallic alloy and we might describe such phases as “orientation ally 
amorphous”. The molecules will remain frozen at all lower temperatures, 
being distributed perfectly at random between their two or more orientations . 
The frozen crystal with o orientations occupied at random will have an 
entropy it logo per molecule greater than an ideal crystal with regular 
orientations, and this is the entropy which one would naturally regard as 
the true limiting value of its entropy at the absolute zero. It is interesting 
to note that, for an almost symmetrical molecule of the type discussed here, 
we obtain the correct value of its vapour pressure constant by treating it as 
truly symmetrical; for then we replace the true values o = 2, o’ = 1 by the 
fictitious values o = 1, cr = 2, and the product ocr is unaltered. 

In concluding this section we may note one further possibility, at least 
for ideal experiments, of which we have not taken account hitherto. All our 
formulae are based on the assumption that for a symmetrical molecule Xg 
there is no ortho-para conversion in any phase at low temperatures, but that 
the ortho-para ratio remains fixed at the value characteristic of high 
temperature equilibrium. We have seen moreover that ortho-para separations 
as such make no contribution to the limiting values of A5 as T->0, except 
by accident when extrapolations are made from too large a value of T®. 
Now the crystal state constructed from the ortho-para mixture is a meta- 
stable one, and it might be possible to replace it by the true stable state at 
all temperatures by using suitable experimental methods. For example, 
hydrogen can be reduced with reasonable rapidity to its true equilibrium 
state by using a suitable catalyst; the reduction to practically pure para- 
hydrogen is completed in the liquid phase, and, if this is done, the resulting 
solid phase will differ insignificantly from the true equilibrium state for all 
temperatures in question. Ideally it must be possible to treat all other 
molecules Xj in the same way, though in fact there would be great practical 
difficulties, since it is only for hydrogen and deuterium that the reduction 
to the pure state would be practically completed before the freezing-point 
is reached. 

Suppose now we try to improve our current practice by using hydrogen 
catalysed into the true equilibrium state instead of the ortho-para mixture, 
and applying the thermal data so obtained to evaluate Lt AiSf for reactions 

T-*0 

between solids involving hydrogen. We shall still find that it is not true in 
general that AS -> 0, even if we imagine that the solid phases of all the 
molecules concerned can be and are catalysed to true equilibrium. For the 
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catalysis to para-hydrogen (for example) removes not merely the redundant 
o-factor 3* per Hg molecule, replacing it by an extra contribution from the 
integral (2), but also in the same way the nuclear spin weights and the 
entropy of mixing, since the equilibrium state is pure para-hydrogen whose 
ground state has weight unity including nuclear spins. The nuclear spin 
weight and the entropy of mixing together contribute a spin weight 2 per 
H atom. This spin weight 2 per H atom will survive as usual in the other 
solid phases, and the nuclear spin term A' Slog/? will no longer cancel from 
A>S and other thermodynamic formulae. Thus while experiments on the 
normal ortho-para mixture Hg yield a contribution ± jA:log3 to A/S', those 
on catalysed Hg would yield + k log 4 per molecule, the term actually arising 
from the surviving spins in the unsymmetrical molecules on the other side 
of the reaction equation. 

The removal of the spin weights, which is thus actually feasible at present 
for Hg and Dg but probably not for any other substance, is due to the 
coupling of the nuclear spins to the molecular rotations demanded by the 
symmetry requirements. This means that energy differences which are 
very large from the points of view of nuclear spins are effectively dependent 
on the spins, and can therefore be eliminated at accessible temperatures 
together with the nuclear spin degeneracies associated with them. In 
heteronuclear molecules on the other hand, where the spins are not coupled 
by the symmetries to such large energy differences, no such elimination is 
possible at these temperatures. 


§ 537. The third law of thermodynamics, (ii) Historical sketch^ 

After this introductory survey of the statistical interpretation of the experi- 
mental facts in the form of observed values of ovf, we pass to.a brief historical 
sketch of the third law of thermodynamics and Nemst’s heat theorem, 
particularly of the various enunciations of the theorem.* 

One of the earliest enunciations of Nemst’s heat theorem took the form: 
In any isothermal process between condensed phases (including glasses , super- 
cooled liquids and solutions) 


Lt ^S = 0. 


(537,1) 


Provided we assign to Lt the usual meaning corresponding to a smooth 
r->o 

extrapolation, we saw in §635 that (1) is not true either for glasses or for 
solutions. 


* See Nemet, Die theoretUchen und experimenteUen Qrundlagen dee neuen Wdrmeeaizee, £d. 2 
(1924). The reader should also refer to Simon, ** Fiinfundzwanzig Jahre Nerastschen WSrmesatzes ”, 

Erg. d. Exakt. Natunoies. 9, 222 (1930), a valuable article recording much work which has played 
an essential part in the elimination of the earlier errors. 
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It was therefore necessary to revise the enunciation, and restricted 
enunciations of the theorem were later proposed in the forms: 

(а) For any isothermal process involving 07ily pure crystals 

Lt ^8 = 0. (537, 2) 

(б) If the entropy of each element in the crystalline state stable at T = 0 be 
taken ae zero, every substance has then a finite positive entropy, but at T = 0 
the entropy may become zero, and does become zero for all perfect crystalline 
substances ineluding compounds. 

Formulation (6) is equivalent to one first given by Lewis and Gibson.* 
It will be observed that they are careful so to formulate the theorem that 
the idea of absolute entropy is not introduced. 

These enunciations avoid the difficulty created by phases such as glasses, 
ordinarily recognized as amorphous, but the empirical foundations even of 
these enunciations soon became none too secure as the facts became better 
known. Further progress in the understanding of the theorem has been 
greatly helped by a better appreciation of its statistical interpretation 
through studies of the formula (535,1) and especially of the conditions 
under which we may expect o = 1 for all substances concerned in any 
reaction. But however wide or narrow these conditions turn out to be, it is 
already clear that the theorem is not universally valid according to 

its normal interpretation. It was therefore natural to search for a suitable 
principle of universal validity which might rank as a third law of thermo- 
dynamics and from which Nernst’s heat theorem when true would follow. 

Such a principle, fulfilling aU requirements, is available — The principle 
of the unattainability of the absolute zero, first enunciated by Nernst.f We 
shall adopt this principle as the third law, and proceed in the following 
sections to state it in a precise form and to derive from it a correct version 
of Nernst’s heat theorem, which we can then compare with our statistical 
analysis of the facts. 

§ 538. The third law of thermodynamics, (iii) Its thermodynamic 
formulation and consequences. The principle of the unattainability of 
the absolute zero on the available evidence is of completely general validity. 
This principle, which we call the third law of thermodynamics, may be more 
precisely enunciated as follows: 

It is impossible by any procedure, no matter how idealized, to reduce any 
assembly to the absolute zero in a finite number of operations. 

The type of evidence that suggests this principle most strongly is that 

* Lewis and Gibson, J, Am. Chem. Soc. 42, 1529 (1920). See also Lewis and Randall, Thermo- 
dynamics, p. 448 (McGraw-Hill, 1923). t Nemst, Berlin. Sitzungsber. p. 134 (1912). 
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derived from experiments on the adiabatic demagnetization of para- 
magnetic salts, the discussion of which will be found in Chapter xiv. 
Accepting the principle, we proceed to examine its consequences.* 

Let us consider any process (e.g. change of volume, (^hange of external 
field, chemical reaction) denoted formally by 

(538.1) 

we shall use the subscripts ol and p to denote properties of the assembly in 
the states a and p respectively. Then the entroi)ies of the assembly in these 
two states depend on the temperature according to the formulae 

(538.2) 

= *-0+ (538,3) 

J 0 / 

where NJ, are the limiting values of aS’^ for T->0. We know from 
c|uantum theory that both the integrals converge. Suj)pose now that we 
start with the assembly in the state a at the tenn>erature T\ and that wc can 
make the jjrocess ol-^ p take place adiabatically. Ijet the final temperature 
after the assembly has reached the state p be T'\ We are now going to 
consider the possibility or impossibility of T" being zero. From the second 
law of thermodynamics we know that, for a process defined by its initial 
and final states, the change of entropy is zero if the process takes place 
quasi-statistically but positive otherwise. It is therefore clear that the 
chances of attaining as low a final T as possible are most favourable when the 
j)roce88 takes })lace quasi -statically. We need therefore consider only such 
a quasi-static path. For the quasi-static adiabatic process being considered 
we have then by (2) and (3) 

-> </T = .S"; + dT. (538, 4) 

If T" is to be zero, we must then have 

(538,5) 

Now if > 0, it will always be i)os8ible to choose an initial T' satisfying 

(5), and by making the process oc^P take f)lace from this initial T' it will 
be possible to reach T" — 0. From the premise of the unattainability of 

♦ The following; disoiisMion is essentialJy equivalent to that given by Simon [Science Museum 
Handbook, Htwk 3, p. 61 (1937)]. AH other discasHinns, that wc know ol, make unnecessary restric- 
tions concerning the temperature dependence of the heat ca]>acitieH. It should be noticed that 
the only assumption Ikto made is that as the heat capacities all tend to zero sufficiently fast 

for the entropies to remain finite. 

F G 
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T = Owe can therefore conclude that 

(538.6) 

Similarly we can show that, if we can make the reverse process take 
place quasi-statically and adiabatically, then we can reach T = 0 from an 
initial temperature T' satisfying 

(538.7) 

Further, if iS® — <S^>0, we can always choose an initial T' satisfying (7). 
From the unattainability of T = 0 we can therefore conclude that 

(538.8) 

Fix>m (6) and (8) we deduce (538, 9) 

This is precisely Nernst’s heat theorem. 

We can also show conversely that, given (9), neither the process a nor 
the reverse process can be used to reach T = 0. For, assuming (9) to 
be true, we now have for the adiabatic process a the initial temperature 
T' and the final temperature T" related by 

To reach T"' = 0 we should require 

= (538,11) 

But since ^^>0 always for any finite T, it is impossible to satisfy (11). 
Hence the process OL->fi cannot be used to reach T = 0. The proof for the 
reverse process is exactly similar. 

From the derivation of Nernst's heat theorem in the form (9) we see that 
its deduction from the third law of thermodynamics (the unattainability 
of T = 0) involves the assumption that the states a and fi can be connected 
by a reversible path. 

If all the phases concerned are phases in complete internal equilibrium, 
the reactions concerned must presumably be regarded as ideally reversible. 
If any phase is naturally in metastable internal equilibrium, a reaction or 
process affecting it may or may not disturb the frozen metastable equili- 
brium. If it does not disturb this equilibrium, then the reaction or process 
must still be regarded as reversible, but otherwise it will be irreversible. 
We may therefore enunciate Nemst^s heat theorem in the following accurate 
form: 

For any iaoihermat proceaa involving only phaaea in internal equilibrium 
or^ altemativdy, if any phaee ia in frozen metaatable equilibrium^ provided 
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the 'process does not disturb this frozen equilibrium, 

Lt A.V = 0. (538,12) 

r-^o 

This includes all physical changes which depend on the variation of some 
continuous external parameter such as pressure or magnetic field strength. 
It also covers all chemical reactions between phases in internal equilibrium, 
but does not include chemical reactions involving phases in rnetastable 
equilibrium. 

Any conceivable isothermal process involving a phase in frozen meta- 
stable equilibrium, which does disturb the metastability, can obviously 
proceed only in the direction which decreases this metastability. It follows 
at once from the third law that for such a reaction proceeding in the only 
possible direction ^ ( 53 g^ 1 3 ) 

T *-0 

and such a process is even less efficient* for reaching T — 0 than one for 
which Lt A/Sf = 0 . 

§539. The third law of thermodynamics, (iv) Statistical inter- 
pretation, We are now in a position to give a proper statistical inter- 
pretation of Nernst’s heat theorem. We have seen in the earlier sections of 
this chapter, whose results are collected and discussed in §536 that, for all 
reactions between crystals, 

Lt A/S = M S log ovf, (539, 1 ) 

in calculating which all contributions of nuclear spins, isotopic mixtures and 
ortho-para separations can be ignored. Further, provided that extrapola- 
tions are made to zero from a suitably chosen T®, which is of the order 
commonly used in practice (except that, for H 2 and for D 2 » should be 
about 0 - 3 ° K.), we have also found that ov^ is different from unity only for 
orientationally amorphous phases in frozen metastable equilibrium. Jor 
these phases o> 1 and so ou^>l. Hence for any process which thaws or 

removes the metastability < q (539, 2) 

r-^o 

For any process on the other hand which does not concern systems for 
which oVq > 1 , or in which values of oof if greater than unity occur but are 
not affected, AS = 0. (539, 3) 

These statistical conclusions are therefore in full agreement with the third 
law and our deductions from it. 

It has been arguedf that irregular solid phases must l>e excluded from the 

• See Simon, Zeit. Phya. 41, 806 (1927). 

I Simon, Z^it. Anorg. Cfuim. 203 , 226 (1931). 
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field of the theorems a priori, because, since they are phases in metastable 
equilibrium and not in true internal equilibrium, the theorems of thermo- 
dynamics, including Nernst’s heat theorem, which state equalities, cannot 
be applied to them. This point of view, however, proves too drastic and 
cannot be reasonably maintained.* In its extreme form this view implies 
that a phase in frozen equilibrium has no definite value of the entropy. In 
the first place we observe that there is no need to hold this view in order to 
be able to give a perfectly general and acceptable form of the third law of 
thermodynamics and Ncrnst’s heat theorem, such as we have given above. 
Again an entropy difference between a metastable solid phase and the liquid 
phase can always be established and measured, because by carrying out the 
melting process at the proper speed it can be made to go reversibly, or 
practically reversibly. In the particular case of NNO it has been shownf 
that the thermal properties of the crystal at the lowest temperatures are 
entirely independent of the rate of cooling to these temperatures. It follows 
that the changes occurring during heating and cooling are reversible, 
although the crystal, being orientational ly amorphous, is unquestionably 
metastable at the lowest temperatures. Thus the metastable solid phase 
must be held to have a definite entropy, just as much as any other phase in 
which the substance can exist. 

It is argued again that a glass cannot have a definite vapour pressure. This 
may well be true. For if the process of evaporation and recondensation 
removes the metastability, the vapour pressure would progressively change 
over to the vapour pressure characteristic of the regular crystalline solid. 
But even if it is true that a particular glass has no vapour pressure, this does 
not mean that the glass has no definite entropy, but merely, as is obvious, 
that the process of evaporation is irreversible. On the other hand it is con- 
ceivable that the process of evaporation from an irregular solid like a glass 
is in the absence of the crystalline form actually reversible, and that the 
recondensation on the amorphous substance leaves the solid amorphous. 
In this case the glass would resemble a supersaturated solution in having 
a definite vapour pressure in spite of its metastability. 

A well-known assembly to which no one hesitates to apply the theorems 
of thermodynamics is a gaseous mixture of oxygen and hydrogen. This is 
only in metastable equilibrium, since in the true equilibrium state there 
should be a large conversion of the oxygen and hydrogen into water or steam. 
The difference of entropy (or of free energy) between such a metastable 
assembly and the stable assembly into which it might be changed irreversibly 
has a well-defined and measurable value. 

• Compare Eastman and Milner, J. Chem. Phya, 1. 451 (1933). 

t Eucken and Veith, Zeit. Phyatkal, Chem. B. 85, 463 (1937). 
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Careful consideration of all such cases leads to the conclusion that all 
thermodynamic systems are liable to be only metastable, and all applica- 
tions of the equalities stated by the theorems of thermodynamics to be of 
only relative validity. Actually we hardly ever, if ever at all, deal with 
complete equilibrium in the strict sense of the word,* for even among 
elementary atoms probably some are unstable relative to others, but, 
except for the recognizably radioactive elements, the transformations are 
negligibly slow. The fact that there are such slow transformations occurring 
does not, however, matter to thermodynamics. In order to be able to use the 
equalities stated by its theorems we must be able to classify all processes 
of change into two classes, those that are very fast and those that are very 
slow compared with the changes that we wish to impose experimentally. 
The processes of the slow group we can entirely ignore. Those of the fast 
group will maintain complete equilibrium among the states or phases 
that they connect, and the imposed changes will be perfectly reversible. 
IVoccsses of intermediate speed which are neither fast nor slow are, how- 
ever, fatal, and inevitably make an imposed change irreversible. The 
situation in jnire thermodynamics is in fa(!t exactly the same as we found 
it in discussing the underlying principles of accessibility in statistical 
mechanics in 105. There seems no good reason for supposing that prottesses 
and })l)enomena at very low temperatures are any different in this respect 
from those at ordinary temj)erature8, to which we arc better accustomed, 
and there is no need to make such artificial distinctions in order to preserve 
a general form of Nernst’s heat theorem. 

§540. Homogeneous equilibrium in an external field. All the 

formulae of this chajiter so far refer to assemblies subject to no external 
fields of force, excicyH the local boundary fields. This restriction can easily 
be removed for the gaseous part of the assembly, for which alone it is of 
importance. We will supj)ose that classical statistics may be used, and that 
all the gaseous components are confined to the same volume V . Then in the 
j)artition f unction of A we have to re])lace the factor V by 

J (540,1) 

where denotes the potential energy of a molecule A in the particular 
volume element dV. We have therefore 

(640, 2) 

where (t>j_(T) has the same value throughout the volume F. If Nj^ is the 
* Qiauque aad Johnston, Phys. Rev. 86, 1592 (1930). 
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total number of molecules A, then, as we have already seen in §304, the 
average number n^(SVr) l^^he particular volume element SV^ is given by 

njSV,)==N^~ (540,3) 

This determines the equilibrium between one volume element and another. 

Let us now consider only the molecules in the volume element The 
molecules A in this element have the partition function Sf^(T) given by 


- (!>A(T)e-'ArsVr, (540, 4) 

and similar relations hold for each type of molecule. 

From the form of (4) we can deduce that the equilibrium condition for 
the gaseous reaction aA+bH ^ ...^IL + mM + ..., (540,5) 

in the particular volume element <JT>, takes the form 

= K ^ ^ (540^ 0) 

where each cT denotes a concentration in the volume element and 

(540,7) 


so that has the same value throughout the volume V. We can verify 
that the equilibrium distribution law (3) for each type of molecule is con- 
sistent with the sf)ace variation (6) of the equilibrium constant. In general 
the value of the equilibrium constant K will vary from one volume element 
to another. But in the two most important applications it will not vary. 

( 1 ) In a gravitational or centrifugal field w^e have 


where m denotes the mass of a molecule. Hence 


(540, S) 


^540, 9) 

because of the conservation of mass. 

(2) For molecules (ions) of electric charge 2 ^|e| in an electric field we 
have 

1! A ?/. r. t! w . 

(540, 10) 






and so again 2/^ , (540, 1 1 ) 

because of the conservation of charge. 


Hence for both these cases K ^ (540, 12) 

and is independent of the potential. 

On the other hand, for molecules with an electric (or magnetic) moment 
in an external electric (or magnetic) field the equilibrium constant K will 
depend on the field strength because in a chemical change electric (or 
magnetic) moments are not necessarily conserved. 
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GRAND PARTITION FUNCTIONS AND THEIR APPLICATIONS 

§ 600 . Introduction. We shall now describe a more general and powerful 
statistical method than any we have explicitly used hitherto. This method 
involves no new assumption but merely a rearrangement of the formulae 
used, and is the quantal analogue of (bibbs’ use of the grand canonical 
ensemble, introduced by him in the last chapter of his Introduction to Statis- 
tical Mechanics* 

As we have already mentioned in Chapter i, Gibbs' normal method of 
procedure is to determine the equilibrium properties of an assembly or a 
phase by averaging the properties of the assembly over an ensemble of 
examples canonically distributed in phase, keeping the numbers of systems 
in the assembly fixed. This means, as we (^an now see, merely constructing 
the partition function for the assembly by summing or integrating over the 
whole of accessible phase space for a fixed number of the systems con- 
stituting the assembly. In his last cha[)ter§ Gibbs removes the restriction 
to a fixed number of systems, and derives the equilibrium properties of the 
assembly or phase by summing 

over all values of the Nj ^ , . . . , and over the whole of accessible phase space 

for each set of values of the iV's. He calls the family of the assemblies so 
contemplated a grand ensemble canonically distributed in phase. It would 
seem natural therefore to apply a somewhat similar name to the statistical 
function so constructed. We shall show in this chapter how one may con- 
veniently proceed by summing or integrating the equivalent functions 

( 600 , 2 ) 

over all A^'s and all accessible states or phase space. We shall call this func- 
tion a grand partition function for the assembly, thereby perpetuating Gibbs’ 
nomenclature.f 

It may be well to pause a moment to consider the physical meaning of 
this type of construction, which leaves the AT's unspecified apriori, compared 
with the normal method of procedure which keeps them all fixed at given 
values. We recall that initially in Chapter ii we considered an assembly 

* An excellent account of the classical form of this method is given by Landau and Lifnchitz, 
Statiatical Phyaics, sect. 46 ^Oxford, 1937). 

§ Gibba, Elementary Principlea in Statiatical Mechanira, Chapter xv, Collected Works, 2 
(Longmans, 1928). 

t See Fowler, Proc. Camb. Phil. Soc. 34, 382 (1938). 
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with a specified total energy E, and were led by natural reasoning to the 
conception of the statistical temperature We obtained a relation between 
# and E, Its manner of derivation there corresponded to regarding # as 
determined by E^ but we pointed out that it was equally allowable, and 
usually more convenient, to regard E as determined by Physically this 
change of point of view corresponds to considering an assembly in a thermo- 
stat instead of an isolated assembly. The interrelationships of the A’s and 
the iV’s is exactly parallel to that of # and E, In previous chapters we have 
considered the N'% as given, and we have regarded the A’s as determined by 
the whereas now we wish to invert the relations and regard the N's as 
determined by the A’s. Physically this means that instead of considering 
a completely enclosed assembly or phase we consider one in intimate contact 
with another (very large) phase, say a gaseous phase, of given temperature 
and composition, which is not regarded as part of the assembly. The tem- 
perature and composition of the large subsidiary phase fix and the A’s, 
and, if the phase is large enough, fix them at values unaffected by any parts 
taken up by the assembly proper. We then determine the equilibrium 
properties of the assembly proper in equilibrium with this given surrounding 
medium. This, as we shall see, is most expeditiously done by constructing 
the grand partition function. 

The connection between thermodynamics and statistical mechanics with 
the use of grand partition functions’" may be made even more simply, though 
somewhat more abstractly, than in the usual manner. Its development, 
however, requires the use of some of the less familiar thermodynamic 
relations, and we shall therefore recall shortly in the next section some which 
we shall use later. 

§601. Some special thermodynamic potentials. For the sake of 
brevity we shall write all formulae for a single phase assembly. The more 
general formulae for assemblies of several phases are directly obtainable by 
introducing the appropriate summations; it is, however, one of the chief 
merits of the new approach which we are about to develop, that it is always 
easy and indeed natural to confine attention to a single phase assembly, 
whereas this is not always possible for the usual statistical method which 
uses given iV^’s. 

We can start with formula ( 222 , 18 ) which, for a single phase with only 
a single geometrical parameter x, becomes 

dF = -- SdT — Jf ( 601 , 1 ) 

We shall assume that the geometrical parameter x is of the nature of a volume 

• Cf. Pauli, Zeit. Phya. 41, 88 (1927); Delbrilck^and Molidre, Ahh. Preuaa. Akad. Wiaa. no. 1 
(1936). 
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or a surface area defining the size of the assembly. Then at any given tem- 
perature F is homogeneous and of the first degree in x and the N’s, and 
therefore by Euler’s theorem 


^ dF hF 


(fi01,2) 


We can now define a function G in the ii8ual manner by the equation 


G = F^Xx, (601,3) 

which may be shown, by differentiation of (3) and the use of (1), to have the 


property that 


dG = — SdT -^-xdX + 


(601,4) 


We notice that (4) is the fundamental equation for the variables T, X, and 
the iV^'s, so that G is a thermodynamic potential for this set of variables, 
which in virtue of its introduction by Gibbs will be called the Gibbs function . * 
By using (3) we can write (2) in the alternative form 




(601,5) 


By differentiating (5) and combining the result with (4) we obtain the 
relation ^ ^ ^ ^ 


usually known as the Gibbs-Duhera relation. These formulae are all classical, 
and will be familiar to every student of Gibbs’ works.f 

We now pass on to variations of these formulae which may be less familiar. 


We can rearrange (2) in the form 

= (601,7) 

differentiating this and using ( 1 ) we obtain 

d{Xz) = SdT-\-Xdx-\-I.jN^d/i^. (601,8) 

Equation (8) is the fundamental equation for the variables T, x and the /^’s. 
It follows that Xx is a thermodynamic potential for these variables. From 
(8) we derive immediately ^ (601, 9) 

d(Xx)/dx==X, (601,10) 

d{Xx)ld,t^ = N^. (601,11) 


* The nomenclature for the various thermodynamic potential is unfortunately confusing. We 
mention for clarity that which we here call the free energy (name due to Helmholtz), is also 
caUed the free energy of Helmholtz or the work function and is identical with Oibbs* i/r. The Gibbs 
function G is identical with Gibbs* ^ and is also called the free energy of Gibbs or even the fiee 
energy and sometimes the thermod 3 mamic potential. The last two names are indefensible. 

t For the convenience of any reader referring to Gibbs we note that formulae (1), (4), (6) 
here correspond to Gibbs* formulae (88), (92) and (97); see Gibbs, CoUeded Works, 1, 87 sqq. 
(Longmans, 1928). 
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It turns out that it may be easier to construct the potential Xx{ 
as a function of the specified variables for many complicated assemblies or 
phases, than it is to construct the free energy. This will become clear in 
later sections where we actually construct Xx statistically. 

§ 602. Statistical formulae for Xx. In order to make effective use 
of the thermodynamic potential Xx we require statistical formulae for its 
evaluation. In the simple case of a gaseous assembly these are derivable 
at once from those already obtained for F and the /t*s. We have according 
to (224, 5) and (226, 6) 

m, log( 1 ± log A^, (602, 1 ) 
and according to (224, 9) 

/i^ = kTlogX^. (602,2) 

As already mentioned in § 224, an appropriate thermodynamic name for 
A^ is the absolute activity of A. From (1), (2) and (601, 7) it follows at once 

Xx = £,tiir,log(l ± (602, 3) 

It is noteworthy that this formula for Xx is simpler than formula (1 ) for F, 
and still simpler than formula (224, 18) for the entropy. By using (2) we 
can write (3) in the alternative form 

Xx = kT'L^'L^w^\og(\ 

It is convenient for brevity to rewrite (3) in the form 

Xx = kT log's., 

where H = 11,. (1 ± A^6“®r/*2')±wr 

= n,.(i ± 

We now observe that S was constructed in § 214 for this phase, with the 
precise object of having the property that the coefficient of 
is the numl>er of accessible complexions of this phase when it has energy E, 
and numbers of system ..., due regard being paid to symmetry 

requirements. The function S itself is therefore the sum of A^-<A^«...^ 
over all complexions for all values of the energy E and all values of the num- 
bers of systems , Ng , .... It is precisely the function which we have already 

agreed to call the grand partition function for this phase. It follows from the 
method of construction of S, which we have just described, that the fre- 
quency of occurrence of any particular set of conditions in the phase is 
proportional to the sum of the terms in S which satisfy this set of conditions. 
In particular if any property has the value Q in a set of terms #2 of E, then 


(602,4) 

(602, 5) 
(602, 6) 
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its average value Q in the phase for given T, F, A ^, A^^, ... is given by 

Q = I.QSEIE. (602,7) 

Although we have given a detailed proof of the relation (5) between the 
thermodynamic potential Xx(7\V,/i) and the grand partition function 
V y A) only for the case of a single gaseous })ha8e, the relation is perfectly 
general, provided E is constructed as the polynomial in A^,A^, such 
that the coefficient of AfJ^ A^" ... ^^ is the number of accessible complexions 
of the whole assembly when it has energy K, and numbers of systems 
- I regard being paid to symmetry requirements. In particular 
one can verify that the grand partition function E for an assembly of several 
phases will be the product of the H’s for each phase. This leads to the 
required additivity properties for the several phases. 

Let us consider for example an assembly consisting of two phases, and 
let us denote the properties of the phases by symbols with a single prime 
and a double prime respectively. Then 




(602, 8) 


By the method of §215 one can then show that the average number of 
systems of type A in each f>hase are given by 


N' — A N" — \ ^ 




(602, 0) 


From (2) and (5) we see that the relations (9) are equivalent to 


_ a(Ax)' 




^Xx)" 


(602, 10) 


which is just the thermodynamic formula (601 , 1 1 ) generalized to two phases. 

We may note further, since x is the only extensive variable in 3 (i.e. the 
only variable whose value increases proportionally to the amount of the 
phase), that for each phase 3 must be of the form 

E{»y Xy , A^,, . . . ) = [5(^, A^ , Ah. . . . )F. (602, 1 1 ) 

or log3(i^,a:, A^, Ah, •) = a?log5(i^, A^, Aj,, • .)» 12) 

where S is independent of Xy that is to say independent of the extent of the 
phase. By using (601, 10) and (5) we derive for the generalized force 

X = = JfcT-®- = ifcriogE(#, A^, ...). (602, 13) 

CX X 


Formulae (9) and (13) are the statistical transcriptions of the thermo- 
dynamic formulae (601,10) and (601,11). We have still to derive the 
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statistical equivalent of (601, 9). We have 


[602 


/0[Xa:h 


[( af),., aV),,, (a/;;,), J 




E^Xx 
T ’ 


(602, 14) 


using (2), (601, 9), (601, 1 1) and (601, 7). Combining (5) with (14) we obtain 



E. 


(602, 15^ 


In most applications it will be allowable to use the approximations of 
classical statistics, for which the necessary conditions are that 1 for all 
types of systems. We can then replace (3) by the approximation 

Xx = ^TlogE = (602, 16) 

where /^(7^) is the ordinary partition function for a system of type A. We 
shall apply these results in the following sections. Before doing so, howev^er, 
it is interesting to record how (16) may be obtained directly, without 
proceeding via (quantum statistics. If the partition function for a single free 
system of type A in volume V is /^(T), the partition function for i\r^ systems 
would be {/^(^’)}^^, except that in integrating or summing over all V for 
each of the systems independently one permutes all the systems com- 
pletely. Every distinct state of the assembly is thus counted ! times, 
and the correct assembly partition function for free systems must be 


(602,17) 

When there are several types of systems this can be generalized at once to 

{fni . . ./^^ ! ^2. ! . . . . (602, 1 8) 

The grand partition function is therefore given by 

S = S^S^...A^i'^A^-...{/^(T)^v,|y^(y)|^^ (602,19) 

or E = (602, 20) 

On taking logarithms and multiplying by kT we recover (16). 


§603, Use of the grand partition function for a gaseous phase. 

We shall now verify directly that the use of the grand partition function 
leads to all the usual results when applied to a perfect gas. 

We have already in § 219 enumerated the quantal states of structureless 
particles in a rectangular enclosure. According to (219,2) the possible 
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energies of structureless })articles A of mass in a rectangular tmclosure 
with sides of length a, 6, c are given hy 


I P np 7p\ 


(h03, 1) 


Since therefore for a given energy 6 


P 

cP 




+ yi + ,.2 ^ 


8m I 


(603, -1) 


the number of states ol translational kinetic energy less t han or (;q(ial to t 
is equal to the volume of an octant of the ellip.soid (2) in /, m, n si>a(!e. 'I'hi.s 
ellipsoid has semi-axes a(8m^6)i/7(, lj{Sm ,c)^ih. and the volinin! 

of an octant is therefore 


147r(8m.,e)i 4;r(2w,)i 

8 3 /(.“ ■ 3 //." 


(603, 3) 


where V denotes the volume of the enehjsure. It can be shown that this 
number is independent of the shape of the enclosure as soon as it is reason- 
ably large. If instead of structureless particles we consider systoiiis witfi 
internal structure, but with their internal degrees of freedom completely 
unexcited, each translational energy state will have a weight and we 
should then replace (3) by 


47r 

3 


m 






VeK 


(003,1) 


By differentiation of (4) we find for the number of states in the energy range* 
e, e-f de p 

VtUlt. (003,5) 


The grand partition function E is theref(»re given, according to (002, 0) fnr 
one type of system, by 

\ogE = 2nw rj 6Mog(l ± (003,0) 


For the assembly here considered the geometrical coordinate x is the; 
volume F, and the corresponding generalized force X the pressure P. Hcik i* 
by (002, 5) 

PV = A-TlogH = fJ e*log(l ± (603, 7) 


By integration by parts we can transform (7) to 


PV = 27ra7 




A® 


'i 


fe*6k 


0 e‘'*»’/A^±r 


(603, 8) 
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On changing the variable of integration by putting ejkT = y, we find 


PV = 


(2m^)* (kT)^ 

Jo ± 1 


(603, 9) 


The average (kinetic) energy can be most readily derived from (9) by 
using (602, 16). We have 

This relationship can also be derived from an expression for the average 
number of systems in states in the energy range e, e -f de which is frequently 
useful. This number is according to (217, 1) equal to the number (6) of states 
in this range multiplied by the factor ± 1 )“^, that is 


27rmj^ 


(2j|W4)| 


V 


6*de 


(603,11) 


Each of these systems has kinetic energy e. On multipl 3 ring (11) by e and 
integrating we obtain the expression (8) without the factor in agreement 
with (10). 

In deriving (10) we have not restricted the value of A^. We have already 
derived (10) in Chapter iii for a classical gas (A^<^ 1), but we now see that 
the formula is equally valid for all values of A^. In the discussion of free 
electrons in metals in Chapter xi we shall have an example of the opposite 
case, A^> 1, when the relation (10) will still hold. 

In deriving (10) here we have allowed the systems to have a weight factor 
due to their internal structure, but no excited states. This restriction 
is unnecessary. For if we group together all the systems in a particular 
internal state we can derive a relation such as (10) for the particular group, 
and then by summation over all groups extend it to the whole assembly. 
It will be observed that the numerical factor | in (10) is determined entirely 
by the distribution of the energies, being such that the number of states in 
the range e, e + de is proportional to e^de. One can verify generally that if 
the number of states of energy in the range e, e + de is proportional to e^’de 

E = (r+l)PV. (603.12) 

By applying the standard formula (601, 11) to (7) we find here 


N d{PV) 

kT d\^ 







e*de 

c*/*^/a7±T’ 


(603, 13) 


which is the form taken by (216, 3) for an assembly of free systems in an 
enclosure. 

Under the conditions for classical statistics (A^<^ 1), we can omit the ± 1 
in the denominators of such formulae as (8) and (13) and can then eUminate 
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by dividing the one by the other. We thus recover the formula 


PV 

n: 


£ 

7 : 


y^e~^/kTde 




= kT, 


(603, 14) 


by integration by parts of the numerator. This classical result can be derived 
in other ways from the grand partition function. If we use directly the 
classical approximation (602, 20) for the grand partition function of a 
mixture of perfect gases, we have 


PV^kT\ogE = kTi:^\JAT). 

(603, 16) 

From this we have = A^^( T) . 

(603, 16) 

Thus by comparison of (15) and (16) 



(603, 17) 

or in the case of a single type of system 


PV^N^kT, 

(603, 18) 

agreeing w^ith (14). From (16) we also derive 


= triogA^ = kTlog{NJf^(T)}, 

(603, 19) 


in agreement with (225, 5) for any classical gaseous assembly. 


§604. A two-dimensional gas. Relations analogous to those of § 603 
can be obtained for an assembly of systems completely free to move on a 
surface, but without freedom normal to it. Such an idealized assembly is a 
fair representation of certain types of adsorbed films.* The treatment is so 
similar to that of a three-dimensional gas that it can be briefly summarized. 
The number of states with energy less than e is now given by the area of a 
quadrant of the ellipse 


P _ Snij 


■e, 


(604. 1) 


and this is equal to 


h n, 


where A is the area of the surface accessible to the adsorbed systems. The 
number of states in the range e, e -h de is therefore 


2nmj^ 


Ade, 


(604,3) 


* See for example Adam, Physics and Chemistry of Surfaces, Ed. 2, p. 40 (Oxford, 1938). 
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the coefficient of de being in this case independent of e. Hence on applying 
(603, 12) we find for the translational kinetic energy 


^kln = 

(604,4) 

where <f> is the two-dimensional pressure or spreading force per unit length 
of boundary. The analogues of (603, 8) and (603, 13) are 

2nrn^mj ede 

^ Joe‘/*^/A^±r 

(604, 5) 

2TTw^m^^ p de 

(604, 6) 

A*' 

In the classical case (A^|<^ 1) we can omit the ± 1 in 
(5) and (6), and then obtain directly by division 

the denominators of 

/•uo 

M _urp 

N (*“ ‘ 

(604,7) 


§605. Crystals of a single component. In constructing the partition 
function f(T) for a molecule of gas or the grand partition function H for the 
complete gaseous phase, we have found it natural to construct them for a 
given volume of the })ha8e, a volume which is entirely independent of the 
number of molecules in the phase. In this way one constructs the functions 
f{Ty V) and E(T, V, A) as functions of the variables specified and of no others. 
In the elementary discussion of crystals, however, given in Chapter iv, we 
have allowed the vohinie of the crystal to be fixed by or to fix the number of 
molecules it contains. This is a y)hysically proper apy)roximation, owing to 
the small compressibility of a crystalline solid. If, however, we wish, as 
we now do, to construct the grand partition function S for a crystal, it is 
essential not to make this approximation, for it is essential that the theo- 
retical independence of V and JV should be preserved, or the analysis cannot 
be carried through. We therefore must and can only aim at constructing 
a grand partition function Z for a crystal, which takes explicit account of 
the fact that a crystal is comyjressible, and that V and N are not uniquely 
determined the one by the other. 

We proceed tberefore as follows. We consider a crystal of given lattice 
structure occupying a given volume V, but of at present undetermined 
lattice constant or scale, so that it may contain any number of molecules. 
Actually, only lattice constants very near the natural one will matter, so 
that errors in the energy states used for widely divergent lattice constants, 
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which are either very large or very small, are not of any serious moment. 
For each choice of lattice constant, and therefore of iV, we may suppose 
that we can construct an ordinary crystal partition function as in Chapter 
IV, which will be of the form or more precisely 

(605,1) 

We assume that the change of scale is sufficiently isotropic to be adequately 
represented by the single variable V jN. This partition function has the 
required property that the coefficient of e in its expansion as a series 
of powers of # = is the number of complexions of the crystal with 

energy E. Provided that we can construct (1) adequately, we can construct 
the required grand partition function in the form 

H = 2^. A^{x(T, VIN))^. (605, 2) 

For brevity we write (2) as 

(605,3) 

where = A^{/c(T, VIN)}^. (605, 4) 

Owing to the occurrence of N in the argument V IN, the series (3) cannot be 
sum&ed explicitly. It can, however, be shown that, under suitable con- 
ditions always satisfied in practice, S^y has a unique maximum E y* for some 
value N* of N, and that we may then use the approximation 

log S 2 ^ log ( 605, 5) 

This means that all the average properties of the crystal can be derived by 
replacing the series E by the single term for N = N*, where N* satisfies the 
relation 

= 0 {N = N*). («06,(n 

Owing to this relation we can treat iV* as a constant whenever we differ- 
entiate Ejv* with respect to T or F or A, although iV* is actually a function 
of T, F, A. For the average value of N we thus obtain, by (602, 9) and (4), 

JV = A ^log S^. = A ^log{A^*[/c(r, VIN)r'} = N*. (606, 7) 

Having established the equality of N and N* we need no longer distinguish 
between them. 

According to the definition (4) of Sjy, equation (6) becomes 

^[iVlogA + iVlog/c(r,7/iV)] = 0 (N^N), (606,8) 

or logA + log/f(T.F/JV) + iV-??^^|^^-^ = 0 (iV = JV). (606,9) 


It n 


z6 
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If, as usual, we denote the average molecular volume VjN by V, we can 
write (9) as t 7 \ 

logA + \ogK(T,V}-v '’^°^^ ’ ^ = 0. (605,10) 


Since in the present example the geometrical variable x is the volume V, 
the corresponding generalized force is the pressure P. We have therefore by 
(602, 13) 


P = kT 


dloga 

~w~ 


= kT 


a logs 


•S' 


dv 


3 log d log k( T, V) 

-JStCl - • 


(606, 11) 


In operating with d/dV in (1 1) we again treat N* as a constant, since by its 
definition vanishes. 

If we substitute from (11) into (10), we obtain 

log A = — log K-^ PV/kTy (605, 12) 

or according to (602, 2) fi = — kT logic + PV. (605, 13) 

The molecular free energy F is accordingly given by 

F ^fi-PV^ -kTlogK, (605,14) 

Formulae (13) and (14) are identical with the formulae used already in 
Chapters iv and v. We notice that (12) can be rewritten 

PV ^kT log(Aic)^* = kT log S;v*, (605, 15) 

which is effectively equivalent to the general relation 

PV = iTlogS. (605, 16) 


§ 606. Perfect mixed crystals. The results of § 605 can be extended 
to the simplest type of mixed crystal. The partition function for a mixed 
crystal of volume V containing molecules A and molecules B, where 
in a given configuration can always be written formally as 
[kjH^TjV IN)]^^[k^(T,VIN)Y^, but this expression is useful only if both 
Kj^ and Xjj are really independent of the ratio and of the actual con- 

figuration of the two different types of molecule on the N lattice points. If 
we assume that ic^ and are independent of this ratio, they may then be 
taken to be of the forms 

/c^(r, VjN) = a(r, VjN) (606, 1) 

Ks(T, VjN) = a(T, VjN) js(T) (606, 2) 

where the partition function a{T,VIN) for the acoustical modes, the 
partition functions jj(T),j^(T) for the internal degrees of freedom of each 
type of molecule, and the energies —Xa* “Ab types in their 
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lowest energy states in the crystal (relative to an energy zero at complete 
dispersion in a gaseous phase in their lowest possible states) are all in- 
dependent of the ratio and of the actual configuration on the lattice 

points. When all these conditions are fulfilled we call the mixed crystal 
j>erfect. 

We can now form the grand partition function. The ordinary partition 
function for a crystal of N ^ and systems including all conjigurations on 
the lattice points is 

(ooo.s) 

The grand j)artition function is therefore 


y y + ^It) ■ 




(606, 4) 


This double series can be partially summed by grouping together the terms 
of given N. We thus obtain 


H = ^A^a^a{T. + VIN)r. (606,6) 

Just as for the crystal of a single component we may with sufficient 
accuracy replace the series S by its maximum term H y* , so that 

logS-logH.y. = A’*log{A^^^(T, VIN*)^XbK(T, V/N*)}, (606,6) 
where N* is determined by 

® {N = N*), (606, 7) 


and consequently we may treat AT* as a constant whenever we differentiate 
with respect to T, V, or A^, although N* in fact depends on these 
variables. 

For the average number of molecules of the two types in the crystal we 
have by (602, 9) 




N* -. — - , 

A^ AffKg 


(606, 8) 


and similarly 


= . 


(606, 9) 


When we add these two equations we obtain 

A' = ^ = iV*, (606, 10) 

and consequently we need no longer distinguish between N* and N, 

The pressure P is according to (602, 6) given by 

PV = itriogS = ArTlogS^. = iVA;Tlog(A^^^ + A^a:^). (606, 11) 

ib-2 
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If we denote the molecular volume by F= VjN, we can write this as 

PV=kT\og(X^K^->r\j}K„). (606,12) 

Alternatively we have using (602, 13) 

P = N*kT at, VIN*) + \bKb(T, V/N*)] 

= kT^^log[A,,KAT,V)i XsKs{T,V)]. (606,13) 

The mutual consistency of (12) and (13) follows from (7) which can be 
rewritten as ^ 

+ (606,14) 

By combining (12) with (S) we can obtain 

These relations are readily extended to perfect mixed crystals of more 
than two comiionents, and may be expressed in words as follows: In perfect 
mixed crystals at given temperature and pressure the absolute activity of 
each molecular species A is directly jrroportional to its molecular fraction N^/N. 

§607. Ideal assemblies and regular assemblies. The results 
which wc have so far obtained in this chapter merely repeat results that we 
had previously obtained by less elaborate and more familiar methods. The 
real utility of grand partitions a])pears only when they are a])plied to assem- 
blies less simple than those discussed hitherto. In jiarticular they are useful 
in the treatment of certain cooperative assemblies which may be called 
regular assemblies. We now proceed to explain w hat we mean by cooj^erative 
and by regular. 

We can conveniently divide assemblies into classes, according to the 
degree of interaction between the systems (molecules, atoms, electrons, ions) 
of w hich they are com])osed. When such interaction is negligible we call the 
assembly ideal\ the obvious example is a perfect gas, or mixture of perfect 
gases, discussed in Chapter in ; another exam})le will be found in § 823 where 
an extremely dilute solution of a non-electrolyte is treated as an ideal 
assembly of the solute species. When the interaction is not negligible, but 
still small, we have a slightly fion-ideal assembly’, important examples are 
slightly imperfect gases discussed in Chapter vii, and extremely dilute 
solutions of electrolytes discussed in Chajiter ix. When on the other hand the 
intera(!tions are so important that the states of any distinct system are 
fundamentally influenced by which states of the other systems are occupied, 
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it becomes practically impossible to treat the constituent systems as almost 
independent. Under these conditions the assembly is called cooperative , 
The application of statistical mechanics to cooperative assemblies is con- 
siderably more difficult than to ideal or slightly non-ideal assemblies, and 
usually special devices are required. We have already met one example of 
such devices. A crystal regarded as an assembly of atoms or molecules is a 
cooperative assembly, but in Chapter iv we were able to use the methods 
applicable to ideal assemblies by the device of treating the normal modes of 
vibration of the crystal as an ideal assembly of oscillators. 

The considerable advances, made recently and described in Chapter viii, 
in the application of statistical mechanics to liquids have depended on the 
realization that a liquid is a cooperative assembly, and earlier discussions 
involved an altogether unjustifiable extrapolation of results, derived only 
for slightly imperfect gases. Another important example of a cooperative 
assembly is a ferromagnetic substance; the subject of ferromagnetism will 
be briefly discussed in Chapter xiv. At this stage wc wish to consider a 
specially simple kind of cooperative assembly, which we shall call a regular 
assembly. This name seems appropriate because a typical example of such 
an assembly is a regular solution, a name due to Hildebrand,* and used in a 
slightly altered sense in Chapter vitt. 

We now define a regular assembly as a cooperative assemoly with the 
following properties : 

(1 ) Any configuration of the assembly can be described by siDecifying the 
number and geometry of occupiable sites in the assembly and how each site 
is occupied. 

(2) Interactions between pairs of molecules that are not nearest neigli hours 
may be neglected, and therefore the interaction energy of tlie systems 
composing the assembly can for each configuration be expressed as the sum 
of contributions from each pair of immediate neighbours. 

(3) The internal degrees of freedom of each system are independent of 
its neighbours. 

In the following section we shall describe a general method for obtaining 
an approximate evaluation of the grand partition function for regular 
assemblies. We shall later repeat the treatment in detail for various exam])les 
of regular assemblies as these occur. In particular we shall aji])ly the method 
to regular solutions in § 820, to regular monolayers in .§ 1 0 1 1 , and to a solution 
of atomic hydrogen in palladium in §1309. The method of the following 
section will be extended in Chapter xiii so as to a])])ly to alloys with a 
super-lattice structure. 

* Hildebrand, J. Am. Chem. Soc. 61, (1929), 
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In two of these examples of regular assemblies, namely solutions of 
hydrogen in palladium and monolayers adsorbed on a crystalline surface, 
any site may be either empty or full. In a regular solution, on the other hand, 
every site must be occupied by a molecule of some kind. The distinction 
is, however, irrelevant for what follows. 

§ 608. Grand partition function for a regular assembly. We now 
describe a procedure* for evaluating approximately the grand partition 
function of a regular assembly. We denote by N the total number of sites, by 
the number occupied in the manner a, by the number occupied in the 
manner yff, and so on. Of the quantities iST., . . . we could define at least all 
but one of them by saying that denotes the number of sites occupied 
by systems of type a, and so on. But there may be one quantity of the set 
say which denotes the number of empty sites. In this case 
occupied in the manner 0 means empty y but occupied in any other manner 
... means occupied by systems of the type a,yff, .... We further denote 
by the number of pairs of neighbouring sit/es the one occupied in the 
manner a and the other in the manner We denote by z the number of 
closest neighbours of each site. For liquids the number of closest neighbours 
fluctuates slightly and z must be regarded as the average value; for all the 
other examples 2 is a true constant determined by the type of lattice. We 
have then the necessary equalities 

= (608,1) 

2N,g,^^N,p^zNg, or (608,2) 

where (7.^ is the usual symmetry number equal to 2 when a and are 
identical and equal to 1 otherwise. 

The grand partition function S for an assembly with N sites is then 
defined by 

... N fi0t ... 

where g(Ng^y . . . , . . . ) denotes the number of distinguishable configurations 

for the specified values of ...» .... The contribution of each afi pair 
of neighbours to the interaction energy is denoted by The partition 
function of a system a for all degrees of freedom, and all forms of energy 
other than the interaction energy, is denoted by We can, if we wish, 
include in each of 0,, . . . an extra factor so that . . . become zero, 

and Wg^p becomes the excess energy of an afi pair over the mean of the 

* Guggenheim, Ptoc, Roy. Soc. A, 169, 134 (1938). The method used is a variant of that 
invented by Bethe, Proe. Roy. Soc. A, 160, 552 (1935), and adapted by Peierls, Proc. Camb. Phil. 
Soe. 82. 471 (1936). 
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energies of an aa pair and a J3fi pair. This is, however, merely a matter of 
convenience and is irrelevant to our further procedure. Finally A^, A^, ... 
denote, as usual, the absolute activities of a, /ff, .... For an unoccupied site 
the analogous quantities A^ and <f>Q are unity. 

For the given values of T, A^, A^, . . . the frequency of occurrence of a con- 
figuration of specified . . . and ... is proportional to the term in 

S with these values of ... and .... We have as usual 

(608,4) 

and it follows from (602, 7) that 

For brevity’s sake it is convenient to introduce the quantities ••• 
and 1/,^, . . . defined by ,,, (60g 8) 

7.^ = (608,7) 

The formula for H now becomes 

s= 2 S (608,8) 

JVg. . . . N oifi, . . . 


and the relations (4) and (5) become 




r _ « 5J28? 


Kf = Vafi 


^Vi 


afi 


(608, 9) 


(608, 10) 


In deriving averages the error can, as usual, be shown to be negligible if 
one replaces the series for S by its greatest term. If this term is S,^, say, 
defined by 

Sw) = (608, 1 1 ) 

then the average values of and ... are given by 

1^=N:, = Nt^. (608, 12) 


These values may be determined approximately by a special device. 

We define the quantities 7, 7 by 

i«=n,£,p, (608,13) 

(608,14) 

y^ = g{Nt (608,15) 

Thus i is the geometric mean of the factors of the type g., if,... contributed 
by each site to S(^.) ; t) is the geometric mean of the factor of the type tj^f , . . . 
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contributed by each pair of neighbouring sites to 7 geometic 

mean of the factor contributed by each site to g(N*, ...). We also 

define rfg^ as the geometric mean of the factor of the type rj^p contributed to 
S(^.) by each pair of neighbouring sites one of which is specified as being 
occupied in the manner a. 

Using these definitions we can express S(^.) or £ in a number of alter- 
native forms, amongst which are 

£ = £(;v*) = (608, 16) 

£ = £i = (608, 17) 


£ = £2 = 


(608, 16) 
(608, 17) 
(608, 18) 
(608, 19) 


The form of £1 is such that the assembly is regarded as one site, which we 
may call the central state, and a residue, which forms an external field as 
far as the central site is concerned. The form of £2 is such that the assembly 
is regarded as a single pair of neighbouring sites, and a residue, which forms 
an external field as far as the single pair of neighbouring sites is concerned. 
The form of £5 4 1 is such that the assembly is regarded as a group of a central 
site and its z neighbours, that is 2 -f - 1 sites in all, and a residue. 

All the formulae (16) to (19) are merely formal, but valuable conclusions 
can be drawn from the assumption that they should lead to mutually con- 
sistent conclusions. In the first place the equality of the various forms for 
S «,quir.. that 

(608, 20 ) 

We can now derive alternative formulae for the fraction of sites occupied 
in the manner a, or the probability that a given site is occupied in the man- 
ner a, by aj)])lying (9) either to regarded as the £ for a single site in a field 
due to the remaining sites, or to £2 regarded as the £ for a pair of neighbouring 
sites in a field due to the remaining sites. We thus obtain on the one hand 

-rr- 


f) = f 

\r nr .*/r«s > 


(608,21) 


“ N eg. ^ ' 

and on the other using (18) 

y 2 ^ 2 yj 2 z-l * (o08, 22) 

In order that ( 21 ) and ( 22 ) may be mutually consistent, we must have 

= ( 608 . 23 ) 


(608, 22) 


(608, 23) 
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and this is also sufficient to ensure the satisfaction of the consistency of 
equations (20). 

We might alternatively evaluate from the relation 


0 L c 

N 




(008, 24) 


using formula (19) for If we do this and make use of (20) and (23), we 
obtain after simplification just (21 ), and so obtain no new relations analogous 
to (23). Nor do we obtain anything new by considering groups of sites inter- 
mediate between a ]iair and the groups of 2 -f 1 . 

From (21) we deduce, using (20), that 


and from (23) we deduce 

VaT V fir 


(008, 25) 


(008, 20) 


In (20) we have a set of simultaneous ei|uations in number sufficient to 
determine the ratios 1 /^ • • •• as functions of the known quantities ... 

and ..., and so by (25) to determine ... as functions of ... and 

7 /^^, .... Since, however, the equations (26) are of degree in 7/^, 7/^ they 

are intractable, and this method of attack cannot generally lead to explicit 
formulae for 6^,0 p,.... We can, however, obtain all the results that we 
require by an alternative procedure. 

Just as we have obtained formulae for 6^ by using (4), so by using (5) we 
can obtain formulae for O^^pj the fraction of pairs of neighbouring sites occu- 
pied the one in the manner a, the other in the manner //. It is simplest to 
combine (5) with (18) for Eg, regarded as the E for a pair of sites in the field 
due to the remaining sites. We thus obtain 


~ izN 


d log Eo 


loLfi 


""a// 


(008, 27) 


where is a symmetry number equal to 2 when a and are identical and 
1 otherwise. From (27) we can deduce a number of relations such as 


_ VafiVyf l^afi^yt 
KyOftI VayVjil fit 








( 608 , 28 ) 


and in particular 


( 608 , 29 ) 
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It is remarkable-^ that these relations, from which the quantities ... 

as well as rj, y have been completely eliminated, have been obtained from 
(18) without any use being made of (23). It will be noticed that these rela- 
tions have the simple form of a quasi-chemical equilibrium. In §610 we 
shall describe how these equations can be used to determine the thermo- 
dynamic functions of a regular assembly. 


§609. Nature of approximation. The formulae, which have been 
derived for regular assemblies, are accurate only in so far as the average 
state of any selected site is completely determined by the states of its 
immediate neighbours. But strictly the probability for a selected site to be 
occupied in a particular way can never be completely independent of the man- 
ner of occupation of every other site however distant from the selected site. 
For suppose a certain site is specified as occupied in a certain way, then the 
probabilities of occupation in various ways of its immediate neighbours are 
immediately affected ; but this affects the probabilities of the next neighbours 
and these in turn those of their neighbours and so on. Thus strictly the 
probabilities of occupation of each site are linked at least remotely to those 
of every other site however distant. 

The analytical form of the approximation consists in using the same 
factors in whatever manner the other sites, other than immediate 

neighbours, are occupied. We have seen that subject to this approximation 
we can use the same value for these factors whether we consider a single site, 
a pair of sites or a group of a central site with its z neighbours. We should 
continue to obtain mutually consistent equations for even larger groups of 
sites provided these contain only branches but no rings (in the terminology 
of organic chemistry). But as soon as we consider a group containing a 
closed ring we obtain different results. 

For simplicity let us consider a square array with two manners of occupa- 
tion a and /?. Then we have for a single site 

Si = iiaVi + ifiV),) 7^-^ C"'-' (609, 1 ) 

For a pair of sites we have 

For a central site with its four neighbours we have (609, 2) 

(609, 3) 

As we have seen, these forms for S are all mutually consistent with the same 
values for 17 ., 7 ^. If, however, we construct S 4 for a group of four sites 
CkimpATO however, § A 10 in the appendix. 
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fonning a square, we find 

“4 = {(^aVl)*V*, + MLvl?^fiV)vlaVlfi + {Lvl)^ (^aaVifiVfifi + ^Vafi) 

+ + iiflV})* (609. 4) 

a £.4 which is not equal to S^, Sg, Sg, with the same values of 7^. This 
inconsistency exposes the nature of the approximation. 

It is almost obvious that the more closely the sites are packed, the 
smaller will be the least group which manifests the inconsistency and the 
more serious the approximation of our treatment. For a closest packed 
lattice our constructions of Sj and S2 are consistent with each other but not 
with that for This inaccuracy has been investigated by Rushbrooke*^ 
for the particular case of regular solutions, and shown not to be serious even 
for a closest packed lattice. 

§ 610. Thermodynamic functions of regular assemblies. We have 
already mentioned that equations (608, 26) are just sufficient in number to 
determine the unknown quantities VayVfi* - terms of the known quantities 
• • • and . . ., and so to evaluate the grand partition function. Since, 

however, the equations (608, 26) are of degree z in 7^, . . . they are intract- 

able, and this method of attack cannot generally lead to explicit formulae 
for the thermodynamic functions. We therefore use a quite different pro- 
cedure depending on the use of equations (608, 29). Although the number of 
independent equations of the form (608, 29) is greater than the number of 
the form (608, 26), the former are considerably more tractable because they 
are quadratic in the unknowns 0 ^^, ...» whereas the latter are of 

degree z in the unknowns 

We use these equations of quasi -chemical equilibrium (608, 29) in com- 
bination with the necessary equalities (608, 2) to determine ... in terms 
of Nfi , ... and the known quantities Wg^p, .... We shall show that 
the knowledge thus obtained of ... is sufficient to enable us to evaluate 
ordinary partition function of the assembly, and so to construct the free 
energy and the energy . In adopting this procedure we use the grand partition 
function only for the purpose of deriving the equations of quasi-chemical 
equilibrium (608, 29). Having obtained these we abandon the grand parti- 
tion function and use these equations to evaluate the ordinary partition 
function. 

The ordinary partition function corresponding to (608, 3) for an assembly 
with given ..., instead of given A„, ... as previously, is 

Nafi.... 

♦ Rushbrooke, Proc. Boy. Soe. A, 166, 296 (1938). 


( 610 , 1 ) 
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where •••) denotes the number of distinguishable configurations with 

the specifi^ values of . . . which are subject to the necessary relations 

(608, 2). We now define quantities ... such that 

Na0— 


while the true average values . . . are given by 

By taking logarithms of (2) and differentiating with respect to T we can 
verify that 

= ( 610 . 4 ) 


The free energy F of the assembly according to (1) is given by 

F = ^^^N,kT\og</>,-kTiog £ (610,5) 

Using (2) we can rewrite this as 

F = -j:,NJTlog<f,,-kTlog 2 + 

Nafi,... 

= -i:,N,kTlog<f>^-kTlog{N\INJN/. + 

= 2. JVr,*Tlog A (610. 6) 


We see that the contribution of the interaction energies to the free energy 
of the assembly is 


The corresponding contribution to the total energy E is 

£ln. ^_T^ 

according to (4). 

We now rewrite equations (608, 29) in the form 










(610,7) 


(610, 8) 


(610,9) 


and we notice that there are just as many such equations as quantities 
According to (608, 2) we have 

2iV,a+ £ (610,10) 

and we notice that there are just as many such equations as quantities 
Thus equations (9) and (10) together are just sufficient in number to deter- 
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mine the quantities ... and ... in terms of We thus 

obtain just the information required to make formulae (7) and (8) useful. 

This outline of the treatment of regular assemblies is admittedly brief, 
but will be amplified in its application to regular solutions in C chapter viii, 
and to regular monolayers in Chapter x. 

§611. Further generalization of partition functions. We recall 
that in Chapter i one of our fundamental ])remises was that, for an assembly 
of given E, V, N , we obtain ail equilibrium ])roperties by averaging over all 
accessible states (complexions) of the assembly, attaching a weight 1 to each 
such state (degenerate states being counted with their correct multiplicity). 
We then showed in Chapter ii that, for an assembly of given 2\ iV^, we 
can obtain all equilibrium properties by averaging over all accessible states 
of the assembly, attaching a weight each such state. Jn the j)resent 

chapter we have further shown that, for an assembly of given T, I", //, we 
can obtain all equilibrium properties by averaging over all accessible states 
of the assembly, attaching a weight state.* It is equally 

possible! to deduce formulae for the average properties of an assembly of 
given T, P, N or of given T, P, //. We have merely to average over all 
accessible stales of the assembly, attaching to each such state a weight 
^-{E+PV)ikT f^^j. given P, Ny or f^j. given 1\ P, //,. We shall 

not give any ])roofs, as these would be exactly parallel to those for the sets 
of independent variables already used. One method of proof would be to 
express the number of accessible states, subject to the prescribed values of 
the independent variables, as contour integrals and apply the method of 
steepest descents. Alternatively the correctness of the rules just laid down 
can be verified from the fact that they lead to consequences thermodynamic- 
ably equivalent to those for the ])revious sets of independent variables. 

We see then that for each set of independent variables we have a different 
weighting factor, which we denote by§ for each accessible state of the 
assembly consistent with the prescribed values of the independent variables. 
If we form the sum Sw’ over all accessible states, we obtain in each case a 
different function, and we propose to call each such function the generalized 
partition function for the jjarticular set of variables. The ordinary partition 
function /(P) is then the generalized partition function for the independent 
variables P, F, A, while the grand partition function S is the generalized 
partition function for the independent variables P, F, pi. It can further be 
verified that for each set of independent variables the function A* log St/; 
is ecpial to a thermodynamic potential for the chosen variables. 

* For brevity we write N and Npt, instead of Njj, ... and 
t Guggenheim, J. Chem. Phya. 7, 103 (1939). 

§ This w will not be confused with the interaction enerjries .... 
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All these statements and relationships are summarized in Table 1. The 
remaining sets of independent variables E, V, [i or E, P, N or E, P, /i are 
of little physical interest, owing to the difficulty of prescribing a fixed value 
for the energy of an assembly that is not completely closed. 

Table 1 


Independent 

variables 

Weighting factor vf 
for each accessible 
state of assembly 

Usual name for 

Thermodynamic 
potential equal 
to klog^w 

A’, r. N 

1 

Weight 

S 

r, r, N 

^~ElkT 

Partition function 

-F/'T 

T, V,/i 


Grand partition 
function 

PVjT 

T, P, N 

^~(E+PV)lkT 


-OIT 

T, P,ii 

^-{E^FV-Nii)ikT 


0 


We shall not explicitly use any of the new generalized partition functions, 
although many of the discussions of condensed phases (solids and liquids) 
can in fact be made simpler by choosing P instead of V as an independent 
variable, and using the appropriate generalized partition function. 






CHAPTER VII 
IMPERFECT GASES 

§ 700. General gaseous assemblies with molecules not fully in- 
dependent. We now take up the discussion of imperfect gases. These 
assemblies differ essentially from perfect gases only because there is in the 
energy of the assembly as a whole a general term which is a function of the 
positional coordinates of all the constituent systems. Let us suppose that 
two systems (molecules) a and p have energies when they are very 
far apart. These energies will then be functions only of the coordinates or 
quantum numbers of the syst^ems a and ^ respectively, and each will be 
independent of the coordinates of the other. When, however, they approach 
each othei, this independence must sooner or later cease. The energy of the 
pair will no longer be + but + + say, where is a correcting 

term, at first small, de})ending on the coordinates, and strictly the velocities, 
of both systems. If, however, a and fi approach each other sufficiently 
slowly, then all the effects will be quasi-static,* and will depend only on 
relative coordinates, being independent of velocities. In this case, may 
legitimately be expected to behave like a potential energy depending only 
on the relative coordinates, whose derivatives give the forces. Moreover in 
actual applications nearly all molecular encounters are slow compared 
with the velocities of electrons in atoms and molecules, and will therefore 
be quasi-static. This is the assumption as to the nature of the interaction 
energy of tacitly made in all discussions of molecular interactions. 

The function e^p so specified must in general depend on the quantum 
states of the systems a and /?. It is obvious that for atoms and molecules in 
general changes of electronic quantum numbers must affect but it is 
almost universal at ordinary temperatures for only one electronic state of 
the molecule to be relevant. It is often assumed, at least as an approxima- 
tion, that Eg^p is independent of molecular states of rotation and perhaps 
vibration. If it is not, then it is necessary to treat different rotational or 
vibrational states of molecules as different tyj)e8 of systems. 

We shall use classical statistics throughout, since the errors so introduced 
are almost always negligible. We shall also assume that the translational 

* By quaai-static we here mean what Ehrenfest [Ann. d. Phya. 51, 327 (1916)] called '*adia- 
bati8ch*reverBiber\ The latter expression is clumsy and has been contracted by subsequent 
writers to ''adiabatic”. This contraction is particularly objectionable, for the meaning intended 
is quite different from that accepted in thermodynamics and is much more closely related to the 
thermodynamic term “reversible”. Other authors aware of this objection to “adiabatic” have 
guarded themselves by saying “adiabatic in Ehrenfest's sense”, which is both clumsy and 
inaccurate, because Ehrenfest actually used “adiabatisch-reversibel” uncontracted. 
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kinetic and potential energy of the gas molecules may be handled classically. 
Here again the errors in question are usually small.* 


§ 701. Partition functions for the potential energy of the whole 
gas. VV^e can at once proceed to construct a partition function for the 
j>otential energy of the whole gas, which in conjunction with previous results 
will determine all the equilibrium properties. 

Let UK Htart by considering a perfect gas mixture, and examine how to 
construct a y)artition function for the whole classical energy of translation 
of its molecules. The internal energies of the molecules are independent of 
their translations, and will he accounted for as usual by separate partition 

functions. Let there bet molecules of types A^B internal 

partition functions ... and masses nij ^, ..., supposed for the 

moment not to interact chemi(*ally. If Zj, 1 / 4 , are the position 

and velocity components of a system of type A, then a standard element of 
phase spac^c for the whole gas has the extension 






... II (dx_4 . . . dw ^ ), 1 1 (dxj) . . . dw^)„ 


and the weight 


8 1 


. . . 


|3 Vjj 

n (djo^ ■■■dWiX n (dxi,. 

r-l si 


.. (in 


Ufa- 


(701, 1) 


(701,2) 


The classical partition function L(T) for the translatory motion would 
therefore be given by 

HT\- f ~[ ^ t tv I «v). t ...]ikT 

...) j ••• ’■ * 

X ri {dx^ . . . dw^)^ n {dxs . . . div„)^ (701 , 3) 

r-l 5-1 


if we allowed ourselves to include permutations of like molecules. It is 
assumed here that there are no external fields of force except local boundary 
fields. All the space and velocity integrations in (3) are then independent, 
and can be carried out one by one. We must, however, remember that the 
integrations extend over all possible configurations, and in order not to 
count as distinct states several configurations differing only through the 


* Tho noccHsary quantal gonoralization iw largely due to Slater and Uhlenbeck and an excellent 
account of it has been given by Kahn, DiBHertation On the Theory of the Equation of State 
(i:trecht, 1938). 

t Wo Bhall UBO .4, .B, ... to denote types of aystoms (nioleouloa) and *Vjj, ... for tho numbers 
of flyMteniH of each type. denotes summation over all types and summation over all pairs 
of tvjjes. On the other hand wo shall use a, fi to denote two selected systems which may or may 
not bo of the same typo. then denotes summation over all systems, and is therefore equivalent 
to the operator Nj^ x . Similarly denotes summation over all pairs of systems and is equi- 
valent to the operator (JV^ ^Bf<^AB) ^ * where = 1 (A^B) and <7^^ = 2. 
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interchange of two or more like molecules, we must divide (3) by ! Ng ! . . . . 

On performing the integrations, we then obtain 


L(T) = 


1 {(2nm^kT)^V\^^ 








= n. 




(701. ■*) 


where l^(T) denotes the ordinary partition function for the translations of a 
single molecule of the t}^ A, For the complete partition function of the 
assembly we have to multiply L(T) by the factor for the in- 

ternal degrees of freedom, and obtain 


(701.5) 

This partition function belongs to the whole assembly regarded as a single 
system, and is thus strictly analogous to the partition function K(T) of a 
crystal. All the equilibrium properties of the gas can then be derived 
from L{T) precisely in the same manner as those of a crystal are derived 
from K(T), In particular for the free energy F we have, using Stirling’s 
theorem, 

= -^ANAkT{^ogUT)jA(T)~\ogN^-^\), (701.6) 


in agreement with formula (225, 4), which was derived by treating each 
molecule as a separate system. 

The extension to a classical imperfect gas is immediate. Under the 
specified conditions j^(T), ... are still separable factors. The trans- 
lational partition function L(T) of the assembly is altered only by the 
addition to the energy of a term W equal to the potential energy of the whole 
assembly, W being thus a function of the positional coordinates of all the 
molecules. The inclusion of W will not affect the velocity integrations. We 
therefore find for the complete partition function of the assembly, in place 

nj{4^{T)Y^xa{T), ( 701 , 7 ) 


where 


UT) - 




(701,8) 


and fl(T) = j^-^-j...je-”'*^mdx^dyAdzA)rm 

(701,9) 

We note that ( T) is the partition function for a molecule A in a perfect gas 
with the factor V omitted. fl(T), which takes the place of 0^ \ for 

a perfect gas, is conveniently referred to as the partition function for the 
configurational potential energy. 


FO 


17 
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The integrals in Q(r) are extended over the whole positional phase space 
available to the gas. If the gas is perfect, W vanishes and reduces to 
•/^ ! JN^! .... It is assumed that in no case can IT-^-cx) but that 
ultimately there must be repulsive fields between any two particles so that 
W tends to infinity, or at least to a large positive value, when they approach 
sufficiently closely. This assumption conforms to what we can deduce a priori 
from the quantum theory of the interaction of two molecular systems. 

From the form of (7) it is clear that classical potential and kinetic energies 
in a gas can always be handled with separate partition functions. The 
kinetic energy can be dealt with in the ordinary way, as if the gas were 
perfect, by ordinary partition functions ^(T) without the F-factors. The 
potential energy is accounted for by f2(T). It should be observed also that 
(7), (8) and (9) are perfectly general, so long as all the molecules are free to 
move individually, and apply to classical assemblies in which the imper- 
fections are of any degree and the intermolecular forces of any range, and 
whether or no there are external fields of force. It is not necessarily true 
for higher degrees of imperfection and higher degrees of accuracy that W 
can be regarded as built up entirely of terms such as that is, terms 
arising from binary interactions. This approximation is, however, adequate 
for most purposes and will be used throughout this chapter. 

If there are no external fields of force, W will be a function only of the 
relative coordinates of the molecules. If there are local boundary fields 
representing walls of the enclosure, this will still be true in the limit when the 
whole volume is large compared with the volume affected by the local fields. 

By using (7) for the partition function of the whole gas, we now obtain 
for the free energy in place of (6) 


F = -2^i^A:Tlog0^(r)-i:riog£2(T). 


(701, 10) 


If then we denote by the contribution of the intermolecular forces to 
F, we see by comparison of (10) and (6) that 

= - kT\ogQ(T)-\-kTZ^N^{\og(V INj,)^\], (701,11) 

The corresponding contribution F*"* to the total energy is 


df ~ af • 


(701,12) 


It is convenient to introduce an abbreviated notation into f2(T). We 

^.1 Nb 

write {d(Oj)r for (dx^dyj^dzj^)^ and contract FI 11 

Thus . . 


(701,13) 
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If now Q is any function of the conjSgurational coordinates of the mole- 
cules, the average value ^ of Q is given by 

Q = . (701, 14) 

In particular the average value W of the intermolecular energy W is 

(701,16) 

By comparison of (12) and (15) we see that 

= FT, (701, 16) 

as is physically obvious. 

If the configurational potential energy W depends on some external 
parameter x, which does not affect the internal degrees of freedom, then the 
average value X of the generalized force corresponding to this parameter 
will be . . 


ox 




= A:r^logfl(7’). 


(701,17) 


By comparing (17) with (10) we can verify the thermodynamic relation 


= -(-) • 
[dx/r 


(701,18) 


The most important application of (17) is when x is the volume V and X 
the pressure P. We then have 

F == (701,19) 


(701,19) 


It is particularly obvious in this section that the partition functions of 
our theory are identical with the separable factors in the phase integrals 
of Gibbs. 

§ 702. Molecular distribution laws. The ordinary uniform space 
distribution law may be established for a gas of any degree of imperfection, 
when there are no external fields or long range forces, as follows. By long 
range forces we mean forces whose effects are sensible at distances of the 


17-2 
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order of the dimensions of the assembly. To the acouraoy of the quasi- 
classical approximation to fl(T) with which we are working, the division 
by the factorials eliminates the reduplication of states due to permutations, 
but has no eflFect on the relative contributions of different parts of the integral 
factor. These relative contributions may be discussed purely classically 
without reference to symmetry requirements. That part of the integral 
factor which corresponds to the presence of a selected molecule a in a given 
volume element SV is 


f da)J L-wikT (da)^)NA^ (702, 1) 

hm MV) J 


just one d(i)g^ integration over V being omitted. If the corresponding con- 
tribution to is called then the classical frequency ratio for the 

occurrence of the selected ainSV, or the fraction of a long time during which 
it will be found there, is given by 


J 

* 0.1 
(»V) J 

L-. 


n(T) 

f ‘^“1 

J(V) J 

u 

e-w/*Tn^(dw^)Jv.. 


(702,2) 


If there are no external fields, then W depends only on the relative co- 
ordinates of the molecules, and if there are also no long range forces 




must at a given temperature be a constant independent of the position of the 
selected a in SV or of SV in V, It then follows from (2) that 

Sa{T)IQ(T) = SV/V. (702, 3) 

This applies to each of the molecules of the same type as a, and therefore 
the average number of molecules of type A to be found in is simply 
Nj^dV/V as for a perfect gas. 

A correct quantal treatment changes all the details of the argument, but 
the result is unaffected. 

By a similar argument we see that the frequency ratio for the simul- 
taneous occurrence of a selected pair of molecules a, /On selected do;., do)^ 
respectively must be given by 








L)-/' 




(702,4) 


just two integrations over V being omitted in the numerator. 
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When no effective long range* or external forces are present, the integral 
in the numerator of (3) must be a function only of the relative coordinates of 
the selected and We may then write it in the form 

where is defined so that 0 at infinite separation, and Q is constant. 
So defined, may depend on the average positions of a large number of 
other molecules and may therefore itself be a function of T, Again, 

JJ Qe-^^afilkT ^ gyt ( 702 , 5 ) 

provided only that rapidly for large separations, as in practice it 

always does. Thus the frequency ratio for the occurrence of the selected 
pair in the selected volume elements reduces to 


(702, 6) 

After integration with respect to d(j^, we deduce that the average fraction 
of all molecules of the same type as in a selected dci>^ near a given molecule 
OL anywhere in the assembly is 

e~^afilkTd(jj^iy^ (702,7) 

Formulae (6) and (7) are forms of Boltzmann’s distribution law. It is 
important to realize, however, the precise meaning of for which the law 
is true. According to the definition of we have 

Qe-^a0lkT = J , jg-m*T n;;, (702, 8) 


If we differentiate with respect to one of the coordinates of the /ff in do)^ 
since Q is independent of we obtain 




dW 

dxg 


(702,9) 


or 


dXf, dXf 


(702, 10) 


say, where denotes the value of the force in the x-direction acting on 
the molecule fi at the given position relative to the molecule a, averaged over 
all positions of the remaining molectUes, Thus is the potential energy 
whose gradient gives the average force between the a and fi molecules. 
More loosely may be called the mutual free energy of the a and mole- 

cules in their given positions. In particular is not necessarily equal to 
Only in the case of short range forces with ternary and higher order 
interactions neglected shall we find that to the first approximation. 


* We ihall Bee in Chapter x that this aUowB of the oonaideration of eleotrostatio foroee in ionic 
media of zero space charge. 
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§ 703. A first approximation for imperfect gases. Short range 
forces. To simplify the algebra we start by considering an assembly with 
only one type of molecule. The formulae obtained are easily extended to 
any number of types. We suppose that the region round a or in which 
is sensible is of strictly limited range, so that there is a small volume 
round a in which /? (or round fi in which a) must lie so that 0. For 
the present we neglect external fields of force. We suppose that W consists 
only of terms such as even when three or more molecules are in close 
interaction together. We shall also eventually suppose that is small 
compared with V jN the available volume per molecule, and that terms of 
higher order than the first in NVg^pjV may be neglected compared with 
unity. The terms that are to be neglected at any stage wiU require, however, 
the most careful scrutiny. 

Whatever the size of we can write f2(T) for a single molecular 

species in the form 

1 r /•*JV(iV~l)factorB 

7^) = J ^ . J n {dio)^. (703, 1 ) 


the number of factors in the product being equal to the number of ways of 
pairing N molecules. In performing the integrations in il(T) we must 
include in the domain of integration configurations differing only by the 
interchange of two or more molecules, the error so introduced being elimin- 
ated by the divisor iV !. We now define by the equation 


and rewrite (1) as 


Vafi = 


1 r f IJV(JV-l) factors 


(703. 2) 

(703. 3) 


We now expand the integrand as a power series in the each different 
subscript a, ... denoting a different molecule, and obtain 


+ (703,4) 

The term in E corresponds to configurations in which there is just one 
pair of molecules within range of each other’s field of force. The term in 
corresponds to configurations in which there are just two pairs of 
molecules interacting, these two pairs having one common molecule. The 
term in corresponds to configurations in which there are three 

molecules all interacting with one another, but no other molecules inter- 
acting. The term in corresponds to configurations in which there 

are two distinct pairs of molecules interacting. And so on. 
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We now make the important approximation of ignoring the simultaneous 
interaction of any molecule with more than one other molecule. This 
assumption* underlies all the formulae from here onwards until we come to 
§ 722. It can be shown that when we make this approximation the evaluation 
of Q(r) is correct only as far as terms of the first order in Nt\^jV . The 
approximation is therefore valid only when iVr^^/F is small, that is to say 
for gases that are only slightly imperfect. Using this approximation we 
ignore terms such as that in (with a common a) and (4) reduces to 

(703,5) 

We can now count the number of terms under each summation sign. Tlie 
number of pairs a/? is \I{N — 2)\. The number of distinct sets of two 
pairs afi and yd is (\)^ N \j{(N — 4) ! 2 !}. The number of distinct sets of three 
pairs is (\YN\I{(N — The number of distinct sets of r pairs is 

( J)*’ ^ ! I[{N - 2r) ! r !}. Using these enumerations in (5), we obtain 


UN hN 

^MT) = S 


N\ 


N\rTor\(N-2r)]N^\2V^ 




But since depends only on the relative coordinates of the two molecules 
a and we can perform the integration over the coordinates of one of them. 
Thus 

jj ^ ^ - l)da>. (703, 7) 

In the last two integrals the range of integration is strictly V , but effectively 
only For brevity we introduce the quantity ^ defined by 


& “ 2 F '2 


= 2 y 1)*^, (703, 8) 


there being no longer any need for the subscript afi in Substituting this 
into (6) we have 

FiV *iV ^ ! 


* The statement, often made, that triple and higher order interactions are ignored is ambiguous . 
It can mean either’(l ) that the interaction energy W is made up of a sum of terms like e«/?, terms 
like €afiy being neglected, or (2) that all configurations are neglected in which terms such as €«/? 
and (with a common a) simultaneously differ appreciably from zero. We are here making both 
approximations, but their importance is vastly different. The former approximation is a good one 
even for highly compressed gases and liquids, and is retained in §§722 sqq. and in Chapter viii. 
The latter approximation restricts us to gases that are only slightly imperfect. It must be removed 
if we want to deal with critical phenomena and liquids. It is because of this approximation that 
the application of van der Waals’ equation to critical phenomena is fallacious. 
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It is obvious that the iorm of T), at least for the earlier terms, is approxi- 
mately given by ^ 






i^,!rror!(-y-r)!'’ N\ 
and one is led to expect, as is in fact true, that 
f2(7’) = 


(703, 10) 


(703,11) 


The strict derivation of (1 1) is due to Ursell.*' We shall omit the proof, as 
the analysis is far from simple. It is to be observed that it is not sufficient 
in order to derive ( 1 1 ) to retain only the first two terms in (9), as is commonly 
done, and assume that the second is small compared with the first and so on. 
For the ratio of the first two terms is (iV^ — 1) f and it is only ^ which we are 
entitled to assume small. Assuming then the truth of (11) we have, using 
Stirling’s theorem and neglecting terms of higher order than the first in 
Nv.flV, 

logQ{T) = iVlog{F(l + g)}-l^logi^-hlir 


= N 
= N 


f V 
log^-Hl 


+ iVlogjl-f-i^J(e-‘/*r 


— I)d6>| 

(703, 12) 


For the general mixture an analogous treatment leads to 
logfKD = AT^jlog £ -Hi} -h 2^ log j 1 ^ J(e-'^W*r _ i) j 

= ^..(log £ -hi j -h I - l)dw, ( 703 , 13 ) 


where is the usual symmetry number. In every case the terms omitted 
are of order smaller by the factor than those retained. 

The integral in (8) is more commonly expressed in polar coordinates, for 
by ignoring coordinates defining the orientation of molecules we have tacitly 
assumed that each e is a function of r alone, or may be replaced by a mean 
value for all orientations. Expressed thus (13) becomes 


logQ(T) = j(e-*^''‘^-l)47rr*dr. 

^ (703, 14) 


The method can be extended to systems for which orientations are relevant, 
and the potential energy is a general function of relative position, but we 
shall not take up such extensions here. 


* Unell, Proe. Catnb, Phil. 8oe. S8. 686 (1927). Bfany current analyiei of this type are 
lallaoious, e.g. Jeam, Dynamical Theory of (kme^ Bd. 2, §218 (Cambridge, 1916); Fowler, Proe, 
Oamh. Phil. 8oe. SS, 861 (1926). 
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We have hitherto assumed that is due to forces of finite range. It is 
more usual and convenient in practice to represent molecular interactions 
by an energy which falls off like some inverse mth power of the distance. 
If m > 3, the integral in (8) or (14) will converge when extended over all 
space. Any such integral, if sufficiently rapidly convergent, can be sub- 
stituted for the finite integral in (8) and elsewhere, without modification of 
the argument, for the integral over all space differs negligibly from the 
integral over a of atomic dimensions. We thus find 


logiJ(r) = + 1| + 


(703, 16) 


§704. Thermodynamic properties of imperfect gases. Having 
now obtained an approximate formula for Ci{T) valid for slightly imperfect 
gases, we can obtain all the thermodynamic functions by substituting the 
value of Q(2’) into the formulae of §701. It is convenient to introduce the 


function B^b{T) defined by 

/•oo 


( 1 — ^nr^dr. 


(704,1) 


Using this in (703, 15), we have 


logfl(T) = 


logjr + l 


-s 


AB 


^A^B ^^ABi'y) (704, 2) 


'AB 


Substituting (2) into (701, 10), we obtain for the free energy 


IL 

kT 


= '^A - * } + ^AB 


V (Tab 


(704,3) 


From (3) we can derive all the other equilibrium properties by the usual 
thermodynamic formulae. Thus for the pressure we deduce 


P = - 



^a^a 

V 


+kT 


N^Nb 2B^b(T) 
V V (T^b ' 


(704,4) 


For the partial potential per molecule A we have 

-(S-X . ' 

For the absolute activity of the molecules A we have 

= ^jl + Eb Y . (704,6) 

to the d*«ree of approximation to which our formulae are valid. 
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The fugacity of tlie jji)ecie8 A may be defined by 

iriog (704, 7) 

where V^i is a volume so great that the gas becomes effectively ideal, and the 
fugacity ;3*(Kr,) becomes effectively equal to the partial pressure Pa^oo)- 
At the actual volume V the fugacity is then given by 

P*A = + (704,8) 


For a simple gas of molecules if we introduce the molecular volume V 

V=VIN^, (704,9) 

tlie above formulae reduce to 


PV= kT\\ + 


V 


r 


(704, 10) 


lt^-kT\og<l>V + kT^-^p, 
^ vl V \ 


(704.11) 

(704. 12) 


If we denote by P’** the quantity kTjVy which is equal to the pressure 
for a perfect gas, then we see by comparison of (10) and (12) that 


p*^P = P-P“*, 


or correct to the same order 


p* ^ P 
P “ P^^' 


(704, 13) 
(704, 14) 


Formula (14) is due to Lewisf and has been used by his school to compute 
the fugacity p* corresponding to a given pressure P. There is, however, no 
simple relation similar to (14) applicable to mixtures of imperfect gases. 

Another important thermodynamic quantity in an imperfect gas is the 
Joule-Thomson coefficient, which determines the temperature change for 
a given pressure drop when a gas is forced through a porous plug. Its value 
is given byt 

We shall consider only the limiting form of (15) at low pressures. We there- 
fore nse the formula for F py ^ i-t + Pb(T), (704,16) 


t l>cwi8 and Randall, Thermodynamics, p. 198 (McGraw-Hill, 1923). 
X See M.T. p. 48. 
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which is equivalent to (10) correct to the terms of the first order in B{T)lV, 
From (16) we deduce for low pressures 



kT dB(T) 
" dT~' 


(704,17) 


Substituting (17) into (15), we find for the Joule-Thomson coefficient in the 
limit of low pressures 




-B(T) + T 


,dB(T) 

dT 


Cp dT 


(704,18) 


It is to be noticed that as P tends to zero, the Joule-Thomson coefficient 
tends to a definite limit, which may be positive or negative. The Joule- 
Thomson coefficient, in the limit of low pressures, can vanish only at a 
single temperature determined by the condition 


d(BjT) 

dt 


(704, 19) 


The temperature at which (19) is satisfied is called the Joule-Thomson 
inversion temperature (for the limit of low pressures). 


§ 705. Alternative treatment aa a problem of association. The 

results of §§ 703, 704 can be reached in a variety of other ways, one of which 
will now be considered. We shall confine ourselves to the case of an imperfect 
gas of N similar molecules. 

The results for a perfect gas can be extended at once to an imperfect gas 
(short range forces) by the device of regarding any pair of molecules within 
each other’s field of force as a system to be discussed as a whole. Any single 
molecule outside the fields of force remains a system as before. The equi- 
librium state of the assembly can then be studied explicitly as a problem in 
association of perfect gases. We consider only interactions in pairs. Let N 
denote the total number of molecules, Wj the number of free molecules and 
iVg the number of molecular pairs, so that 

+ = (706,1) 

Then the equilibrium between molecular pairs and free molecules is given by 


UT) 

N\ {U{T)r 


(705,2) 


where /i(r) is the partition function of a free molecule, and/ 2 (P) that of a 
molecular pair. Now whereas /i(T) contains as a factor jXT), the partition 
function for the internal degrees of freedom, f^(T) contains the factor 
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(705,3) 


{j(T)Y. Hence the internal partition functions cancel and (2) reduces to 

h(T) 

N\ UT)Y^ 

where {li(T)Y, h{T) are the partition functions for the translational degrees 
of freedom of the two molecules, when free and when forming a molecular 
pair respectively. Now these degrees of freedom are effectively classical, so 
that the kinetic and potential energies separate. Each of the partition 
functions l 2 (T) is therefore the product of a factor for the kinetic 

energy and another for the potential energy. The kinetic factors clearly 
cancel and (3) reduces further to 




n^(T) 


(706, 4) 


where Ui(T), u^iT) are the partition functions for the potential energy of 
the molecules, when free and when forming a molecular pair respectively. 
We denote the coordinates of the two molecules by the subscripts a, /? 
respectively, but we can without ambiguity write e instead of for their 
mutual potential energy. Then 


j(T) = Jdw. = jda>f, 
2(T) = 


(705. 5) 

(705. 6) 


the factor I in U 2 {T) being due to the symmetry number 2. The range of 
integration of u^iT) is not the whole volume V, because if any one molecule 
is in the field of another the two rank as a molecular pair, and not as free 
molecules. It appears at first that the range of integration for Ui{T) is 
V — Nvq, where Vq is the volume around a single molecule in which its field 
is appreciable. This, however, would not be correct, as it would lead to 
counting the whole of each excluded volume twice over, once for each 
member of the pair. To avoid doing this we should integrate over the 
volume V for one of the two factors Ui{T) in (4) and over the volume V - Nvq 
for the other factor. We obtain the same final result in a more symmetrical 
manner to the required accuracy by integrating over V — ^Nvq for each 
factor. Adopting this convention, we have 


liT) = f 

Jv-iNv, 


dcj^V-^Nv^. 


(705,7) 


The range of integration for doi,, d(i>p in (6) is that for which e is appreciable. 
Now e depends only on the relative positions of the two molecules. We may 
therefore write (6) as 

MT) = iF 


' 




(705, 8) 
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where f are the carteaian coordinates of one molecule relative to the 
other. Changing to relative polar coordinates, we find 


«*(T) = fJ'’ 


g-e(r) 47^7.2^^^ 


(706, 9) 


where is the effective range of the intermolecular forces defined by 


^0 = 


(706, 10) 


It is convenient to define ^(T) by 


MT) = i 


^~e(r)lkT 


(706,11) 


= iTrrg-BCT). 

Accordiiig to (4), (7) and (9) we have then 

^ 

N\ ~ (V-\Nv^r 

Therefore correct to terms of order (NvJV) we have 
Nt = NlA(T)IV = N^A(T)jV, 

= N- 2 N 2 = N-2N*A{T)IV. 

We can now derive the free energy for the assembly. In place of the terms 

WA;r{log{2y^/F)-l} (706,16) 

for a perfect gas, we have the terms 


(706. 12) 

(706. 13) 

(706. 14) 


JViiTjlog^j-l|+W,iT|log 


«*(?’) 


-1 


(705, 16) 


The contribution due to the intermolecular forces is the difference 
between (16) and (15). Thus, using (1) we obtain 

= Wiiriog^j + W,*!riog^--WA:Tlog^ + iVi*r. (706, 17) 

On using (4) we find 

i-*"* = W,jfcriog^ + 2Ar,iTlog^^-i\^*riog^ + W,i:J- 


VN 




2NA(T) 


^NkT^p, 

(706, 18) 
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by (7), (13) and (14). Expanding the logarithms and substituting for ^4(7*) 
from (11), we obtain, correct to terms in {NvJV), 


pint ^ NikT{^Vo-A(T)}IV 

N^kT 




kT 

= N^^B(n 


(706, 19) 


in agreement with (704, 3). 

The average number of molecular pairs with their relative coordinates 
in the range dg, d^ is clearly equal to 


iN2e-^*^-0ikT^^clrid^lA(T), (705, 20) 

or according to (13) . 

(705, 21 ) 


We see then that to the present approximation of ignoring the simultaneous 
interaction of any molecule with two or more other molecules 

(706,22) 

To the same degree of approximation it is true for mixtures of different 
kinds of molecules that 

= (705,23) 

The equalities (22) and (23) are not accurate to higher orders of approxi- 
mation. 


§ 706. The use of the virial. It is interesting to verify that the formula 
obtained for the pressure in § 704 is in agreement with the virial theorem of 
Clausius. We shall quote this theorem without giving its derivation.* If 
a particle of mass m has a position defined by the cartesian coordinates 
X, y, 2 , has a speed c, and is acted on by a total force with components X, T, Z, 
then the virial theorem states that 

= -i2(Xx-f Ty+Zz), (706,1) 

where the bars denote, as usual, time averages and the summation extends 
over all the molecules. 

When this theorem is applied to a perfect gas, that is an assembly of 
molecules subject to no forces except the pressure exerted by the walls, 
one can obtain as a special case of (1) 

2imc* = fPF. (706,2) 

* For the derivation under the most general conditions allowable see Milne, Phil. Mag. 60, 409 
(1920). 
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For an imperfect gas in which the mutual potential energy of two molecules 
a distance r apart is e(r), one obtains in place of (2) 

Si^ = |PF + i2r^. (706,3) 

Neither the derivation of (1), nor those* of (2) and (3) from (1), require any 
knowledge of the actual forms of the averages occurring in these formulae. 
To make use of these formulae we need to use the distribution laws. For 
the average kinetic energy of translation we have 

= (706,4) 

The average number of pairs of similar molecules at a distance apart between 
r and r + dr is, according to (705, 21), 

4nrHrl V. (706, 6) 

Using (4) and (5), we can transform (3) to 

lAT^r® de 

PV = NkT-~~r r~e--f^^47Tr^dr. (706,6) 

6 F Jo dr 

On integrating this by parts in such a way that the conditions of con- 
vergence at infinity are satisfied and using (704, 1), we find 

PV = NkT ^ l)47rr*(ir| 

= (706,7) 

which agrees with (704, 10). 

§ 707. Chemical equilibria in imperfect gases. The laws of chemical 
equilibria for imperfect gases could be deduced by the general method of 
counting complexions and evaluating averages. This procedure is similar to 
that used in Chapters u and v, and we shall not give detaUs. The result 
obtained is simply the usual thermodynamic relations. Thus for the process 

dA. -hbB (707,1) 

the equilibrium condition is 

+ ... == + •••> (707,2) 

or abbreviated 3) 

We have only to substitute in (3) the values for the/^’s which we have already 
obtained. 


• For these derivations see 8.M. p. 287. 
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If we define the equilibrium concentration product by 

we then find by substitution from (704, 6) into (3) that 

+ S^o2:jc^2B^jf(T), (707,6) 


where 'Lx denotes summation over all types of molecules present, whether 
or not concerned in the equilibrium. We see thus that is not a constant, 
but log Kc varies linearly with the concentrations. 

The equilibrium condition can be expressed conveniently in terms of the 
fugacities p* defined by (704, 7). We obtain 

(i>*)'(l>Sf)”-./(p5 (707,6) 

where Kp. = (707,7) 

Kp, is therefore, unlike Kg, a function of temperature only and independent 
of the pressure. 


§708. Some simple models. The simplest model of a molecule 
with any pretentions to reality is a rigid sphere of diameter i>, with no 
attractive forces between the molecules. This model is defined by 



e = +oo (r<D), 

(708, 1) 

We have therefore 

e = 0 {r>D). 

(708, 2) 

B{T) = 


(708, 3) 

For the equation of state we have, according to (704, 10), 



PV = kT{l + \nIfilV). 

(708,4) 


A more useful model is that of rigid spheres of diameter D, which attract 
each other according to some high inverse power of their distance apart. 
This model is defined by 

e = +00 (r 
€ * e*(D/r)^ (r 

where m is a positive dimensionless constant, usually taken as an integer, 
and e* is the (negative) value of the mutual energy of two molecules in 
contact. 

t Of. M.T, p. 180 . 


<m 

>D)J 


(708, 6) 
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We have therefore by (704, 10) 


where 


PV = kT{l-^B{T)lV), 

B(T) = (1 — e“*/*^)47rr*^ir 

= %irD^ + 2w J”{1 - rHr 

= |»r/)»[l- j. 


(708,6) 


(708, 7) 


Formula (7) is due to Keesom.t 

A still more general model has been used by Lennard -Jones. We shall 
discuss this in § 714. 


§ 709. Empirical and semi -empirical equations of state. The 
number of empirical or semi -empirical equations of state in use as inter- 
polation formulae is very large. J We shall here discuss only three of the 
simplest, in relation to the theoretical results of the previous section. 

The best known practical equation of state is that of van der Waals, 

(P+aN^IV^)(V -Nb) = NkT, (709,1) 

or (P + alV^){V-b) = kT. (709,2) 

Correct to the first power of bjV this is equivalent to 


kTb-a 
PV = kT+ - — . 


If we set a = 0 , this becomes 


PV 




(709. 3) 

(709.4) 


which is of the same form as (708, 4). Interpreted according to the model of 
rigid spheres, we see that ^ ^ 1 ^ 2 ^^ ^ 709 ^ gj 


equal to four times the volume ^nlP of a molecule. If we give the same 
interpretation to b in the more general formula (3), and compare (3) with 
(708, 6) and (708, 7), we see that 


00 


a = kTb S 

r-l 


3 

T!(Tm — 3) 



(709, 6) 


t Keesom, Comm. Phya. Lab. Leiden^ Suppl. 24 B, 32 (1012). 

X See. for example. Ksmerlingh Onnee and Keeeom, "Die Zuetandagleiohung". Comm Phya. 
Lab. Leiden, 11. Supp. 23 (1912); Encyk. Math. Wiaa. 6. no. 10. 
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so that a is not independent of T. Only if we were justified in neglecting 
all terms of (6) other than the first, should we have 


36( — e*) 2nD^(—e*) 

m— 3 m— 3 


r709,7) 


and a would be independent of temperature as supposed by van der Waals. 
Thus the equation of state of van der Waals, with a and 6 temperature 
independent, can be derived only from the foUowing assumptions and ap- 
proximations: 

(1) Rigid spherical molecules of volume 6/4 attracting each other with 
a force varying inversely as some power m -f- 1 of the distance, the mutual 
potential energy e* of two molecules in contact being (3 — m) a/36. 

(2) Gas sufficiently dilute to justify our ignoring the simultaneous 
interaction of a molecule with two or more other molecules. 

(3) — e*<^4T, so that at all distances of two molecules greater than the 
distance of contact — 1) may be replaced by —ejkT. 

When the above assumptions are valid, the equation for PvjkT is correct 
to terms in \jV\ that is to say, it gives only the first order corrections to the 
perfect gas equation. As soon as any of the above assumptions and approxi- 
mations cease to be valid, van der Waals* equation becomes purely empirical . f 

The equation of state of D. Berthelot has an appreciably greater range 
of validity, since it gives a closer representation of the theoretical first order 
terms. Its usual form is 

(^+ (V-b) = kT, (709, 8) 

which to the first order is equivalent to 

PV = kT + . (709,9) 

If we compare this with the theoretical equations (708, 6), (708, 7), and as 
before identify 6 with fTrZ)®, we find instead of (6) 

The assumption that a' is independent of T may be expected to be fairly 
near the truth in suitable regions of temperature. For the extra T factor 
makes it possible for da' jdT = 0 for some T, whereas for a according to 
(6) we have always dajdT < 0. It would perhaps be better still to use a'jT^ 
instead oia'jT in (8), with the corresponding changes elsewhere, and adjust 
n to bring the zero of da' jdT into the most important temperature range. 

t Fowler, Phil, Mag, 48 , 786 (1922). 
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Another well-known equation of state is that of Dieterici. It is used 
empirically in the forma 

P(y~b) = (709, 11) 

P{V-b) = (709, 12) 


The value of w, other than unity, most often used is 
reduce to 




These equations 
(709, 13) 


correct to terms in 1/r, agreeing with the equation of state of Berthelot. 
Dieterici’s equations of state are, however, empirically successful over a much 
wider range of temperature. Though we have here stufiied only first order 
corrections, it can be shown that the exponential form of the a or a' correction 
in Dieterici’s equation ought theoretically to be successful over a wider range 
than the additive form of the a correction in van der Waals* and Berthelot ’s 
equations. 

For practical use the a, a' and b of these and similar equations are often 
adjusted to give the best fit with the facts over some particular temperature 
and pressure range, or to reproduce exactly some particular phenomenon 
such as the critical conditions. It must be remembered that the constants 
so determined have no direct connection with the intermolecular fields of 
force, and cannot be used for anything more than a rough qualitative esti- 
mate of these fields, or of the sizes of molecules. The mistake of using data 
from the critical point, for example, for quantitative estimates of molecular 
diameters has frequently been made. The only correct course is to reduce 
the observed equation of state to the form 

;'F-tr{i+S+^,+^,+ (7o»,i4) 

and thus determine the observational value of 2# as a function of the tem- 
perature. Thus determined B can be directly equated to its theoretical value. 
This is the method followed by Kamerlingh Onnes and Keesom and their 
collaborators at Leyden, and first correctly applied to the study of inter- 
molecular fields by Keesom. In § 714 we shall give an account of more recent 
work of this nature, due primarily to Lennard-Jones. 

Some authors use a series expansion in powers of P instead of in powers 
of 1 jV. We can write instead of (14) 

PV= kT + BP + C'P* + D'P^+ .... (709, 15) 

The coefficients B are the same in (14) and (15), provided the same unit of 
volume is used. The coefficients of higher terras are not the same, but are 
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interrelated by simple algebraic formulae. Another version of the series 
expansion, sometimes used, is 

= ifcrfl -h -f . . (709, 16) 

where Bjfi = C^jy = D'/# = . = kT. (709, 17) 

Whereas B has the dimensions of volume, P has that of a reciprocal pressure 
or a compressibility. We shall follow Keesom in using the names second, 
third, fourth, . . . virial coeflBcients for B,C,D,... rather than for ByC',D\.., 
or for fiy y, #, .... 

In theory it should be possible, if we know the interaction energy, to 
evaluate I2( T) to any desired degree of accuracy, and so to calculate exactly 
the resulting equation of state. Practically this is a matter of great difficulty 
and until quite recently very little had been done beyond calculating the 
second virial coefficient By except for very simple models such as the rigid 
sphere. It is moreover necessary to calculate many virial coefficients or the 
equivalent, if any progress is to be made with the rigorous deduction of an 
equation of state adequate for use near the critical points or at higher 
densities. Quite recently a considerable advance has been made in this field 
by Mayer, and we shall give some account of his results in §§ 722-730. The 
further the accurate study of £2(5r) is prosecuted, the clearer it becomes that 
the accurate equation of state cannot be expressed in any simple algebraic 
form.’*' 

§ 710. Discussion of intermolecular energies. f The work of the 
foregoing sections proceeds on the assumption that the forces between 
molecules, and therefore the energy terms such as are known, but even 
now little is known exactly a priori about the magnitude of the energies 
except in the simplest cases of atomic hydrogen and helium. It may some day 
be possible to derive the energy and so the forces for any atoms or molecules 
from their electronic structure. But though no difficulties of principle 
remain, the day stiU seems distant when such calculations will be a practical 
possibility. At present we must still rely mainly on indirect methods for 
such knowledge as we have of intermolecular fields. 

The tendency of all molecules to aggregate at low temperatures is sufficient 

• Beattie and Bridgman (see especially ZtU, Phy9, 62, 95 (1930), where full references are 
given to earlier papers) have found a useful empirical equation of state approximately valid over 
the experimental range of temperatures and pressures. This equation contains five adjustable 
constants. When these constants have been chosen so as to give the best possible fit over a wide 
range of pressures, it is by no means certain that the equation will give the most accurate value 
for the second virial coefficient for low pressures. We have therefore made no use of this equation 
of state. 

t §§710-720 are based largely on Chapter x of S.M., which was written for the 1st edition by 
J. E. Lennard- Jones and revised for the 2nd ediUon by R. A. Buckingham. 
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indication of the existence of forces of cohesion between molecules, and the 
very existence of matter leads of necessity to the conclusion that the forces 
between molecules become repulsive at short distances. Any adequate 
representations of an intermolecular energy must therefore satisfy these 
elementary requirements, that its gradient should be positive at great 
distances and negative at small. Such a priori calculations* as have yet 
been completed naturally confirm this general conclusion. The simplest 
picture of this kind is that molecules consist of hard impenetrable spheres 
surrounded by an attractive field. This model we owe to van der Waals. 
Correctly used it leads to Keesom’s formula (708, 7). This model is, however, 
inadequate to explain the observed compressibility of matter, and for this 
and other reasons must be discarded (apart altogether from requirements 
of quantum theory). In general the forces between molecules depend on 
their relative orientation as well as on their distance apart, but the mathe- 
matical difficulties of dealing with such laws of force in theories of the pro- 
perties of matter are considerable. We shall therefore confine our attention 
almost entirely to molecules which may reasonably be regarded as spheric- 
ally symmetrical. The treatment will therefore apply accurately to the 
inert gases and approximately to such non-polar molecules as Hg, Ng, CH 4 . 
It will not apply, except as a very rough approximation, to molecules such 
as HgO, and NH 3 with permanent electric moments. It is natural that such 
structures of spherical symmetry should at first have been represented by 
rigid spheres, for the field, apart from the attractive field, is then com- 
pletely determined by one parameter — the diameter. This simplicity 
accounts for its popularity as a molecular model, t but a conglomeration 
of such rigid spheres in close packing fails to possess the observed properties 
of ordinary solids or liquids. As we now know a priori from quantum theory, 
rigid spheres with attractive fields outside them are not a very good approxi- 
mation to the actual forces. 

It is convenient, if somewhat artificial, to represent the intermolecular 
energies by the sum of two terms, one yielding an attraction and the other 
a repulsion, such that the former dominates at large distances. For con- 
venience we may refer to the former as the dispersion energy, and the latter 
as the overlap energy. We shall discuss these in turn briefly, when the signi- 
ficance of these names will appear. 

* For a summary of the calculations made for atomic H and He, see Pauling and Wilson, Intro- 
dttcium to QuajUum MtcKanica, pp. 384 ttqq. (McOraw-Hill, 1036), where references to the original 
papers are given. A first attack on the a priori calculation of the interaction between two hydrogen 
molecules H, has been made quite recently by Massey and Buckingham, Proc. Roy. Irish. Acad. 
14, Sect. A, no. 3, 31 (1938). 

t For a discussion orihe diameters of such model molecules, determined by a variety of methods, 
see Herzfeld, “Grbsse und Bau der Molekiile,” Handb. d. Physik, 22, Ed. 2 (Berlin, 1034). 
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§711. Form of dispersion energy. The true nature of the attraction 

I between two molecules with no permanent electric moment was first pro- 
perly related to quantum theory by London.* It is due simply to the 
polarization of each molecule by the other. Even though each molecule is 
completely symmetrical when described by its average properties,* yet it 
always has some residual electronic motion, which can be thought of in 
terms of internal oscillations. Such internal electronic oscillations in each 
molecule induce further oscillations in the other, and as these will always 
be in phase there is a resultant attraction. The molecular properties involved 
are the same as those responsible for the dispersion of electromagnetic 
waves, whence the name dispersion energy suggested by London. For a pair 
of ideal atoms consisting of electrons free to execute simple harmonic 
oscillations in three directions around a fixed positive charge, London 
showed by a simple semi-quantal calculation that the dominant term in 
the dispersion energy is 

8^2 

where Vq is the frequency of the oscillators, — |e| the charge of the electron, 
K the constant of the elastic restoring forces, and r the distance between the 
two molecules. The coefficient of r”* depends on the simple model assumed, 
and other more exact models lead to a somewhat different coefficient. 
Bui it has been shownf that quite generally the leading term in the energy 
of mutual polarization is of the form — where is a molecular positive 
constant. 

We have already noted that Keesom assumed empirically an attractive 
energy of the similar form though he superposed these attractions 

on a rigid sphere model. We shall therefore assume an energy of attraction 
of the form — and shall at a later stage set m = 6 in accordance with 
the dominant term of the dispersion energy. 

§ 712. Form of the overlap energy. The overlap energy of two 
molecules is so named because it is important only when the orbitals (effec- 
tive electron orbits) of the two molecules overlap. Its nature according to 
quantum theory was first explained by Heitler and London, t The overlap 
energy in general can lead either to strong attractions or strong repulsions 
at short distances, but in many cases the attractive state is inaccessible 
owing to Pauli’s exclusion principle. When it is not so excluded we have the 
extra possibility of a state of strong binding — the quantal explanation of 

« London, Zeit. Phyikal. CAem. B, 11, 222 (1930). 

t Lennnrd-Jonee, Ptoc, Phya. Soc, London^ 4S, 461 (1931), where referenoee to other work 
will he found. 

{ Heitler end London, 2kU, Pkya. 44, 456 (1927). 
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chemical combination. In studying intennolocular energies in this chapter 
we are concerned with molecules in which all possible chemical bonds have 
already been formed, systems for which the overlap energy gives uniquely 
the necessary repulsions. We now know from quantum theory that the 
overlap energy at great distances can be represented accurately by a formula 
of the type R(r)e~^if^, where R(r) is a polynomial containing positive and 
negative powers of r, and p is a constant. This form can be derived by a 
perturbation method. It would be natural therefore to use some such form 
to represent the potential energy of the repulsions, if such a form were 
amenable to calculation. Unfortunately, however, it is not very amenable, 
and we shall continue to use the emf)irical form vr ^ " (with v and n constant), 
which is more amenable since it allows an explicit calculation of the second 
virial coefficient. Such an analysis can achieve considerable success in 
fitting the experimental data, since can always be made to represent 
the true form fairly well over a limited range of r. In § 7 1 8 w^e shall describe 
briefly some computations made by Buckingham, assuming for the overlaf) 
energy the form Pe~^ip with P and p constants, a form more closely re- 
sembling the theoretical form i?(r)e *'V>. 


§ 713. Resultant form of the intermolecular energy. In view of the 
foregoing discussion we shall represent the com})lete intermolecular poten- 
tial energy by two inverse power terms — vr " with m ^ 0, and th(‘ 
complete specification of tlie field requires a determination of three more 
parameters. In order that the field may be effectively attractive at large 
distances and rejiulsive at small it is necessary that n>m. 'rhough such a 
simple function of the distance cannot adequately represent a(;tual inter- 
molecular fields over all distances, it is the most general that has yet yielded 
to mathematical treatment, and as we shall see far from inadequate in 
a])plications. We shall complete the mathematical analysis before sub- 
stituting m = 6. 


§714. Theoretical form of second virial coefficient. Following 
Keesom w’e write the equation of state in the form (709, 14). We have then 
according to (704, 1) 


B = B(T) = (1 477r2dr 

Jo dr ' 


(714,1) 


by integration by parts. In § 708 we evaluated B for rigid spheres of diameter 
D with an energy of attraction €*D’^/r”‘ for r>D, and obtained formula 
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(708, 7) due to Keesom. We shall now consider the more general model 
with an interaction energy of the form 



This can be written in the alternative form 



(714,2) 


(714,3) 


where r* is the value of r at which — e has a maximum value equal to — e*. 
The parameters /i, v in (2) are related to the parameters e*, r* in (3) by 




_JL_ y = _^(_e*)r*» 

n — m n — 


(714,4) 


As r decreases from oo to r*, the mutual potential energy decreases from 
zero to a minimum (negative) value e*. If the two molecules with negligible 
kinetic energy approach each other from infinity, their kinetic energy will 
increase to a maximum value — c* at r = r*, and will then decrease again, 
attaining a value zero at a distance D given by 


D _ 


(714,5) 


We may in a sense regard D as an eflFective collision diameter for slow 
molecules. 

The evaluation of B for this interaction energy has been performed by 
Leonard- Jones, t He has shown that 


( fn\ S/(n— m) 

-) F(y) = %7rD^F(y), (714,6) 

and the function F(y) is defined by 

FW . £_ r(n^’),Vr!). (714, 8) 

From (7) we see that - n(logy)/(n — m) differs from log T only by a function 
of n, m and €♦, and from (6) we see that log \F(y)\ differs from log |B| only 
by a function of n, m and r*. It follows that, provided values of m, n are 
used, such that the interaction energy is adequately represented by the 
form (2) or (3), then the theoretically constructed curve representing 
log|F(y)| plotted against n(logy)/(n'-m) should be superposable on the 
experimental curve representing log |B| plotted against log T, Examples of 


f lAnnard-Joim, Proo. Bog. 8oe. A, 106, 463 (1924). For a condenaed summary, tee Leimard- 
Joms. Phgtiea, 4, no. 10, 041 (1937). 
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curves of log|-P(y)| plotted against w(logy)/(n — 6) are shown in Fig. 1 
corresponding to m = 6 and the values 8, 9, 12, oo of n. 

It is to be noted that all the curves show a maximum except that for 
n = CO, which corresponds to the rigid sphere, and this curve tends to an 
asymptote for infinite —logy. The physical interpretation of this is that for 
hard impenetrable molecules there is always an excluded volume” how- 
ever high the temperature, whereas for “compressible” molecules there is 
an ever-growing interpenetration of the molecular fields as the temperature 



Fig. 1. Theoretical curves from which can be derived the second 
virial coeflScient as a function of T, for e(r) = - fir-* + vr '^. 


increases, and since the intermolecular energies at any given compression 
aie finite, the gas tends to become more and more like an ideal gas. As will 
be shown presently, the observations of B for helium and neon exhibit a 
maximum and thus exclude the rigid molecular model. It may be regarded 
as reasonably certain that all other gases would show the same maximum 
property if the observations could be carried to a high enough temperature. 

In the left-hand portion of the curve, corresponding to low temperatures, 
F(y)y and so also B, is negative; in the right-hand portion, corresponding 
to high temperatures, F{y), and so also B, is positive. These two portions 
are separated by the Boyle point at which B is zero. The Boyle point is 
therefore determined by the equation 

F(y) = 0. 


( 714 , 8 ) 
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This equation has been solved for m = 6 and various values of n by Devon- 
shire, t and the values of the root, denoted by are given in Table 1. The 
temperature of the Boyle point can be calculated from by means of 
(7) and will be proportional to |€*| = -e*. Values ot /tT^/|e*| are also 
given in the table. 

Table 1 

Constants of Boyle point for w = 6 ami various values of n 


n 

Vh 

1 kT^!\t*\ 

9 

1140 

4-58 

10 

1119 

407 

11 ' 

MOO 

3*71 

12 

1082 

, 3-43 


§ 715. Amagat units of volume. If the equation of state is written 

in the form 1 n r \ 

PF = A-T|l4-~ + -,+ ...j, (715,1) 

it is evident that B has the dimensions of V, that C has the dimensions of 
and so on. In our formulae V denotes the molecular volume and the molar 
volume is Nr, where N is Avogadro's number (the number of molecules in 
a mole). It is the custom adopted by many experimenters to use for each 
gas a unit of molar volume such that Nr = 1 at 0° C. and 1 atmosphere. 
Tliese units of volume were introduced by Amagat and are called Amagat 
units. The Amagat unit varies from one gas to another according to the 
extent of the deviation from perfection at C. and 1 atmosphere, but this 
variation is very small and we may take the Amagat unit to be 2-24 x 10^ cm.® 
for Nr or 3-70 x lO** A? for r. Amagat units have been used by Kamerlingh 
Onnes and other workers at Leyden. Other data must be corrected to this 
scale to obtain comparable values of li. 

§716. Comparison with experimental data. If the values of the 
constants m, n, p, v were known, one could by means of formulae (714, 6), 
(7 14, 7), (714, 8) compute values of the second virial coefficient B for various 
temi)eratures, and compare the values so calculated with those obtained 
from the observed ecjuation of state (715, 1). But as theory predicts only 
that m = (j but not the values of n, //, n, all one can do is to examine whether 
these constants can be so chosen as to fit the experimental data for B. 

Lennard -Jones' J procedure is to construct curves, such as those in Fig. 1, 
of log|F(y)| plotted against w.(logy)/(n — 6) for different values of n, and 

t See Lennard-Jonea, Phynca^ 4, no. 10, 946 (1937). 
t Lennard- Jones, Proc, Roy. Soc, A, 106 , 463 (1924). 
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to examine whether any of these can be superposed on the curve of log|J3l 
plotted against log T. Examples of this are shown in Fig. 2, which will be 
discussed below. Having superposed the curve for given n and m = 6 on 
the experimental curve for log|B| against T, the values of t*, D or of e*, r* 
or of /ly p are calculated from the relative positions of the superposed scales, 
using the formulae (714,6), (714,7) and (714,8). A more accurate method 
of determination of the best values of e*, D or of /a, p, when a suitable value 
of n has been found, has been used by Buckingham.;!^ 

Table 2 

Observed values of the second virial coefficient B in Amagat units 


All data due to Holbom and Otto except those marked t 
which are due to Nijhoff, Iliin and Keesom 


!r°K. 


10*B in Amagat units 


He 

No 

A 

! H. 

N, 

65- 1 

— 

-9-35 



’ -8-18 

— 

71-6 

4-58t 

— 

— 

1 — 

— 

89*9 

4-81t 

— 

— 

— 

— 

900 

4-73 

— 

— 

! -2-47 

— 

90-6 

— 

-3-66 

— 

1 

— 

123 

— 

004 

-- 

; 1-31 

— 

126-6 

6-63t 

— 

— 

i 

— 

143 

— 

— 

— 

I 

-35-6 

169-7 

6-89t 

— 

— 

1 

— 

173 

— 

2-88 

-28-7 

i 4-08 

-23-1 

223 

— 

4-06 

-16-9 

1 5-39 

-11-8 

273 

6-29 

4-75 

- 9-86 

I 6-24 

- 4-61 

323 

6-23 

— 

- 4-92 

! 6-76 

- 0-11 

373 

6-10 

6-29 

- 1-92 

; 6-94 

2-74 

423 

— 

— 

0-52 

1 — 

6-14 

473 

4-93 

6-82 

2-08 

7-00 

6-86 

673 

4-69 

6-14 

5-01 

' 

9-21 

673 

4 54 

6-12 

6-83 

1 - 

10-6 


The values in this table are taken from Buckingham, Proc, Roy. Soc. A, 168, 264 (1938) as 
regards He, Ne, A, and from S.M. p. 303 as regards H,, N*. 


Although observations on the isothermals of gases have been accumu- 
lating since the classical experiments of Andrews on carbon dioxide,§ a 
strict comparison of theory and experiment has been possible only since the 
elaborate analysis of the observational material made by Kamerlingh 

t See S.M. p. 299. 

§ For a full account of the earlier literature on equations of state, see Kamerlingh Omies and 
Keesom, “Die Zustandsgleichung”, Comm. Phys. Lab. LeuUn, 11, Supp. 23 (1912); Encyk. Math. 
Wias. 6, no. 10. 



284 


Imperfect Gases 


[716 



Fig. 2a. Showing the determination of the interaction constants from the experimental second virial 

9 

coefficients, n is taken to be 9 and the numbers in brackets are the values of logjo T + ^ — g l^gio^ 
and of logio|j?| -logio|^(y)| respectively. 



Fig. 26. Showing the determination of the interaction constants from the experimental 
second virial coefficients, n is taken to be 12 and the numbers in brackets are the values of 
12 

logio T + logiol^l - logjol F{y)\ respectively. 
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Onnes.^ His method, or slight modifications of it, has since then been 
adopted by many subsequent workers, and especially by Holborn and Otto,§ 

Table 3 

Intermolecular potential energy constants for gases 
calculated from experimental equations of state 
The intermolecular energy is 



All energies in ergs; all distances in 10 “ cm. (A.). 

Values for He, No, A obtained by Buckingham, Proc. Hoy. Soc. A, 168 , 264 
(1938). Only for Ho do those values differ from Buckingham’s earlier values given in 
S.M. p. 306. Values for Hj, Nj obtained by Lennard- Jones, Proc. Phys. Soc. 43, 461 
(1931). Actually Lennard -Jones gives valu<« of the force constants 6fi and (n — 1) i', 
whereas we give values of the energy constants y and 



n 

/tx 10'« 
ergs A? 

rx J0>» 
ergs Ar 

1 

A. 

D 

A. 

-t*x 10“ 
ergs 

-e*lk 

deg. 

Helium 

8 

00370 

0-304 

3-31 

2-87 

0-701 

6-12 


9 

00237 

0-610 

3-186 

2-78 

0-756 

6-61 


10 

00173 

0-948 

309 

2-72 

0-792 

6-78 


12 

0-01085t 

3-66 

2-96 

2-63 

0-827 

6-03 


14 

0-0076 

13-9 

2-84 

2-66 

0-823 

6-00 

Neon 

8 

0-207 

1-83 

3-43 

2-97 

3-16 

23-1 


9 

0-146 

3-60 

3-31 

2-89 

3-65 

26-6 


10 

0114 

7 32 

3-22 

2-83 

4-11 

30-0 


12 

0-0832 

36-6 

3-08 

2-74 

4-89 

36-7 


14 

0-0678 

182 

2-98 

2-68 

6-61 

40-2 

Argon 

8 

2-37 

31-6 

4-21 

3-64 

10-7 

78-2 

9 

1-70 

76-8 

4-08 

3-66 

12-4 

90-6 


10 

1-37 

206 

3-97 

3-60 

13-9 

102 


12 

1-03 

1620 

3-83 

3-41 

16-5 

120 


14 

0-867 

13660 

3-72 

3-36 

18-7 

136 

Hydrogen 

9 

0-178 

6 1 

3-60 

3-06 

3-21 

23-4 

H, 

10 

0-142 

11-6 

3-42 

3-01 

3-68 

26-1 


12 

0-106 

64-9 

3-28 

2-92 

4-26 

31-0 

Nitrogen 

9 

2-27 

132-0 

4-43 

3-87 

9-96 

72-6 

N, 

10 

1-86 

393 

4-34 

3-82 

11-1 

81-0 


12 

1-40 

3700 

4-17 

3-72 

13-26 

96-7 


t Owing to a numerical slip the published value was 0 0104. (Private communication from 
Buckingham.) 


who have carried out a series of accurate observations on the inert gases and 
have presented their results in a form comparable with theory. Their 

X Kamerlingh Onnes, Comm. Phy9. Lab. Leiden, no. 71, or Proc. Sect. Sci. Amsterdam, 4, 125 
(1902). 

§ Holborn and Otto, Zeit. Phys. 28 , 77 (1924); 80 , 320 (1924); 88 . 1 (1925); 88 , 359 (1926). 
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experimental results for several gases, as well as those of Nijhoff, Iliin and 
Keesomf for helium are collected in Table 2. We have omitted the data for 
helium at such low temperatures that a classical treatment of the gas is no 
longer justifiable. The values of B are given in Amagat units. 



Fig. 3. The second virial coefficient as a function of T, with observed values for He, 
for e(r) = -/if* + B in Al/molecule. 

Even when by reference to quantum theory we have fiixed m at 6, it does 
not seem possible to determine n, fi, v uniquely from the equation of state. 
A good fit can be obtained over a range of values of n (or m for that matter), 
but when m and n are fixed the equation of state determines /i, v or 6*, D 
with some precision.^ 

The experimental data for the five gases given in Table 2 can be satis- 

f Nijhoff, Iliin and Keesom, Comm. Phya. Lab. Leiden, no. 188c (1928). 

^ Bee appendix, § A6. 
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factorily fitted by any value of n between 8 and 14. In Table 3 are given the 
best values of the constants //» p and of the alternative constants e”**, r* 
or D. Any of these sets of values gives a fair representation of the second 
virial coefficient. The diagramsf in Figs. 2a and 2h show that the fit is equally 
good for n = 9 or w = 12; the diagrams for w = 8, 10, 14 are similar. The 

Ne A 



Fig. 4. Tlir mutual potential energicH of pairs of inert gas atoms as a function of their distance 
apart. f.{r) - ~ //r"* The dotted curve shows the calculated value of Slater and Kirkwood. 

accuracy of the agreement is shown in Fig. 3, in whi(;h the experimental 
values of B plotted against T arc compared with the curve calculated with 
n = 12 and the values of the other constants given in Table 3. 

The intermolecular energy so determined is shown as a function of r for 
the five gases in Fig. 4. The actual curves are there draw n for m = 6, n - 1 2. 

t Wc are indebted to Dr C. S. Lu for constructing these diagrams. 
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It is interesting to oompekre the curve for He with a priori calculations by 
Slater and Kirkwood* which are shown by the dotted curve. The derived 
energies are in excellent agreement with the calculated pnes. 

An alternative method of correlating experimental data with interaction 
energies is afforded by the Joule-Thomson effect. We saw m § 704 that, in 



Temperatore C. 

Fig. 6. Nitrogen: Joule-Thomson ooeIBcient e:rtrapolated to zero pressure. experimental 
obsenrations by Roebuck and Osterbeig; 0» calculated, n = 12; x , calculated, n=9. 


the limit of low pressures, the Joule-Thomson coefficient is determined by 
Ty Cp and d{BlT)ldT, For a monatomic gas Cp = and so an experimental 
determination of the limiting value of the Joule-Thomson coefficient gives 

• SUter and Kirkwood, Pilyt. Rw, 87, 6S2 (1931). 
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an experimental value for at the experimental temperature. If 

such values are available over a range ol teiniwratures, they can be (;oni pared 
with the values calculated from assumed interaction energies. This method 
of comparison has been used by Hirsch folder aiid others.! 

In Fig. 5 the experimental values of the iloule-Thomson coefiieient, 
extrapolated to zero j)ressure, for nitrogen are plot ted against the tempera- 
ture and compared with the tlieoretical values derived from the interaction 
energies. The theoretical values have been calculated for n — 1 2 and for n = 9 
with the values of and D given in Table 3. The agreement between the 
experimental data and either set of calculated values is good. Similar good 
agreement is found for helium and argon. This agreement is not an in- 
dependent confirmation of the accuracy of the assumed interaction energies, 
but is rather a confirmation of the thermodynamic consistency of two kinds 
of experimental data, the /^-K-7\1ataand the Joule Thomson coefficients. 


§ 717. Gases at high pressures. As wc have already sufficiently 
emphasized, all our theoretical formulae are aj)plicable only to slightly 
imperfect gases, because it has provcnl impossible to (calculate any of the 
virial coefficients other than the second. In this section we sliall digress to 
fiiscuss briefly a formula proposed very recently by HirschfeJdcr and 
Roseveare,! to express the P-V-T relations of gases at high as well as low 
])ressures. The formula is certainly not accurate, but it appears to be a 
useful approximation at least at high temi)eratures. 

Whereas only the second virial coefficient can be calculated for molecules 
with an interaction energy corresponding to attraction ex(5ef)t at small 
distances, the evaluation of the third virial coefficiient for the model of non- 
attracting rigid spheres has been performed by tlager, by Boltzmann, by 
Happel and by van dcr Waals jr, and that of the fourth virial cjoefficient by 
Boltzmann and by Happel. § J'he equation of state for this model has the 


Pl- <t|i + ‘ + 0 , (717, 1] 


where b is four timers the volume of a rigid sf)heri(^al molecule, as in van der 
Waals’ eejuation. The important feature of this model is that all the virial 
coefficients are independent of the temperature. Hirschfelder and Rose- 
veare suggest that, at least at high tern jk? rat u res, the values of the third and 


t HirH<*hfel(ier, Kwcll arnl Ktiobiick, J . (*hein. Phy*. 8, 2C.> HirMrl»foltlcr an<J Kosevcarc, 

J. Phys. Chem. 43, 1.5 (1939). 

t HimhfolclHr and Rosrvoare, J Phys. ('hem. 43, 1.5 (1939). 

§ See Happel. Ann. d. Phys. 21. .342 (19C«), w‘M*rc* rctnn ncos ar«> givtsn to the work of Jagt-r, 
Boltzmann and van der Waals jr. The valut* of the fourth viri.il coefficient has been confirmed by 
Majumdar, BuU. Calcutta Math. Sac. 21, 107 (1929). See S.M. p. 245 for a general method. 

19 
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fourth virial ooefficients for non-attracting rigid spheres may be useful 
approximations. They accordingly propose the equation of state 


PF = jfcr j 1+ ^ + 0-626^^1* + 0-2869|| + 0- 1928^^ . 

(717, 2) 

In this equation the second virial coefficient B{ T) is to be calculated according 
to the theory for the slightly imperfect gas as described in previous sections; 
the third and fourth virial coefficients have the same values as for a gas of 
non-attracting rigid spheres. The fifth virial coefficient is assigned a value 
chosen so that for small values of V the formula may approximate the 
behaviour of closely packed spheres; the precise physical significance of 
this assignment of the fifth virial coefficient is not clear to us. The equation 
of state (2) is thus semi-empirical and it is suggested that it should be a 
useful approximation for high as well as low pressures, provided the tem- 
{>erature is sufficiently high. It is certainly reasonable to expect the model 
of non-attracting rigid spheres to be the more useful the higher the tem- 
perature. The usefulness of (2) must be decided by comparison with 
experiment. 

The propounders of the equation of state (2) do not give any direct com- 
parison of the observed P-V-T data with their formula. They do, however, 
compare calculated and observed values of the Joule-Thomson coefficients 
of argon over a range of temperatures from 0° C. to 300° C. and of pressures 
up to 200 atmospheres. The comparison is shown in Fig. 6 and it cannot be 
denied that the agreement is remarkably good. The parameters e* and D 
used to calculate B(T) were those given in Table 3 for w = 12. Apart from 
these there is the one adjustable constant 6 in formula (2). The value found to 
fit the experimental data best is N6 = 40cm.*/mole or 6 = 66 A.®/molecule. 
The corresponding value of the diameter D of the rigid sphere is given by 
|7ri)® = 66 A.® or Z> = 3-1 A., whereas the value of D used in the calculation 
of B(T) is 3-4 A. 

In so far as the equation of state (2) is applicable, we have for the variation 
of energy with volume at constant temperature 


a(T) 

dVjT^ ^ \dt)r' dr “ F® * 


(717,3) 


where a{T) is a function of temperature only. If we integrate (3) we obtain 


E^E^^a(T)lV, (717,4) 

where E^o is the limiting value of E for large volumes. Equation (4) states 
that the molecular energy at given temperature varies linearly with the 
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density: such a relation between energy and density is in fair but by no 
means exact agreement with experiment especially at high temperatures. 



P atm. 

Fig. 6. Argon: Joule-Thomson coefficient. 0» calculated, N6 = 40 cm.Vmole; 

X , (Milculated, N6 = 35 cm.*/niole; #, observed by Roebuck and Oaterberg*. 

§ 718. Analysis of the intermolecular energy. We have seen that 
the experimental data for the second virial coefficient B can be accounted 
for with satisfactory accuracy by assuming an interaction energy of the form 

€(r) = - fir-^ 4- FT"”, (7 1 8, 1 ) 

and that for a chosen value of n the values of /t, f are fairly precisely deter- 
mined. Satisfactory agreement can be obtained with any value of n between 
8 and 14. The reason is that the main contribution to B comes from a 
restricted range of values of the intermolecular distance r. The form of 

• For references see HirsoMelder and Roseveare, J, Phyi. Chem. 48 , 15 (1939). 
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interaction ( I ) is presumably a good approximation over this range of r, but 
we must not expecjt this form to be accurate either for smaller or for greater 
values of r. To obtain a formula for the intermolecular energy valid over 
a wider range of r it is necessary to use other considerations such as the 
proi)ertie8 of the crystal, and such a priori approximate calculations of the 
interaction energy as have been made. Recently Buckingham* has corre- 
lated such data with those obtained from the gas, with a view to obtaining 
more accurate Ibrnmlae for the interaction energies of helium, neon and 
argon. We shall summarize Buckingham’s conclusions. 

According to quantum theory we may expect the overlap energy to be 
of the form 

R{r)e''^lt\ ( 718 , 2 ) 


where p is a (*-onstant and l{(r) is a polynomial. Calculations by Slater t for 
helium and by Bleicli and Mayer J for neon show that an adequate expression 
may sometimes be obtained if the polynomial ii(r) is replaced by a constant. 
Some confirmation of this, though only over a restricted range of r, is given 
by the work of Born and Mayer§ and by Huggins|| on ionic crystals. This 
shows that the elastic properties of these crystals are admirably correlated 
when the rej)ulsive energy of two ions with complete electron shells is 
reiiresented by a function of the form with P constant. 

At large distam^es the dominant contribution to the interaction is the 
dispersion energy. According to (pianturn theory this should have the form 


+...), (718,3) 

in which r,d, ... are constants. At distances of two molecular diameters or 
more the only imjiortant term is the first. P^or helium a value for c has been 
calculated a priori from quantum theory by Baber and Hasse.^ 

The simplest jiossible formula for the interaction energy which one can 
hope may be a good approximation over the whole range of r appears to be 

e:(r) = Pe~^^f' — pr (7 1 8, 4) 

with P, p, p constants. Buckingham has shown that such a form is able to 
represent with satisfactory accuracy the experimental data both for the 
gas and for the crystal. The formulae obtained by Buckingham also agree 
with the s(^anty a priori calculations already mentioned. As it is not prac- 
ticable to derive an exact analytical value for B from the form (4) of the 
interaction energy, Buckingham makes use of the results already obtained 


• Buckingham. Proc. Hoy. Soc. A, 168, 264 (1938). 

t Slater, Phys. Rev. 32, 349 (1928). J Bleich and Mayer, J . Chem. Phys. 2, 252 (1934). 

§ Born and Mayor, Zeil. Phys. 76, 1 (1932). || Huggins, J. Chem. Phys. 5, 143 (1937). 

If Baber and Hass^, Proc. (lamb. Phil. Soc. 33, 253 (1937). For a summary of earlier more 
approximate calculations of this roelficiont see Pauling and Wilson, Introduction to (Quantum 
Mechanics^ p. 387 (McGraw-Hill, 1935). 
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with the intermolecular energy in the form €(r) - — The pro- 
cedure is as follows. 

Suppose the virial coefficient Ti to be known for one particular temperature. 
Then, if y and n are given particular values, v is determined uniquely by B. 
The function e(r) = - ® -f- pr-” is then an approximate representation of 
the true potential energy, and will agree w'ith it fairly well over that range 
of r which contributes most to the integral (714, 1) for B. Suppose the same 
is done for another value of n, sayn' (// being kept unchanged), and another 
value v' of v is determined leading to e(r) — — ywr ® If now both these 

functions are plotted against r, it seems reasonable to assume that their 
point of intersection is a point close to the true energy curve. In this way 
a point is obtained from each measurement of the virial coefficient B, and 
over a wide range of temperature the points are distributed over a curve 
which should be a close approximation to the true energy. One then 
examines whether the curve so obtained can be fitted by an equation of‘ the 
form (4) and one finds that this can be done. 

For any assumed form of the interaction energy only a straightforward, 
though possibly laborious, calculation is required to derive the energy and 
intermolecular distances of the atoms in the solid for a given type of 
lattice. The calculated values of the energy and lattice constant can then 
be compared with the experimental ones. 

The interaction energies of the form (4) finally obtained by Buckingham 
have values of the parameters P, p, p given in Table 4. Those for helium are 

Table 4 

Constants in Buckingham' s formula for the interaction energy 
e(r) = — -I- Pe' 

The unit of length is the A. 



n X 10*" 

P X 10»« 

P 

N;^(K cal. /mole) 

* a(k.) 


{erg^Af) 

(ergs) 

(A.) 

Calc. ] Obs. 

Calc. 

Obs. 

Helium 

00147 

8-71 

0-216 


— 

— 

Neon 

0090 

25-7 

0-235 

0-60 0-69 

3-06 

3-20 


10? 

169 

0-273 

2 00 2 03 

3-76 

3-81 


determined largely by the a priori quantal calculations already referred to. 
Those for neon and argon are determined to a greater extent by data ob- 
tained from the crystal. The table includes calculated and observed values 
of the molecular energy of evaporation x interatomic distance a 

in the crystal. The calculated values are strictly the limiting values for 
r->0. The agreement is satisfactory and we conclude that the formula (4) 
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.with the constants given in Table 5 is the best representation of the inter- 
action energies of helium, neon and argon consistent with the present state 
of our knowledge, whether derived from experiment or from theory. 

In Figs. 7, 8 the calculated interaction energy is plotted against the 
interatomic distance. In each case curves are given for an interaction of 
the type (1) used by Lennard-Jones as well as of the type (4). It is evident 
that over a restricted range of r the former is a remarkably useful approxi- 
mation to the latter. This fact encourages the continued use of formulae of 
the type used by Lennard-Jones, at least as long as the available a priori 
quantal calculations are so sparse. Owing to the great labour involved in 
accurate calculations dependent on quantum theory, there is no immediate 
prospect of the position being improved. 

§719. Gaseous molecules with electric moments.* Up to the 
present we have considered only molecules with no electric moment, so 
that the attraction is due entirely to the dispersion effect as explained by 
London. When the molecules have an electric dipole moment there are two 
other effects superposed on the dispersion effect. 

First the dipoles of two molecules tend to orientate each other. The 
contribution of the orientation effect to the second virial coefficient was 
calculated by Keesom. f For rigid spheres of diameter D and electric moment 
fi he derived the following formula for B 

\* 29 / 

L^kT] 55125 

(719, 1) 

It is to be noticed that only even powers of l/T occur. The first term is the 
usual van der Waals’ b equal to four times the volume of a molecule. The 
next term is proportional to not which would be required to give 
first order agreqpient with van der Waals’ formula. 

The second effect is known as the induction effect. More accurately it 
might be called the effect of primary induction in contrast with the disper- 
sion effect which is secondary induction. It consists simply in the induction 
of a moment in the one molecule by the permanent moment of the other 
molecule. This effect has been treated by Debye. J The leading term con- 
tributed to the second virial coefficient is proportional to T~^. 

Before the existence of the dispersion effect had been established, attempts 
had been made to explain the intermolecular attractions entirely by the 

* A clear and nmide discuMion of intermolecular forces has been given by London, Trans. Fara. 
Soc. Sa, 8 (1937). The present section is based on this article. 

t Keesom. C&mm. Phys. Lab. Lsiden, Suppl. 24 B, 40 (1912); Physikal. Zeit. 82. 129 (1921). 

X Debye, Physikal. ZsU. 81. 178 (1920); 88. 302 (1921). 
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Fig 7. Interaction of helium atoms. B* Buckingham, e{r) = -/tr"* + with values of con- 

stants given in Table 4. S : Slater, c(f ) of same form as in B and with same values of fi and f> but 
with P = n I0~*® ergs. L-J; Lennard -Jones, e(r) ~ + with values of constants 

given in Table 3. HER: Hirschfelder, Ewell and Roebuck, e(r) of same form as in L-J but with 
different values of the constants. 



Fig. 8. Interaction of neon and argon atoms. Curves I : e(r) = - fir-* + Pe-'^IP due to Buckingham, 
with constants, given in Table 4. Curves II : e(r) = -fir-* -i- due to Lennard-Jones, with 
constants, given in Table 3. Curve H : an interaction enei^ of the form I with constants suggested 
by Herzfeld and Gkwppert-Mayer. 
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orientation effect and the primary induction of the electric dipoles. When 
these were found inadequate, further attractions due to electric quadrupoles 
were postulated. Satisfactory agreement could not be obtained without 
assuming unreasonably large quadrupoles. It is now known that the 
attractions are due chiefly to the di8f)ersion effect, the orientation and 
induction effects being superposed on the dispersion effect for polar mole- 
cules. London* has made approximate estimates of these effects which 
indicate that even for highly polar molecules the dispersion effect is often 
the most important of the three. The orientation effect can be the most 
important, but the induction effect has never more than secondary import- 
ance. Table 5 due to London shows the relative magnitudes of these effects. 


Table 5 

The three constituents of the attractive energy 






Orientation 






hv 

effect 

Induction 

Dispersion 


(o.s.u.) 

a. 10*^ 
(o.s.u.) 

(electron- 

volts) 

2 a* 

_ . io«o 

3ikr 

effect 

2/4*a.l0*° 

effect 

10** 




(erg cm.*) 

[!r = 293‘^K.] 

(erg cm.*) 

(erg cm.*) 


CO 

012 

1-99 

14-3 

00034 

0067 

67*6 

HI 1 

0-38 

5-4 

12 

0-35 

168 

382 

HBr 1 

0*78 

3-58 

13-3 i 

6-2 

406 

176 

HCl 1 

103 

2-63 

13-7 

18-6 

6-4 

106 

NH, 

1-5 

2-21 

16 

84 

10 

93 

H.O 

1-84 

L48 

18 

190 

10 

47 


In the table fi denotes the electric moment, a the polarizability and Vq the 
fundamental frequency. The last three columns give the coefficient of — r”® 
in the statistical average of the mutual attractive potential energy of two 
molecules distant r apart. Although these absolute values may not be 
accurate, their relative magnitudes are probably reliable. The respective 
contributions to the second virial coefficient B will be approximately pro- 
portional to these averaged energies of interaction. 

§720. Binary mixtures. Except for the variation of their properties 
with composition, binary (and higher) mixtures of gases, which do not 
react chemically, behave like simple gases and no further discussion is 
required. It does, however, appear desirable to examine the theory of the 
variation with composition, as curiously erroneous statements have been 
current. 

* London, Trans. Fata. Soc. 22, 19 (1937). 
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For a binary mixture of X , Tiioiei’ules . I and A',, molecules B, the equation 
of state correct to terms in 1/1'- is acconiing to (704, 4) 


r = kT 


k j’ 


J'2 


^aa‘^7i ^'-^^ah^a^h'^ (720,1) 


the /f's being given by (704, I ). 

If we write ,, 

xX , X„ 


{i-^)X, 


(720. 2) 


so that X is the molecular fraction of A and I —x the molecular fraction of 
B, while N is tlie total number of molecules, we have 


P - A-r ‘'. + AT‘'.;{«,.,x-+2«,„e(l -J) + /WI 


(720, 3) 


It is at once obvious that a linear dependenee on x must be the exception 
ratlier than the rule. The second virial coeflfii'ient must in general he a 
(piadratic function* * * § of j*. It is moreover obvious u ithoutexplicit cahailation 
that the wth virial coefticient must in general he a polynomial of the w-th 
degree in x. The condition for linearity of the second virial coefticient in x is 

There is obviously no reason why this should he satisfied in general, but it 
is likely to he true or nearly true when the molecular fields are closely 
similar, for the condition states ir) a sense that the intermoleeular fon^es 
between molecules .4 and B are the mean of those between A and A and 
between B and B. This appears to hold for ox ygen -nitrogen mixtures with 
considerable accuracy, f and was once assumed to hold for helium-neon 
mixtures for the purpose of deducing the isotherms of pure neon, an assump- 
tion sfiown to be invalid by later work on pure neon. 

V'erschoyleJ has established a ease of marked failure by the study of 
hydrogen-nitrogen mixtures, which has been discussed theoretically by 
Lennard -Jones and rook.§ Fig. 9 is taken from their [)aper and shows the 
variation of B w ith composition. From the curve it is c‘lear that the observed 
points can b(» fitted reast)nably w ell by a parabola of the theoretical form. 

Similar data are available for hydrogen-helium, hydrogen -argon and 
helium -argon mixtures from the measurements of Masson and his col- 
laborators.! | Their experimental values of B are show^n in F'ig. 10. The curves 
are parabolas with axes parallel to the ordinate axis. It is thus again clear 


* Formula (3) was given by ('ore, Phil. Miig. 46, (1923). 

t Holborn and Otto. ZeA. Phyn. 23, 88 (1924). 

X Verschoyle, Pror. Hoy. Sac. A, 111, 562 (1926). 

§ Lennard-Jones and Cook, Proc. Hoy. Soc. A, 116. 334 (1927). 

II Oibby, Tanner and Ma.s8on, Proc. Hoy. Soc. A. 122, 283 (1929). Tanner and Maason, Proc. 
Hoy. Soc. A, 126, 268 (1930). 
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that a quadratic function of x, the mole fraction of one of the components, 
satisfactorily fits the data. From experimental data such as these we can 
deduce values of each of the coefficients Bgg at the experimental 

temperatures. This process if continued over a range of temperatures would 
determine B^^, B^g, Bgg as functions of the temperature. The function 
^AB could then be dealt with separately, just as B for a single gas, leading 



Fig. 9. Variation of the second virial coefficient with composition in hydrogen -nitrogen mixtures. 
X denotes molecular fraction of Hj. B is measured in Amagat units of volume. 

to the evaluation of the two constants of the fields between unlike molecules. 
Unfortunately , there do not appear to be any experimental data sufficiently 
extensive and accurate for any pair of gases. The work of Verschoyle refers 
only to two temperatures 0° C. and 20° C. and is thus scarcely adequate. 
Mixtures of hydrogen and nitrogen have been studied* over the temperature 
range 0°C. to 300° C. at various pressures up to 1000 atmospheres. Unfor- 
tunately the number of observations at pressures below 50 atmospheres 

• Wiebe and Gaddy, J. Am. C*em. Soe. 60 , 2300 (1938). 
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is insufficient for an accurate computation of the second virial coefficients, 
and high accuracy of these coefficients is required if one is to analyse devia- 
tions from the additivity relation (4). A detailed experimental study of the 
P~V~T relations of inert gas mixtures in various proportions over a wide 


6 



10 0 10 0 


Molecular fraction of hydrogen Molecular fraction of helium 
I : Hydrogen-helium mixtures Helium-argon mixtures 

II; Hydrogen-argon „ 

Fig. 10. Second virial coefficient for mixtures at 25° C. 

B is measured in Amagat units of volume. 

range of temperatures and over a pressure range below 50 atmospheres 
would provide information of great value in the further development of the 
theory of intermolecular fields. 

Quite recently Hirschfelder and Roseveare* have analysed the experi- 
mental data for th^ Joule-Thomson coefficients of mixtures of helium and 

^ Hirschfelder and Roscveare, J, Phya, Chem. 48, 16 (1039). 
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nitrogen. If was found possible to obtain good agreement between observed 
an<l (calculated values of the Joule-Thomson coefficients extrapolated to 
zero pressure by using interaction energies between two helium molecules 
or between two nitrogcin molecules given in Table 3 for n = 12 and by 
further assuming an interaction energy between a helium molecule and a 
nitrogcui molecule ot the same form wdth suitable values of the parameters. 
It was assumed that 1) in the He-No interaction energy is equal to the 
arithmetic mean of the D'h in the He-He and the N 2 -N 2 interaction energies 
and that in tlie He-Na interaction energy is the geometric mean of the 



Fij;. Jl. Hfliuin-nitrogt'it mixturpH: Joiiie-ThomMon rxcrapolaltMi to zero prcHsure. 

— , e\peniiuM)tR of Koebuek and Osterberg; v, cabulated valueH. Curve I, 75 5% helium; 
i-ur\e II, 51 0*^', helium; curve 111, 33-2% helium; curve IV”, lb-6% helium. 


t*'s in the He-He and Ng-Ng interaction energies. This assumed interaction 
energy for Hc-No leads to values of the Joule-Thomson coefficients repre- 
sented by the curves in Fig. 11, while the experimental data of Roebuck 
and Osterberg* are represented by points. The agreement is remarkably good. 

§ 721. Imperfect gases in an external field. We shall conclude our 
discussion of slightly imperfect gases by considering briefly the eflFect of an 
external field of force in which the potential energy of the molecule of type 
A is Uj . This must not be so large that the approximations we have made 
become invalid in any part of the assembly. At the densest point ternary 
encounters must still be negligible. The condition for this is, of course, that 
if the densest element of the gas in its average state is treated as a separate 

* For detailed references see Hirsehfelder and Roseveare, J. Phys. Chem. 43 , 15 (1939). 
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assembly, NvJV must still be small there. Then all the distribution laws 
derived at the beginning of this chapter, while not applicable to the assembly 
as a whole, will still be applicable to every separate element of the assembly 
in which may be assumed constant. In each such element the partition 
function of A will contain the extra factor e . The free energy for that 
part of the assembly contained in this element will therefore contain the 
extra terms l)artial potential //^ of A the extra term 

We have therefore in plac^e of (704, 5) 

//^ = + AT log ,(?’). (721, 1) 

All ecpiilibria involving A are determined by the value of //^. Tn particular 
the distribution of A between two places is determined by tlie condition 
that //^ should have the same value. 

It is to be noticed that //^ is not the chemical potential, but the complete 
partial potential. It includes as one term the external potential and it is 
the remainder that is the chemicxil potential'^ which Gibbs denoted by 

§722. The general theory of condensation. Introductory. f So 

far we have discussed strictly the effect on il(T) and the derived thermo- 
dynamic functions only of binary interactions between the molecules of the 
gas. This allow s us to develop i2(T) correctly only when terms of the order 
and higher orders are negligible compared with unity. But to 
make any radical advance on this one requires the theory to explain the 
general cpaalitative features of the behaviour of gases and liquids, by 
deriving these features fnmi the j)roy)ertie8 o\ The most striking of 

these features is the existence of the sharp phase transition, condensatiop- 
evajioration, below a critical temperature. This means mathematically 
that the equation of state of the stable assembly cannot always bo repre- 
sented by one analytic function, but may consist of several analytically 
different parts. Since the phenomenon of condensation-evaporation is 
common to all substances, it. should be possible to give a general explanation 
essentially independent ol the detailed form of the intermolecular forces. 
We make no attempt, hcjwever, to reach this generality here. We shall be 

• Jn this roHpect we are de|>artinK Irom the notatum of M.T. where our present// is in Chapter 
XI denoted by fi +/w0. 

t An excellent account of the theory is given by Kahn, Dissertation “On the Theory of the 
Kqiiation of State” (Ctrecht, 19HH), an account to which the following sections are much iii’ 
debted. This dissertation gives full refennices, and the quanta! form of the ileveloprnent as well as 
the classical. Mayer’s work and that of his collaborators, Ackermann and Harrison, is given in 
J. Chew. Phys. 5, 67, 74 (1937); 6 , 87, 101 (1938). Sec also Born, Phy^ira, 4 , no. 10, 1034 (1937); 
ikirn and Fuchs, Proc. Roy. Sor. A, 166 , .391 (1038). A key move was made by Ursell, Proc. 
Camb. Phil. Soc. 23, 685 (1927). 
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content to continue to make the assumption of §703, that the inter- 
molecular forces are additive, the total potential energy of a configuration 
being the sum of the potential energies of all the pairs. 



V X 10^ Amagat units 

Fig. 12. ProBBure-volume relationB for carbon dioxide 
at temperatures near the critical temperature. 


Observed isotherms (P-V curves at constant T) of all vapours divide 
into two classes according as the temperature lies above or below a critical 
temperature Examples of each class for carbon dioxide are shown* in 
Fig. 12. 

* From Michels, Blaisse and Michels, Proc. Roy, Soc. A, 160, 367 (1937). 
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When the volume per molecule is sufficiently large, both classes approxi- 
mate, as one must expect, to the form for a perfect gas, molecular inter- 
actions being then negligible. As the volume per molecule diminishes, the 
form of the two classes is quite different. When T > 7J., there is smooth regular 
variation along the whole isotherm, which one can express mathematically 
by saying that it must be represented by a single analytic curve. When 
T <Tcy however, the isotherm consists of three analytically distinct parts, 
of which the middle one is a horizontal straight line. These parts represent 
respectively the pure vapour, the saturated vapour in equilibrium with the 
liquid, and the pure liquid. At each temperature T<T^ there exists a mole- 
cular volume Vg(T) at which the vapour isotherm comes sharply to an end, 
vapour existing only when V > Vg(T) in the vapour. These features must be 
deduced from the properties of i2(T), if further theoretical progress is to 
be made. 


One may perhaps be surprised that this complicated isotherm, which 
represents the true stable state of the assembly, can be derived from 0(2’) 
as given in (703, 1) without further assumptions. Up to the present we have 
regarded iXT) as giving the free energy of a single homogeneous phase, the 
free energy of the whole assembly being then constructed by summation of 
the free energies of the several phases. It would, however, be wrong to assert 
that one cannot use ii(2’) to give directly the free energy, and so all the 
equilibrium properties, of a two-phase assembly. For the integral in 12(2’) 
contains in itself all possible configurations of the systems, whether they 
might be naturally described as corresponding to one homogeneous phase 
or a division into two or more phases. The free energy which one derives 
from a correctly evaluated 12(2’) must correspond to the true state of stable 
equilibrium of the assembly. No further assumptions can be necessary. 

One is tempted at first, from the mathematical point of view, to deny that 
the straightforwardly constructed analytic function 12(2’) can possibly have 
such properties. This possibility in fact arises because we are really inter- 
ested only in the limiting form of il(2’) for large N. It is only when N is 
extremely large that the problem has a physical significance. In fact it is 
not 12(2’) for fixed N which we require to have these special properties. 


but rather 


Lt [12(2",^, A)]^/^ (2’, V fixed, V = V/N), 


(722, 1) 


Lt 4iog«(T,F,Ar). 


Even when 12 is an analytic function of T and V for any fixed A, there is no 
mathematical difficulty in the limit function having the required special 
properties, and in statistical mechanics it is always only these limit functions 
which are compared with experiments. We shall find other examples of 
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such discontinuous limit functions occurring in later chapters, many of 
which are mathematically much simpler than the very complicated function 
which it is necessary to discuss here. 

A further word of warning is desirable. The stable isotherm does not 
represent all the states of the assembly that are physically realizable. We 
need only recall the well-known phenomenon of supersaturation, which is 
represented by a continuation of the vapour part of the isotherm beyond the 
natural point of condensation. Such states, however, are not true stable 
states, for their stability can be upset by the catalysing effect of nuclei of 
condensation, present in numbers that are trivial from the molecular point 
of view. It is clear that we should not expect to obtain such metastable 
states by the evaluation of ( 1 ). 

We have explained that the very complicated but direct procedure of 
correctly evaluating ( 1 ) must lead us to the true stable state of the assembly, 
including the two-phase region, determining in particular the condensation 
points of the vapour; we have explained further that, to obtain this result, 
there is no need for any extraneous assumptions, or for the separate dis- 
cussion of the equilibrium of two-phase assemblies. In practice, however, 
we almost always discuss phase changes in this very way. We set up expres- 
sions which arc goo<l approximations to the j)artiti()n functions for each 
separate hornogericous phase, derive from them the free energy for each 
phase, and determine the phase change by minimizing the free energy of the 
whole assembly, or by the equivalent procedure of equating the partial 
potentials. There is nothing inconsistent with the arguntents of this section 
in this j)rocedure, nor is the introduction of any extra fundamental hypo- 
thesis involved. We are merely in such cases introducing a simplified 
apfuoximate procedure, which avoids the complicated and i)erhaps impos- 
sible evaluation of 12(7') or its equivalent for the wdiole assembly, by 
substituting reliable ajty)roximate evaluations for separate parts of it, which 
between them may be expected to cover any term in the exact 12(T) which 
can ever become dominant. This method, as we see in the other ])arts of 
this book, is in general. completely successful; there is always, however, just 
a possibility t hat some finer details of the equilibrium state may get over- 
looked. It is most important to realize that a f)hasc change can actually be 
discussed by evaluating il(T) for the assembly as a whole, and we therefore 
include here a short account of the salient feature of this evaluation, whose 
success is largely due to the recent work of Mayer.* 

§ 723. The structure of 12(7'). We have seen in § 703, that, using the 
classical approximation and assuming that the intermolecular forces are 

• Sre rt'ferencoH on p. 301. 
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additive, we can write for a pure fluid of N identical molecules, in 

the form 

' |JV(Ar— Dfactorn 

n (l+^aA)(<^")^ ( 723 , 1 ) 




where = c-^afiikT _ ( 723 , 2) 

being the interaction energy of a pair of molecules. We have assumed 
further, since no orientational coordinates survive in 12(T), that these inter- 
molecular forces are central. Each differs from zero only when the 
molecules a and /? are close together. 

The first step in the further evaluation of il(T) is the classification and 
rearrangement of its various terms. These arc all integrals of the various 

forms C r 

- - (723,3) 

multiplied by the relevant powers of F. We have so far, in § 703,taken account 
only of terms such that a, o*, r all denote distinct molecules. To })roceed 

further we introduce the idea of a cluster of I molecules. A cluster is formed 
by I molecules when each member is so close to at least one other member 
of the cluster that the corresponding is significantly different from 
zero. If we represent a molecule by a dot, and a non-zero interaction by a 
connecting bar, then ■ — ■ denotes a cluster with I = 2, for which the con- 
tribution (3) is JJ Similarly /\ and ^ are both clusters 

with 1 = 3, for which the contributions are respectively 

Clusters with I = ^ take any of the forms 

Ti n Vi n M Ei. 

and so on. 

In the expression (1) for il terms corresponding to clusters of all sizes 
from / = 1 to / = A occur. We take a single cluster of I numbered molecules, 
and form all possible terms Wrj^^ which make these I molecules a cluster, 
without interactions with any of the remaining molecules. This product 
may be more expressively denoted by fbe (C) denoting that the 

products are confined to those that make the I molecules a connected cluster. 
We then form the sum of all these products, all permutations of the molecules 
being included, and construct the expression 

f ••• f ^ Vafid(Oida>t ...dot,. 

To these expressions we must add by convention 6, = 1. 


(723,4) 
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It can then be shown rigorously that £1 may be expressed fairly simply 
in terms of the cluster contributions 6^. If we form every possible partition 
of N into clusters of sizes Z, i = 1, 2, then in any particular partition 
there will be clusters of size I, and = iV. It can then be shown that 

a{T, V, N) = II, (^,ln, = N). (723, 6) 

In this expression means the sum over all possible partitions of 
being the number of clusters of size Z in each partition. 

Still further analysis of the cluster integrals 6^ is possible and necessary. 
In the first place we observe that, though 6/ is of physical dimensions 
it is in fact independent of F, when V is sufficiently large. This is one of the 
essential properties of a cluster in the vapour phase. One of its molecules 
can be allowed to range over the whole of F, but the other molecular centres 
are then effectively confined to volumes of the order of the size of a molecule 
in its immediate neighbourhood, owing to the vanishing elsewhere of the 
factors. Moreover, when F is sufficiently large, the parts of F, in which 
the ranges of the other molecular centres are restricted by the boundaries 
of F, are negligible. It will happen at times that the important cluster which 
dominates 12 contains nearly all the molecules, and then represents the liquid 
phase i even for such values of Z, however, bi will continue to be independent 
of F so long as F is large compared with the volume of the liquid. We shaU 
restrict the discussion by assuming that 6/ is independent of F in what 
follows. This restriction limits the application of the method that follows 
to the isotherms of the vapour, and to the saturated vapour and liquid in 
equilibrium together. We cannot study thus the isotherm of the liquid 
under higher pressures. 

Again the various terms that occur in any 6^ are of very different degrees 
of complexity. In the integrand of 63, for example, there are terms 712^23 
and ^12 723 731- The term ri^2V2z of the form 

jd<ya J^23^3» 

or 

It is therefore expressible at once in terms of 63, while the other term 
V12V23V21 <loes not reduce in this way. We are therefore led to introduce the 
idea of irredveible clysters, which are clusters such that the integrals arising 
from them are irreducible, in the sense that they do not factorize into the 
product of simpler integrals of the same form. For example, in 63 the cluster 
/\ is reducible, and the cluster /\ irreducible, as we have already seen. 




HARVKbT TIME ON A FLOWER FARM AT HYERES. DISTILLING LAVENDER IN THE OPEN AIR 
Round Hydres, the first known and one of the quietest of the resorts the flowers are grown more often, however, for their perfume Here 
of the French Riviera, there are wide stretches of land planted with we see a comer of a field of lavender in August, which is harvest time, 
such sweetly smelling flowers as lavender and violets Many of the Retorts, such as we can see here, are set up, the freshly-cut flower- 
violets sold in London streets early in the year come from this place . heads are put into them and the fragrant distilled oils are drawn off. 
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§725. Rough methods of evaluating 1). The discussion of the 
singularities of the power series just mentioned, required for a rigorous 
discussion of the value of Q, is rather complicated. It will therefore be useful 
to see what results can be obtained by simpler and less rigorous methods, 
either for an introduction to the rigorous argument, or, if the reader so 
prefers, as a substitute for it, since the results so obtained are in fact formally 
correct and tell us what to ex|jeet. 

Method I . If all the 6^ were positive or zero, one would be able to evaluate 
il(T, V, N) for large N by picking out the maximum term in (723, 5), when 
the Til are varied in all possible ways, and equating logU to the logarithm 
of this maximum term. This procedure involves therefore finding the values 
of the rii which make _ 

stationary (a maximum), subject to 

= N. 

We require therefore to make the variation 

vanish, for all values of subject to the condition 

= 0 . 

It may be shown that this leads to the relations 



n, Vh,i>, 

(725,1) 

where ^ is the root of 

' N 1 

(725,2) 

and, for the same 

iogU = rift, log 

(725,3) 




These formulae are in fact of the correct form, but they cannot be thus 
established, since the 6/ are not all positive. 

Method 2. The same result is obtained by applying the method of steepest 
descents to the integral (724,5). The conditions of applicability of the 
method are, however, somewhat critical, and, when one examines them in 
detail, one finds that they must tend to fail as the saturation volume 
V = Vg is approached. What then happens is that the position of the saddle 
point on the real axis of ^ tends to move, as saturation is approached, to the 
point where the circle of convergence of cuts the real axis. Since the 
6, are not all positive, this point may not be a singularity of but the 
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conditions of applicability of the method are destroyed nevertheless. 
Evaluations made in this way cannot therefore be rigorously used to 
establish the occurrence and position of the points of condensation on a 
given isotherm. 

Method 3. Somewhat similar difficulties obstruct an attempt to proceed 
by constructing the grand partition function for the assembly for given 
V, T, A. The grand partition function H(T, F, A) for this assembly is, by 
definition, ^ 

H(T, F,A) = 2 a(T,V,N){if>(T)X}^, (725,4) 

summed for all N for given T and F; (j>(T) is the usual partition function 
for one molecule without the F-factor, defined in (701,8). But we have 
already seen, according to (724,2), that 11(7, F,JV) is the coefficient of 
in exp(FS/5;^0« Therefore 

S(T, V, A) = ^(7) A}'] . (725, 5) 

It follows at once from the general properties of H that 

iv = A log S = v'ilbi{<l>(T) A}', (725, 6) 

giving NjV in terms of A, or, by inversion, A in terms of N jV ; it follows also 

that ^ 

PV = itTlogS = kTV ^h^{il>(T)XY. (725,7) 

z-i 

Equation (6) is the same as equation (2) of method 1, with ^ identified as 
X(j>(T). Equation (7) is the same equation as one derives from (724, 8) and 
(3) by the use of the standard equation 

So far as it goes this method is rigorous, but it must, however, assume that 
2,6,{0(7)Ay and 2;/6^{5^(r) Ay converge for all values of A concerned. We 
may not, without further investigation, assume this convergence in a 
rigorous treatment of condensation. The results, however, are formally 
correct for the vapour state. 

A rigorous investigation can proceed by studying the radius of con- 
vergence of the power series (724, 1), but we cannot attempt to include any 
account of the mathematics of this difficult method. We must be content 
instead to state the results of this investigation, which are those of this 
section somewhat amplified, and to describe their application to the 
vapour phase and to condensation. 
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§ 726. The theoretical isotherms and the condensation point for 
a vapour. The results of the complete investigation may be stated as 
follows. In the vapour 

PV = kTv£b^{(f>(T)Ay, (726, 1) 

z-i 

where A is determined in terms of ^^and T by 

ilb,{<f>(T)\Y = y (726,2) 

This result we found already in § 725. It can be shown further that (2) and 
( 1 ) can be replaced respectively by 


(720.3) 

(720.4) 


These formulae in terms of the y^’s are exact consequences of the (b,p) 
relations given in (723,7) or (724,6). The (£2,6) relations and the (6,//) 
relations are strictly parallel in form, but the (£1,6) relations are required 
only in an asymptotic form for large iVT, and may be studied in a ])rovi8ional 
way (though not rigorously) as in §725, while the (bji) relations, leading 
to (3) and (4), are required in an exact form, and can be obtained only by 
arguments of considerable depth. Formula (3) is in fact the result of the 
inversion of power series (2), and (4) the result of substituting (3) into (1). 

Equation (4) is the simplest possible form of the virial expression for the 
isotherm of a vapour, in terms of the irreducible cluster integrals. Further 
study is directed primarily towards determining the range of validity of (4), 
or the corresponding expression for £2. This shows that, for any temj)erature, 
there may or may not exist a saturation volume V^, such that (4) holds for 


r ^ Vg, while for V < 


PVg = 1 - 2 




(726,5) 


The pressure is then constant and the free energy F must then be a linear 
function of V. This is exactly what we require to represent the phase change 
of condensation. 


§727. The dependence on the temperature. The investigation, 
which we have just sketched, derives the essential features of the con- 
densation process and of a one- or two-phase system directly from the 
properties of £2(T, T', N) in the desired manner. The investigation, however, 
is hardly complete without an investigation of the de|>endence of Vg on T, 
and of the form of the isotherms as functions of 7\ This part of the 
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investigation, however, is more difficult, as one must know more about the 
behaviour of the /ff’s and 6’s. One should be able to prove, for example, that 
as T increases Vg(T) diminishes until T reaches a critical value 7J., above 
which temperature 7, no longer exists. These properties, however, have not 
yet been strictly derived by study of the fr’s and /J’s as functions of T given 
by (723, 4) and (723, 6). One can only see that the expected physical pro- 
perties are mathematically possible, and that it is reasonable to expect 
them to be true. Further than this one cannot yet proceed rigorously. 

There are, however, features which may be important, in the form of the 
isotherms of the vapour (7^7^(T)), which can already be established. The 
condensation j)oint may appear on any given isotherm for either of two 
reasons. It turns out that V =V^ has to be the end of the vapour isotherm, 
either if 2 = 1 /7^ is a singularity of the function 2^ 6^2^, or if 1 jV^y = 1 . 

The actual value for any isotherm will be the larger of the values of V 
required by these alternative conditions, and, so far as one can say a jniori, 
one of these conditions might determine in one tem})erature range, and 
the other in another range. When 7„ is fixed by the condition 


j- 1 ^ 1* 


we see by differentiating (726, 4) that 

/?/n kTF, ” n 

it follows from (1) and (2) that at the condensation point 

(a-- 


On the rest of the isotherm 


( 


f>/*\ 


(727,1) 


(727, 2) 


(727.3) 

(727.4) 


or else the condenaation point would have come sooner by earlier satisfaction 
of (1). When, on the other hand, 1/t^ is fixed as a singularity of we must 
have ,gp. 

(F^tV (727,5) 


It is possible therefore, and physically it is a plausible arrangement, that 
we shall find the isotherms arranged as follows: 

( 1 ) T > 7J.. Vg does not exist. 

(dP 



SIS 
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(2) 

( 3 ) 


Critical Region 

Tc>T>T„. V, exista. = 1. 

{^l <0 iv>y,y. (10^-,,. 

V, exists. 2,j/S',( I lv,)> < I . 

( It ),'" <‘'*‘'■1 


When the isotherms are arranged thus, we have a transition at T = from 
a real Vg for which = 1 to the case where a real Vg does not exist. 

This must be ex[)ected to occur when the real root y = IjVg = 1 

becomes a double root and then complex. It follows therefore that in 
this case = 0, and therefore that 



This is the ordinary criterion defining the critical point in the inexact 
customary theory. 

It will be clear to the reader, from this short account of recent studies 
of Q, that much more remains to be done, e8j)ecially in the study of Q(T) 
as a function of tem[>erature. We hope, however, that in spite of this, the 
present account will suffice to show how a rigorous discussion can and must 
proceed, and the general type of results that one may expect to obtain 
from it. In particular we observed the possibility, entirely overlooked by 
the customary discussion, that there may be, at a temperature below the 
critical temi)erature, a distinct subsidiary but nevertheless important 
change in the nature of the isotherms. It is as yet uncertain whether this 
change of type actually occurs, and what would be its physical meaning if 
it did. It is possible that this temperature might be a temperature above 
which a supersaturated state is impossible. Any such suggestion is, however, 
quite uncertain. We are not yet even sure whether in fact will ordinarily 
occur with intermolecular forces of the type that are actually found. 

Another point which arises is that the isotherms in the neighbourhood of 
the critical point may possibly be non-analytic. The conventional study of 
this neighbourhood is given in the following section. Deductions are made 
from the assumption that the isothermal P-V relation in this neighbourhood 
may be represented by a family of analytic curves depending on one para- 
meter T, with the unstable parts cut out, when they occur, by horizontal 
straight lines drawn according to a rule of equal areas. One can see at once, 
from the more profound discussion of the foregoing sections, that the 
assumption that the isotherms are a family of analytic curves thus modified 
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is not necessarily true, and need not even be a close approximation to the 
truth. Deductions drawn in the customary manner from this assumption 
must therefore be used with caution. 


§ 728. Customary discussion of the critical point and the pro- 
perties of the isotherms in its immediate neighbourhood. The 

foregoing analysis of K, iV^) has become available only within the last 
year (1938), and even so has hardly reached a stage at which it is suitable 
for practical applications. In default of such accurate methods, it has been 
customary in the past, and must still remain customary for many years to 
come, to use approximate methods for determining the existence of the 
critical ])oint, and for studying the isothermals in its neighbourhood, of a 
tyjKi which we shall now describe in detail. 

We set up, usually by a violent extrapolation of equations approximately 
valid for a ne>arly ])erfect gas, a family of analytic curves 

P = P(V,T). (728,1) 

To be of value as isotherms such a family of analytic curves is chosen so 
that there exists a critical temperature 7J., such that 


<0 (T>T,), 


(728,2) 


= 0 (V T<T,). 


(728,3) 


In all cases dPjcV < 0 for very small and very large values of V. It follows 
at once that, when T = T,, there exists a critical volume V„ such that 


= 0 (r=7;, r=r,), 


(728,4) 


while and tend to as T tends to 7J. from below. In the region Fj < 7 < Tg, 
dPjdV > 0, so that the curve cannot represent a physically possible isotherm. 
It is assumed, however, that for large 7( > Fg) the curve does represent the 
stable (or perhaps only metastable) vapour isotherm, and for small F( < 7j) 
the stable (or perhaps only metastable) liquid isotherm. The actual con- 
densation or evaporation point, that is the point of transition between the 
stable liquid and vapour isotherms, may be fixed by a rule, which we discuss 
on the next ]>age. 

It is desirable at this point to examine closely the tacit assumptions which 
underly this procedure. Since P = — 9F/9F, in setting up equations (1) we 
have really assumed that we have constructed the free energy function (for 
example statistically) as a function of T and T, and that this F has a partial 
differential coefficient with the properties specified. In the region where 
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SP/Sr > 0 it is recognized that such an F cannot be the true F belonging to 
the equilibrium state for such a volume and temperature, but it is assumed 
that the F so constructed corresponds, even in these regions, to the free 
energy which the assembly would hav’^e, if it could be constrained to remain 
in a single homogeneous phase through this region. We note in passing that 
the accurate investigation of the nature of F statistically constructed, given 
in the preceding sections, does not justify any such interj)retation, nor the 
assumption that F, if it could be so constructed and evaluated, would be 
an analytic function of V and T. 

If, however, we allow the assumption that for all values of 1\ V there is 
a free energy F for the assembly, constrained to remain a single -phase 
assembly, then the method introduced by tiibbs* Joacls to an unambiguous 
answer as to when such a single phase would split, if allowed to do so, into 
two phases. In particular we can apply this method to show that at a given 
temperature, if on any part of the continuous isotherm ?Pj?V >i), then at 
least this part will be unstable, and splitting into two phases will o(^cur. We 
can also determine, for such a temperature, at what pressure t his sy)litting 
occurs. In the range of pressures, for which dPjdV can be positive on the 
analytic curve, we choose a definite pressure P and denote the smallest value 
of V for this P by V'{P) and the largest by V"{P)\ the thermodynamic 
argumentt then tells us that the pressure P, at which splitting into two 
phases occurs, is determined by the relation 

fi 

F(P)dP = (), (728,5) 

the path of integration being along the analytic curve for the given tem- 
perature. The pressure P thus determined is the equilibrium pressure for 
the two-phase liquid-vapour assembly at the given temperature; V\P) is 
the molecular volume of the liquid under the pressure of its vapour, and 
V'\P) that of the saturated vapour. Equation (5) states that P is fixed by 
the condition that, in the (P, T) diagram, the two areas enclosed between 
the analytic single-phase isothermal and the horizontal condensation line 
have areas numerically equal (but of opposite sign). The condition is con- 
sequently known as a rule of equal areas. 

The approximate nature of this whole method of study of the condensa- 
tion problem, and of the neighbourhood of the critical point, should be now 
sufficiently clear. It must not, however, be thought that the weaknesses 
here stressed affect the thermodynamic discussion of two-phase equilibria 
which we use freely in other parts of this book. So long as we can construct 

* Gibbs, “Representation by surfaces of thermodynamic properties”, CoUccied Works, 1, 33 
(Longmans, 1928); van Rijn van Alkemado, Zeit. Pkyslkal. Chttm. 11, 289 (1893). 

t See M.T. p. 60. 
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statistically accurate thermodynamic functions for each phase for the range 
of variables in question, then the phase equilibrium deduced thermo- 
d 3 mamically is accurate, and remains always as accurate as the statistical 
construction of the functions. It is only in the neighbourhood of a critical 
point, near which one possible phase disappears, that a more fundamental 
treatment of the whole assembly, whether of one or two phases, may be 
essential. 


§729. Further details of the isotherms near the critical point. 

We recall shortly some further familiar consequences of the equations of 
§728. 

The coordinates of the critical points of the family (728, 1 ) are completely 
determined by the equations 

p = P(T,r), ap/aF=o, a2p/ap* = o. (729,1) 


These equations determine 7J., and it is frequently useful to express 

the isotherms in the reduced variables w = P/i^, 0 - T/T^, v = VjV^, when 

they become , 

w = w(0, v), 


which is called the reduced equation of state, and may take a s|>ecially simple 
form. 

By using the approximate theory of§ 728 we can determine the dependence 
on temperature, in the neighbourhood of the critical temperature, of the 
volume of the saturated vapour at which condensation starts, and the 
volume of the liquid at which condensation ends.* The formula so 
obtained for (F® — V^) as a function of (7J.— T) is of interest in the theory of 
surface tension and will be used in § 1018; but the formula itself, depending 
as it does on § 728, is necessarily unreliable. 

If the isothermals near the critical point, including the unstable portions, 
are a family of analytic curves, then, since dPjdV = 0, d^P/dV^ = 0 at the 
critical point, and 0 ^P/r)r^ 9 feO, the curves in this neighbourhood take the 
form 

P. P(r,r) . 


and terms of higher order, which will be negligible sufficiently near the 
critical point. The surviving coefficients are necessarily not zero, and their 
signs are definite. It can be shown that, if the family is to be arranged like 


We use in pUce of the more precise, but unneoeaearily cumbrous Ff , rf . 
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actual isotherms, then 

The approximate equation for P then reduces to 

P = P, - a(7; - T) + y(T, - T) (F~ V,) - V,)\ (729, 3) 

For suitable values of P this equation in V has three real roots, 

We now wish to determine Pq for any P, where is the pressure at which 
condensation and evaporation takes place at this temperature according 
to the approximate theory of §728. We therefore have to satisfy (728,5); 
this is equivalent to satisfying 

^ 'Pdv^ P^{V^-V,), (729,4) 

the roots l\ and P 3 being then the molecular volumes and of the liquid 
and vapour phases respectively at this temperature. On inserting (3) into 
(4), we find that 

Po = P, - a(T, - T) -f ly(T, - T) (F 3 + F, - 2P;) 

“ - ycf] (^ 3 + n ~ 2F,). (729, 6) 

The first approximation to P^ is therefore 

P, = P,^a(T,-^n (729,6) 

and to this approximation the roots of (3) are the roots of 

- y(T, ~T)(V^ V,) = 0 , 

that is 

= K-- ( j)* - T)K F, = F,, F3 = F,+ (Tr-T)K 

(729,7) 

We can now establish the form of F 3 — Fj, that is F^^ — F^% for this neigh- 
bourhood. We find from (7) that 

Fj-Fj = V^-V^ = 2|^j*(7;-7’)*. (729,8) 


This leads, to the same approximation, to 

-yi yO A/ff/ F,* 


(729, 9) 


If the molecules are of mass m, then 1/F = pim, where p is the density of 


the phase, and we have 


(pi--pOf 


24m^T^-T 

r Vc* 


(729, 10) 
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For any chosen empirical equation of state, such as van der Waals’ or 
Dieterici’s, /? and y can be explicitly calculated. 

A further property of the liquid and vapour volumes, which can be derived 
from (7). i« that + ^ yo + yL ^ 2V,. (729,11) 

To the same approximation this may be written 

= 2/9,., (729, 12) 

where p,. is the density at the critical point. Equation (12) is the simplest 
possible form of tfie rule of the rectilinear diameter, which states that, as an 


empirical fact, 


+ \ - T) (A, p const.). 


(729, 13) 


The form (13) is remarkably well obeyed by many liquids. Since by letting 
T -> 7J. it follows that A = 2p^, the determination ()f the rectilinear diameter 
fixes and therefore i; ; in fact this is the most reliable observational 
method of determining 
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LIQUIDS AND SOLUTIONS OF NON ELECTHOLYTES 

§800. Introduction. Normal and associated liquids. It has long 
been customary to classify liquids into two classes called nornuil liquids and 
associated liquids, but the rules for such a classification cannot be rigidly 
defined. Originally the classification was a purely experimental one. For 
the majority of liquids, particularly organic liquids, it was noticed that 
many of their physical properties, such as vaj)our pressure, surface tension, 
viscosity, obeyed at least roughly certain empirical rules. Amongst these 
we need name only Trouton’s rule, which will be discussed in later sections. 
These liquids were termed ncyrrruil liquids. But there was found to be a large 
minority of liquids whose properties did not fit these empirical rules. These 
liquids were called associated liquids, because the deviations from the 
empirical rules were believed to be due to association of the molecules found 
in the vapour to form larger molecules in the liquid. It was noticed in 
particular that the majority of substances containing hydroxyl or amino 
groups form liquids belonging to the associated grouj). With the accumula- 
tion of data it soon became possible, from a knowledge of the chemical 
structure of a molecule, to predict whether it would form a normal or an 
associated liquid. Our knowledge of the structure of licjuids, though still 
meagre, has greatly increased of recent years through the application of 
X-ray analysis, and the study of optical and electrical properties. We are 
now able to give a fairly satisfactory definition of a normal liquid in terms of 
molecules. A liquid will be normal if the internal degrees of freedom of each 
molecule are not seriously disturbed by the close proximity of the other 
molecules in the liquid. Such a liquid may then be treated as an assembly 
whose partition function will be the product of a partition function for the 
translations of the molecules and partition functions for the internal degrees 
of freedom of each single molecule, the latter being very similar to those for 
gaseous molecules. In an associated liquid on the other hand the originally 
gaseous molecules interact so intimately that the rotational degrees of 
freedom and perhaps some of the vibrational degrees of freedom are seriously 
modified; some rotations may become frozen, and atoms from different 
molecules may become bound to each other so tightly that one speaks of the 
formation of now chemical links. 

As far as normal liquids are concerned our present view of their structure 
is much the same as it was when the term normal was first used, but the old 
view of an associated liquid as composed of double or triple molecules, 
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which themselves behaved normally, is too simple a generalization. The 
structure of associated liquids can differ from that of normal liquids in several 
alternative ways, of which the association of two or more gaseous molecules 
to form larger molecules in the liquid is by no means the most important. 
These alternatives have been discussed by Bernal* and we shall briefly 
refer to his conclusions. 

On a purely geometrical basis we may consider associated liquids as 
produced, whenever the molecules of the liquid can be attached to each 
other by forces which are directed in space and localized in a definite part 
of the molecule. No liquid in which there exist only the undirected and 
un localized forces of van der Waals or of metallic character has been found 
to be associated. The type of association will depend on the number of 
effective links that can be formed by each molecule. If there is only one, the 
association will be of the simple kind containing a bimolecular complex, as 
in most monohydric alcohols. If there are two, the association will either 
be in closed rings, such as may occur in hydrofluoric acid, or in open chains. 
The two types will differ widely in character; the liquid formed of rings will 
behave as a normal liquid of higher molecular weight, that formed of 
chains as a highly viscous, possibly liquid-crystalline aggregate. The change 
from ring to chain may be promoted by rise of temperature; liquids such as 
sulphur, which increase in viscosity with heating, belong to this category. 
If the number of effective links is three or more, the association extends 
throughout the whole liquid. In such cases, of which water is typical, we 
have an associated liquid in which there are no intermediate aggregates 
between the individual molecule and the whole mass of the liquid. Such 
liquids will tend to have anomalous thermal expansion, high viscosities, and 
low surface tension. They are most liable to supercooling and readily form 
glasses. Most of the liquids which are usually called associated fall in this 
category. It is the number of effective rather than potential links that 
determines the character of the liquid. Thermal motion diminishes this 
number, and consequently the degree of association; so does pressure. All 
liquids near the critical temperature are probably unassociated. This 
accounts for the anomalies in heat capacity and in thermal expansion which 
are common in associated liquids. 

The nature of the links which exist in associated liquids is gradually 
becoming clearer. For substances liquid at ordinary temperatures they are 
predominantly hydrogen bonds. For substances melting at high tempera- 
tures, co-valent bonds such as the S — S bond in liquid sulphur or the 
Si — O — Si bond in molten silicates. Dipole moments other than those due 
to hydrogen do not usually lead to association, because they are not localized 

* Bernal, Address to the Chemical Society, unpublished (1938). 
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STORKS ARE WELCOME EVEN ON THE CHIMNEY 
Jn many parts of I^iiropo a family is ( idcivd luckv if 
storks build upon thoir loof In Czorhoslovakia, as wt 
see in page 339, in Helgnini, (ierman> and the Netherlarid'- 
this IS the case, and also, as shown here in Alsuci- 


in Its streets. The harbour is one of the 
wonders of the world Tlie mighty trans- 
porter bridge, which swings a gre.it load 
of vehicles and passengers from one side 
of the harbour to the otlier, is an engineer- 
ing marvel. The Corniche road, which 
leads from here across the so .th of France 
to Italy, IS without question the most 
Ixjautiful road in Furofx', if not in the 
world. Outside Marseilles stands, in grim 
solitude, the Chateau dTf, which was 
immortali.sed by Dumas in Monte Cristo 
Here we realize how far the cruelty 
of man can go The castle was used in the 


sixteenth, seventeenth and 
eigliteenth centuries as <i state 
|)tison, PI. iced in one ol the 

most lieautiful spots in tin* 
world, high walls were built all 
.iiound it, so that no prisoner 
could obtain even a glimpse ol 
l)nghtness The ct*lls -where 
men lay forgotten for tens 
and scoR‘s of yea is beraiisi* 
they had. peihatis, olfended by 
.1 word some I'ourt favourite 
'•r high otlicial wt;re dieadful 
( )n(* cell, foi exaiiqde, wliiili 
can still be seen, consisted of 
tlni'e eliambiTs, one bi'hind 
the other The second was 
miK'b smaller and darker than 
the first It l(“d to the tliird, 
a man could neitluT In* 
down Tifir stand upright, but 
was loued to lemain nouching 
all tlu‘ time, and where, in the 
darkness, he could only obtain 
just enough air to keej) him 
alive In the ('hateau d'lf we 
may still set* the oubli(‘ttcs, tlie 
cells undei C(‘lls into which 
men were* let dowai through a 
hole m the floor and left in 
the darkness for years, their 
only relief being wdien their 
small allowance of food was 
low'ered to them WIk'II we 
examine* such places as these 
we realize why the French 
Rev^olution took [dace 

I'lien there is Lyons, the 
('oventry of France, a grc'.it city divided by 
the Klione and the* Saone into three parts, 
where are made, the most beautiful silk 
goods lor all the' world. After Lyons we 
can go to Bordeaux, W'lth its wonderful 
bridge which was built over a century ago 
and for long was thought by many peojde 
to be the finest viaduct in the world, and 

with its harbour for Atlantic trade. 

Bordeaux is the main centre of the French 
wine industry. Here come not only the 
produce of the F'rcnch vineyards, l)ut 
w’ines from Algiers, the Caucasus and 
elsewhere, to be blended. 
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We also recall that for a gaa only slightly imperfect a satisfactory approxi- 
mation toQ(7) is 

UN 

= (HOI, 4) 

1 jv r 

where 2v\^^ -\)da ( SO 1 , 5) 

In equation (5) is the mutual potential energy of the pair of molecules 
a and /?, and the integration extends over all possible relative configurations 
of the two molecules, or alternatively over those configurations where 
differs appreciably from zero. The approximation (4) is valid only if the 
deviations from ideality are small, that is if 1. When this condition does 
not hold, it is in principle still possible to find expressions for lifT) in terms 
of power series in NjW and this })rocedure was referred to briefly in §§ 722 sqq. 
We saw that the method is exact, the only approximatiojis being made for 
mathematical convenience, but it is laborious and unlikely at present to be 
an effective method for the practical study of highly compressed gases or 
of liquids. There is, however, an entirely different method of evaluation of 
11(7’), though only an approximate one, which has been develof)ed with 
much success by Leonard -Jones and Devonshire. This method will be 
described in some detail in §§ 808 -812. Before proceeding to details it seems 
desirable to consider the conditions for the validity of (1), quite apart from 
the possibility of finding a useful approximation to 12(7’). 

The first condition for the validity of (1) is the separability of the motion 
of the assembly into the internal motions of the molecules, which contribute 
j(T), and the translational motion of the individual molecules relative to 
one another. The second condition is that the translational degrees of 
freedom of the molecules should be classical. This condition is required in 
order that it may be possible to separate the energy into a kinetic and a 
potential part; in the contribution of the translational degrees of freedom 
to F the term -^7’logl2(7’) may then be separated from the first term in 
(1). The third condition for the validity of (1) is that the whole volume V 
should be available to every molecule of the assembly, except, of course, 
in so far as the overlap energy included in W prevents two molecules from 
overlapping. All these conditions are usually at least approximately satisfied 
by highly compressed gases and even by normal liquids, except hydrogen 
and helium whose translational degrees of freedom will not be classical at 
low temperatures. We may therefore regard formulae (1) as of general 
applicability to normal liquids (except possibly hydrogen and helium) as 
well as to gases. From this point of view the distinctions between a normal 
liquid, a compressed gas and a dilute gas are entirely due to differences in 



324 Liquids and Solutions of Non-electrolytes [801 

i2(T), This will appear more clearly later when we discuss the approxima- 
tions used by Lennard- J ones and Devonshire to evaluate D( T) for compressed 
gases and for liquids. 

§ 802. Some crude models of a liquid. Before describing the more 
successful attempts at a quantitative evaluation of Q(T), it will be profitable 
to consider some greatly over-simplified models. These models, though much 
too crude to give accurate quantitative results, are, however, adequate to 
give the qualitative or even semi-quantitative behaviour of liquids and 
highly compressed gases. 

We recall the model described in §708 of rigid spherical molecules of 
diameter I) with no attractive forces between the molecules. This model 
led to the formula for slightly non-ideal gases 

£2(T) = ^!(i-^) , (802, i; 

1 An 

where 6 ~ is equal to four times the volume of a single molecule 

regarded as a rigid sphere. We may write (1) in the equivalent form 

f2(T) = (802,2) 

where F = VjN is the volume per molecule. We may roughly describe 
(V-b) as the average volume accessible to a single molecule, or the free 
volume per molecule. Formulae (1) and (2), with the specified value of 6, 
were derived only for small deviations from ideality. However, for the 
assumed model of rigid spheres without attractions, (2) will remain formally 
correct at any degree of compression, provided that we regard 6 no longer 
as a molecular constant but as a function of V. We should then find for the 
assumed model at any degree of compression 

a(T) = (802,3) 

where t>(F) denotes the free volume per molecule. 

The model just considered has little practical interest because it takes 
no account of the attractions between molecules. A crude, and yet useful, 
approximation* is obtained by replacing W in (801, 2) by its value averaged 
over all accessible configurations. Since this value, for samples of liquid 
in a given physical state, will evidently be proportional to the number of 
molecules in the same and will be negative, we denote it by — Nx- On this 
approximation each molecule is thought of as moving freely in a uniform 
potential — which is a smoothed value for all relative configurations of 
the given molecule and its neighbours. Since the attractions are supposed 

* Guggenheim, Proc. Roy. Soc. A, 135, 181 (1932). 
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short range ones, only near neighbours will contribute appreciably to — x- 
The value of x will then be determined by the average number of near 
neighbours at specified distances from a given molecule, and this in turn 
will be determined mainly by the number of molecules per unit volume, or 
by its reciprocal V/N = V. We may therefore, to this approximation, regard 
X, as well as Uy as a function of V only. This model leads then to the formula 


n{T) = e^{u{V)}^e^xiy)/icT ^ (g02, 4) 

We shall for convenience refer to this model and the formulae belonging to 
it by the name smoothed potential model. 

The weakness of this model is that no account is taken of the change in 
the interaction energy as a molecule moves about its average position. 
Accepting the quasi -crystalline structure of liquids, we can obtain a fairly 
obvious improvement on the smoothed potential model. We suppose that 
there are N positions of minimum potential energy quasi- 

crystalline liquid, and that each molecule moves about a position of mini- 
mum potential energy in a field corresponding to an isotropic three-dimen- 
sional harmonic oscillator of frequency both Xo ^ t>eing regarded as 
determined by V. If r denotes the distance from a position of minimum 
potential energy, a molecule at this distance will have a ]>otential energy 
“ A'o + This leads to a better approximation for 

Q.{T) = 






kT 


\m(27fv) 
ylnmv^J ) 


I Coo -iv 


(802, 5) 


The model just discussed is essentially due to Mie.* We shall for brevity 
refer to this model as the harmonic oscillator model. 

We can now substitute from the alternative formulae (4; and (6) into 
(801, 1) to obtain expressions for the free energy. We thus obtain for the 
smoothed potential model, using (4), 

^ = - x(V) - kT "^'^-kT-kT log j{T), (802,6) 


and for the harmonic oscillator model, using (5), 

^ = -Xo{y)-3kTlog^-kT-kTlogj{T). (802,7) 


• Hie, Ann. Ph^. 11, 657 (1903). 




®® 3 ] Relation of Liquid to Crystal 827 

that each molecule in the crystal vibrates about its equilibrium position 
independently of the remaining molecules, and is just the same approxi- 
mation as we have made in the harmonic oscillator model of the liquid. To 
this approximation (1) reduces to 

f = -;^o + 3^^7^1og(l-6 (803,3) 

For sufficiently high temperatures, kT^hv, the vibrations will be effec- 
tively classical, and (3) takes the limiting form 

F kT 

~^ = -Xo- Jog log T). (803, 4) 

When we compare this formula with the strictly analogous formula (802, 7) 
for the liquid, we notice that, apart from Xo ®'Od v having different values 
for the liquid and the crystal, there is a difference of an extra term —kT in 
the free energy of. the liquid. The corresponding extra term in the molecular 
entropy is just k. This means that for given Xo ^od v the liquid is more dis- 
ordered than the crystal, and this is physically correct. This discontinuity 
between the thermodynamic functions of liquids and crystals has been 
especially emphasized by Eyring.* The same discontinuity appears if we 
use the smoothed potential model instead of that of the harmonic oscillator. 
To show this let us now treat the whole liquid as a single system. Then the 
partition function for the whole liquid will be of the form {f(T)}^/N !, where 
f(T) denotes the partition function of a single molecule, and the division by 
N ! is required to eliminate repetitions of physically indistinguishable states. 
But each molecule can move anywhere in the liquid as long as it does not 
overlap another molecule and so has an effective free volume ( V — Nb) or Nv. 
Thus the partition function of the whole liquid will contain the factor 
(Nv)^IN ! or (ei;)^. In the crystal on the other hand each molecule has its 
own equilibrium position, and the molecules are localized systems. Con- 
sequently the partition function of the whole crystal is simply {f(T)}^, 
where /(T), the partition function for the single molecule, now contains only 
a volume factor because the molecule is constrained to remain in the 
neighbourhood of a single fixed equilibrium position. Thus the partition 
function of the whole crystal contains the factor where that of the liquid 
had the factor (eu)^. This leads to an excess molecular entropy in the liquid 
of A; log 6 = ky in agreement with the value found above, f 

• See for example, Hirschfelder, Stevenson and Eyring, J. Chem. Phya. 6, 897 (1937). Cf. 
Lennard- Jones and Devonshire, Proc. Roy. Soc. A, 168,61 (1937). 

t Earlier formulations of the free energy of a liquid, such as Guggenheim, Proc. Roy, Soc. A, 
135, 181 (1932); Mott, Proc. Roy. Soc. A, 146, 466 (1934) and S.M. p. 524, omitted the term - kT 
occurring in (802, 6).- These can be made formally correct by assigning to v the value which the 
present formulation assigns to eo, but v would then no longer change continuously into v in the 
limit of high dilution to the perfect gaseous state. 
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§804. Derived thermodynamic functions for crude models. 

From the alternative formulae (802, 6) and (802, 7) for the free energy we 
can derive all the other thermodynamic functions for the liquid according 
to the assumed models. I^et us first use the smoothed potential model. 
For the pressure P we obtain 


^ \dv)T.N N\dVjr,s~ 

This is formally correct but cannot be applied quantitatively in the absence 
of knowledge of the dependence of x t; on K . For ordinary pressures, and 

temperatures well below the critical temperature, the properties of the 
liquid such as its volume are insensitive to pressure changes, and for most 
purposes it is adequate to consider the pressure to be zero. We then have 
and du/dV related 0 91 i; 

+ (804,2) 


The molecular free energy F is given by 

f (804,3) 

and the f)artial potential fi by 

= P+ PK = -x-kT\og^—~~^~^^-kT-kT\ogj(T) + PV. (804,4) 
The molecular energy E is given by 


£’ = - ^ + (804, 5) 

where denotes the contributions of the internal molecular degrees of 
freedom. The molecular heat content H is given by 


H= E+ Pv = -;^ + pP + &’'"‘+Pr. 

(804, 6) 

The analogous formulae for the harmonic oscillator model 

are 

^ “ dv dv 

(804, 7) 

kT 

F = -Xo-^kT log -kT-kT logji T), 

(804, 8) 

kT 

ti = -X,-UT log j^-kT- kT log ;(T) + PV, 

(804, 9) 

B = -;;to + 3jfcr + £('"‘. 

(804, 10) 

H = -Xo + 3ifc7' + JP‘"‘+PF. 

(804,11) 


For ordinary pressures the Pv term is negligible in all these formulae. 
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Since both the models for which we have derived formulae are rather 
crude, we cannot expect them to lead to results of hi^];h accuracy. For 
semi-quantitative comparison with experiment both are useful, and we may 
in any particular application use whichever is the more convenient. Usually 
it is convenient to use the smoothed potential model for correlating the 
properties of a liquid with those of a gas, and the harmonic oscillator model 
for correlating the properties of a liquid with those of a crystal. 

§805. Elementary thermodynamic theory of melting. The partial 
potential of a liquid at ordinary })re8sures, if we use the harmonic oscillator 
model, is according to (804, 0) 

kT 

= -A:^'“3X-Tlog^^;^-AT-^•rlogj^(T)+ Pr^ (805, 1) 

where we use the superscript L to specify the liquid phase. The analogous 
formula for the crystal, according to Einstein’s approximation, is 

kT 

(805,2) 

where the superscript K denotes the crystal phase. We may assume that 
in the regularly ordered configuration of the solid crystal the assembly 
contains less potential energy than in the irregular configurations of the 
liquid, and owing to its regularity and rigidity a natural frequency 
which is greater than v^. Since then xl) < ^ have 

for small T but for sufficiently large T we have At some tempera- 
ture, we shall have and this fixes the melting-pcnnt. If we assume 

that there is no discontinuity between the internal degrees of freedom in 
the liquid and the crystal at the melting-point, so that^’^'(T) = j^{T), then 
the temperature of melting is given by 

+ (805,3) 

We ignore the small term F(r' - r*^)/AT„,. Using formula (804, 1) for the 
molecular heat content in the liquid, and an exactly analogous formula for 
that in the crystal, and assuming no discontinuity in the internal molecular 
degrees of freedom, we obtain for A„, the molecular heat of melting 

A„ = = Xo- Xo- («0«. 4) 

Substituting (4) into (3), we obtain for entropy of melting 

^'” = 3Alog^4-A. (805,5) 

Since will be greater than v^, but will usually not differ greatly from v^. 
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we should expect from (5) that the molecular entropy of melting should 
exceed, but not greatly exceed, k. The extent to which this is verified for 
metals is shown in Table 1. According to the theory the value of X^jkT^ 
should somewhat exceed unity. The experimental values are given in the 
fourth column of the table. The formulae used depend on the assumption. 

Table 1 


Heats and entropies of fusion for various metals 


r- 

Metal 

Na„. 

(cal. /mole) 

CK.) 

Am Na„ 

kTl, ~ RT^ 

Tm 

© 


Li 

830 

469 

0-90 

0-9 


Na 

630 

370 

0-86 

1-86 


K 

670 

336 

0-85 

2*66 


Rb 

520 

311 

0-86 

3-66 


Cs 

600 

299 

1*7 

4 4 


Cu 

2760 

1366 

10 

8-9 


Ag 

2630 

1233 

M 

5-7 


Au 

3180 

1336 

1-2 

7-7 


Zn 

1700 

692 

1-2 

2-9 


Cd 

1 1600 ! 

694 

1*25 

3*5 


Hg 

560 i 

i 234 

1-2 

2-4 


A1 

1910 

933 

10 

2-3 


Ga 

1320 

303 

2-2 1 



T1 

1470 

680 

1-3 1 

1 60 


Pb 

1120 

690 

0-96 

1 6*6 


Sb 

4660 

903 

2-6 

— 


Bi 

1 

2600 

644 

2 4 

— 



amongst others, that the vibrations are effectively classical, that is to say 
that the temperature of melting should be large compared with the cha- 
racteristic temperature 0 = hvjk. The values of the ratio TJQ for the crystal 
phases are given, when known, in the last column. It will be seen that, 
excluding Li and Na, for which the condition T^/0 > 1 is hardly satisfied, 
and the semi-metallic Sb, Bi, which may well have a quite different molecular 
or electronic structure in the solid and liquid phases, eight out of thirteen 
metals have A^jkT^^ between 1 and 1*3 while twelve out of thirteen have 
X^jkT^ between 0*85 and 2*0. This agreement may be regarded as satis- 
factory for such a crude theory. It has been pointed out by Mott and 
Gurneyt that it is only a rough approximation to retain the extra factor e 

* An attempt has been made by Hirachfelder, Stevenson and Eyring to account accurately for 
the values of entropies of fusion. They give a clear and instructive qualitative discussion of the 
process of melting, J. Chem. Phya. 5. 898 (1937). We, however, do not refer to their computations 
because. these are largely dependent on an entirely empirical equation of state. 

t Mott and Oumey, Trans. Fora. Soc. 86, 364 (1939). See also a very recent article, Mott and 
Gurney, Phys. Soc. Rep. Prog. Phys. 6, 46 (1939), which gives an excellent review of the theories of 
liquids including the ground covered in §§ 802-806. 




A WOMAN OF CENTRAL FRANCE ARRAYED IN HER SUNDAY BEST 
Old customs still linger in some of the out-of-the-way districts of France, and quaint 
costumes still delight the eye every Sunday and holiday. This young woman, who 
dwells in the rich department of Alher, wears a fine silk apron and kerchief and a very 
individual kind of head-gear that includes both bonnet and hat. 


[806 
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and substitute into (3), we obtain 

a//? = kjv. (806, 5) 

For a large number, if not the majority, of liquids with non-polar mole- 
cules a~lxl0“® deg."^ and atm.“^ Using these values, 

together with i? = N/r = 82 atm. cm.^/deg. mole, we obtain for the molar 
free volume Ni; = cm.^/mole. We shall shortly obtain an inde- 

pendent estimate of v from the vapour pressures of liquids. We shall 
first consider an alternative form for the dependence of u on V. 

Instead of using van der Waals’ form for v, we might suppose each mole- 
cule free to move in a spherical cage, whose radius is equal to the average 
distance a between the centres of two molecules which are nearest neigh- 
bours, diminished by the diameter D of a molecule regarded as a rigid 
sphere. This assumption can be expressed by* 

u = |7r(a - D)^. (HOC, 6) 

Now the molecular volume V is related to a by 

a3 = yF, (806,7) 

where y is a numerical constant of the order of magnitude unity, deter- 
mined by the geometry of the packing. If the molecules are arranged as in 
a face-centred cubic crystal, it can be shown that y = yj2. We can combine 
(6) and (7) to give ^ y f 7 r(F‘ - (806, 8) 

where Vq is a new constant defined by yV^ = D^. From (8) we deduce 


9l ogt^ ^ 1_ ^ (7 1^)* 

dV 

Substituting (9) into (3), we obtain 

a _ k(y%n)^ 


(806, 9) 

(806, 10) 


Assuming the same approximate values for a and ft as before, we obtain 
N(7 Itt)"* F* y* ^ 8 cm.^/mole. If we set y = ^2, corresponding to face-centred 
cubic packing, this gives — 14cm.®/mole. Taking chloroform at or- 

dinary temperatures as a typical example we have NF= 80cm.®/mole, so 
that Nf;--0*44cm.®/mole, as compared with the value 8 cm.® obtained 
from (4). 


§ 807. Estimate of free volume from the vapour pressure. Trou- 
ton’s rule. We shall now obtain an independent estimate of u from the 
vapour pressure of a liquid. The equilibrium condition between vapour and 
liquid ifl as usual ^ j j 


• Thie formula for the free volume is used by Lennard -Jones and Devonshire, Proc. Roy. Soc. 
A, 158, 59 (1937), and is a modification of a similar formula used by Eyring and Hirschfelder, 
J. Phya. Cham. 41, 250 (1937). 
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where the superscripts G, L refer to the gaseous and liquid phases respec- 
tively. For we have according to § 510 

-lT\ogy>(T), (S07, 2) 


while is given by (804, 4). Substituting from (2) and (804, 4) into (1) and 
assuming the partition functions j(T) for the internal degrees of freedom 
to be equal in the two phases, we obtain 


or 



-f log 


kT 

ei > k-r ’ 




I'T 

f~(x^kr)ikr ikT 
V 


(807.3) 

(807.4) 


The molecular heat content in the licpiid is according to (804, 0) 

+ f (807,5) 

whereas that in the gas is given by 

//« = - = |A-T + A'"'*, (807, 6) 

if we assume the internal molecular contributions to be equal in the 
two phases. For the molecular heat of evaporation we thus obtain 

A, = + (807,7) 

Using (7) we can rewrite (4) as 

kT 

(807,8) 


At all ordinary pressures Pv^ is negligibly small comj)ared with kT, and 
might without loss of accuracy be omitted whenever it occurs. Its omission 
sometimes, however, leads to apparent inconsistencies on differentiation, 
and it is therefore safer to include these terms, even though small, until 
the final stage. 

We can alternatively derive (7) by aj)plying thermodynamics directly 
to (3) but great caution is required. We obtain 



(807,0) 


Since x ^ assumed to be functions of V, we obtain from (3) 


kT 



T 





0 , 


(807, 10) 
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by (804, 1). Hence (9) reduces to the much simpler formula 



Substitution of (3) into (11) leads directly to (7). 


[807 

(807,11) 


Table 2 


Heats and entropies of evaporation at the boiling-point for various liquids 


i 


Subsinnci- 


Na. 

Na./T', 

(' K.) 

(K. cal. /mole) 

(cal. /deg. mole) 

Noon 

27-2 

0*415 

15 3 

Nitrof^on 

77-5 

1-36 

17*6 

Arj^on 

87-5 

1-60 

17*2 

Oxygon 

90-6 

1 6«i 

18*3 

Kthyl other 

307 

6*47 

21*1 

Carbon disulpliido 

319 

6*49 

20-4 

Chloroform 

334 

6-97 

20*8 

( ’nrbon tot nndilondo 

350 

7*14 

20-4 

Honzon<’> 

353 

1 7*35 

20*8 

Mothyl Hill icy Into 

1 497 

11*00 

22 2 j 

Orpuuo compounds 


- 

20 to 23 

(non associnf od ) 

! 


i 

Holiurn 

1 4-29 

0*022 

5*1 

Hyilroj^cn 

20-4 

0*214 

10*5 1 

1 

Methyl alcohol 

: 337 7 

8*38 

24*8 

Formic* acid 

1 373 0 

6*54 

14*8 I 

1 


The vapour pressures of almost all li(|uids can bo expressed with high 
accuracy over a wide temperature range, which includes the boiling-point, 
by an empirical formula of the form 

= (807,12) 

where a is nearly constant.* Moreover for a large number of substances 
with non-polar molecules the value of a does not differ greatly from one 
liquid to another, l^'^ing an average value of a for such liquids, we have 

empirically ^ ^ x !()’( - VA7 ni,n. Hg - 2-7 x J()«e-'<'*=^atm. (807, 13) 

This formula is usually correct to within a factor varying between i and 2. 
The boiling-point 7J, of a liquid at atmospheric pressure according to (13) 
satisfies the relation 

= log, (2-7 X W*) = 10. (807, 14) 

This can also be expressed as Na^/TJ, = IONA* = 10/? = 20 cal. /deg. mole. 

• If a were strietly constant, comparison of (8) and (12) would lead to uccT. This i-elation 
combined with (806, 8) would enable one to calculate the temperature dependence of the coefficient 
of thermal expansion. It seems, however, unlikely that the constancy of a is sufficiently e.\act to 
warrant such a procedure. 
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This empirical relation is known as Trouton's rule and its degree of 
accuracy is shown by the data in Table 2. We must excdude hydrogen and 
helium, because such light molecules may not be treated classically, and 
compounds containing hydroxyl or amino groups owing to the probability 
of some form of association. Moreover Trouton's rule can be ex])e(;ted to 
apply only to normal liquids. Even for normal liquids, however, the 
deviations from Trouton’s rule are definite and systematic. This is clearly 



1. Trouton'H ratio at the boiling -point 


Fig 

1. Neon. 

2. Nitrogen. 

3. Argon. 

4. Methane. 

5. Carbon monoxide. 

0. Oxygen. 

7. Kthane. 

8. Chlorine. 

9. Hydrochloric acid. 

10. Nitrous oxide. 

11. Hydrobromic arid. 


12 Hydriodic acid. 

13 Methyl chloride. 

14. Kthyl chloride. 

IT) I, w- Propyl chloride. 

16. M'Propyl chloride, 

17. (’arlM>n disulphide. 

18. Acetonitrile. 

19. Hexane. 

20. /-Amyl rhlonde. 

21. Carbon tetraehlondc. 


22. Benzene. 

23. Chloroform. 

24. w- Butyl ehloride. 

25. Silicon tetrachloruk 

26. Acetone. 

27. t«o-AmyI bromide. 

28. n-Amyl chloride. 

29. Toluene 

30. Stannic chloride. 

31. ( -hlorobenzcne. 


shown in Fig. 1, which is due to Barclay and Butler.* It is clear from this 
figure that for normal liquids by no means has a universal value, but 
rather varies linearly with A^. No convincing theoretical explanation of this 
improved empirical rule has yet been given. In spite of these systematic 
deviations, Trouton’s rule is a useful rough approximation. 


Barclay and Butler, Trans. Fara. Sor. 34, 1445 (1938). 
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If now we compare at the boiling-point Trouton's rule as expressed by 
the empirical formula (13) with the theoretical formula (8), we obtain 


tiu = 


2*7 X 10^ atm. 


RT, 

2-7 X 10^ atm. ’ 


(807, 15) 


To obtain the order of magnitude of v let us set T,, = 334, the boiling-point 
of chloroform. At this temperature 7^7), = 2-7 x lO^atrn. cm.®/mole. In- 
serting this value into (15), we obtain Nr - Icrn.®. When we compare this 
value with those calculated from thermal expansion and comj)re88ibility, 
we tind reasonable agreement with the value Nr ~ 0-44 cm.^ obtained from 
(80(). 0) but less good agreement with the value 8 cm.^ obtained from (806, 4). 

We have given details ol the comparison ibr chloroform only, but most 
other normal litjuifls would lead to similar results. We see then that the 
value that has to be assigned to the free volume v to give the correct vapour 
pressures agrees reasonably well with the value which fits the thermal 
expansion and compressibility when formula (806,6) is used. We conclude 
that this is a reasonably useful form to assume* for the de])endence of the 
free volume v on the molecular volume V. 

All the preceding formulae of the present section are based on the smoothed 
potential model. Analogous formulae corresponding to the harmonic 
oscillator model are readily obtained by substituting from (802, 8) for u. 
We thus obtain, in [)art icular, as the aimlogue of (8) 


P 


(kT)i 


(S07, 16) 


A formula equivalent to (16) was obtained by Mief many years before the 
use of the smoothed potential model. 


§808. Refined model for liquids and compressed gases. In the 

two crude models of the liquids so far considered the constants y, v in the 
one model, and yo- *' other, have been treated as adjustable parameters. 
Both models are simple cases of a more general model, in which each mole- 
cule can move about the available volume in a definite field of force, deter- 
mined by the interaction energy between the molecule and its neighbours. 
Recently an important advance ha.s been made by Lennard- Jones and 
Devonshire, J who have used a model of this kind to calculate the equi- 
librium properties of a liquid or highly comj)ressed gas, assuming for the 
interaction energy the value already found erninrically to fit the properties 

* The i(ioa of rorrt*liitin^ the free volume \Mth the thermal expansion, comprcH.sihi'ity and 
vapour pnisaure ia due to Kyring aiul Hirrtehfelder, ,7. Phys. Chem. 41 , 249 (1937). Wo have hero 
UHed a Honiewhat difterent method of e<irrelatiori from theirs, 
t Mie, A7in. d. Phy^. 11, G.'iT (19C;j). 

J Lennard -Jones and l)c*vonshire, Pritr. Rny. Soc. A, 163, o'i (1937); 165, 1 (1938). 
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of the slightly imperfect gas. It is satisfactory to find that the interaction 
energy e(r) can be chosen so as to give with satisfactory accuracy on the one 
hand the temperature def)endence of the virial coefficient B of the slightly 
imj)erfect gas, and on the other the critical temperature, the boiling-point, 
and heat of evaporation. We shall des(Tibe in some detail the procedure 
adopted by Lennard -Jones and Devonshire. 

Instead of assuming the potential energy of a molecule within its available 
volume either to be constant or to be that corres])onding to an isotropic^ 
harmonic oscillator, we endeavour to calculate its potential energy due to all 
its immediate neigli hours, as a function of position and also of the size of 
the available volume. Each molecule is considered to be confined tt) its 
own cell from which others are excluded. This approximation is the more 
reasonable the greater the density. Whereas in a sparse gas binary encounters 
alone are important, and an atom can migrate rapidly from one ])art of the 
assembly to another, in a dense gas or in a liquid an atom will be imprisoned 
by its immediate neighbours, and will escape from one environment to 
another the more rarely the greater the density. We continue to neglect these 
infrequent migrations exce})t in so far as they contribut/C an extra term 
— kT to the free energy of a liipiid or a dense gas as compared with the free 
energy of a crystal. The presence of this term has been explained in § 803. 
As each molecule moves about in its cell, the field in which it moves will be 
that due to all the other molecules and will vary with the time. We need to 
replace this fluctuating field by a suitable average. The simplest assumption 
we can make is that the average field in which any one molecule moves is 
that due to its immediate neighbours when each is in its equilibrium 
jiosition, that is, at the centre of its own cell; we shall consider this case as 
a suitable first approximation. 

Since atomic fields fall off very rapidly w ith distance, we shall consider 
only nearest neighbours. The problem we have to deal with, therefore, is 
that of a particle moving in the field of a number of other particles sym- 
metrically arranged on the surf ace of a sfihere. If the immediate neighbours 
(generally about twelve) are fairly closely packed, the field within the cell 
w ill have a high degree of symmetry, and it will be sufficient for our purpose 
to replace the actual field by one which is spherically symmetrical about the 
centre of the cell. This may be obtained by taking a suitable average. We 
may take the average field as the molecule within the cell describes a sphere 
about the centre. This is equivalent to the average potential produced within 
the cell, when the nearest neighbours take up all positions with equal 
probability on the surface of a sphere. 

Let a be the average distaiK^e between nearest neighbours, and let e(a) 
be their mutual potential energy at this distance apart. We suppose one 
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molecule kept fixed while the other is moved about a sphere of radius r, 
whose centre is at a distance a from the fixed molecule. The average mutual 
potential energy e{r) of the two particles may then be shown to be 

€(r) = -\-d^ -2ar oo%0)^} Bind dO. (808,1) 

If z is the number of nearest neighbours of a given molecule, its average 
potential energy w{r) within a cell for r < a may be written as 

w{r) = 2 e(r) = e{(r*H-a*— 2ar cos sin (808,2) 

In order to make further progress it is necessary to assume a definite 
form for e(r). We saw in Chapter vii that the equilibrium properties of 
slightly imperfect gases could be accurately interpreted by assuming an 
energy of interaction between pairs of molecules of the form 

= + (808,3) 


where n can be given any value between 9 and 14, provided that suitable 
values are assigned to the constants /i and Theoretically there is nothing 
to choose between the alternative values of n and for arithmetical con- 
venience we choose n = 12. We thus assume 


where e* denotes the minimum value of e, and r* is the value of r at which 
this minimum occurs. The parameters e*, r* are related to the parameters 
^by 


e* = -|e*| =.- 
r* = 

When we substitute (4) into (2), we obtain 


w(r) 


= n 

'Jol (r* + a*-2orco8 


r*12 




(808, 6) 
(808, 6) 

sin^d^ 


2ar cos OY (r^ -fa* — 2ar cos 0)^ j 


In the limit r 0 this becomes 


Using (8) we can rewrite (7) in the form 


(808, 7) 
(808, 8) 


(808,9) 
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where l{y), tn{y) are functions defined by 

l(y) = (l + 12y+25-2y*+12y» + y‘)(l-y)-W-l, (808,10) 

= (808,ii) 

It is convenient to introduce a positive energy A* defined by 

A* = -ze* (808, 12) 

according to (5), and a volume V* defined by 

= (808,13) 

where V, as usual, denotes the volume per molecule, and y, defined by 

= yr, (808, 14) 

is a numerical constant determined by the geometrical arrangement of the 
molecules. For a face-centred cubic lattice y = ^2. Introducing the new 
constants A* and K*, we can rewrite (9) as 

Mr)-M;(0) = (808,16) 

We can also rewrite (8) as 

u-(0) = A*j-2(~)*+(^^)*j. (808,16) 

Formula (15) tells us how the potential energy of a given molecule varies 
as it moves in its cell, while (16) gives the value of this potential at the centre 
of the cell. The zero of energy is, as usual, that of infinite separation. The 
right-hand side of (16) is a function of A* and r*/Fonly ; that of (15) depends 
on these two quantities and also, through a, on the geometrical constant y. 

Some representative curves for w{r) for certain values of F*/Pare shown 
in Fig. 2. Curves (a^) and (a 2 ) have a potential hump at the centre, while 
(5) has not. It is found that the field ceases to have this central hump when 
V/V* is approximately 1*6. It will appear later that at the critical point 
F= the height of the hump is then approximately where 

Tc denotes the critical temperature. For V/V* = 3-16 the height is 0-9kT^. 
The general shapes of these curves show why the model in which each 
molecule wanders around the centre of its cell is satisfactory as long as 
V is less than about 2V*. They also show why the approximations used 
become less justifiable for larger molecular volumes, that is for more dilute 
gases. 

For the partition function for the motion of each molecule in a given 
cell, referred to an energy zero with the particle at the centre of the cell. 
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we have, using (15), 

= 2na^jy exp[^* I - )^(y) + dj/. 

(808, 17) 

The choice of the upper limit for the integral appears to be arbitrary, but 
Lennard- Jones and Devonshire consider that the choice is unimportant 



corrcHpond to V/P'* - 3 * 16 , 1*83 and 1*20 respectively. 

since most of the contribution to the integral must presumably come from 
values of r small compared with Ja. 

If we denote by -Nxo tlie energy of the assembly when each molecule is 
at the centre of its cell, referred to an energy zero at infinite separation of 
the molecules, then referred to this zero the partition function for the 
motion of each molecule in a given cell becomes 

( 808 , 18 ) 
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But since all the N cells are available for each molecule, the complete par- 
tition function for the motion of each molecule through the assembly is 

+ TO(y)|Jdy. 

(808, 19) 

We obtain il(T) from this by omitting the kinetic factor (2nmkT)^ jh^ , 
raising the remaining factor to the power of N, and dividing by iV^!. We 
obtain 


logQ(T) = N N XojkT N \og(2na^) 

+ N log[J*.v* expj - Ky) + 2 j dy'^. 

(808, 20) 

When we substitute from (20) into (801, 1), we obtain 
F = ~ = -kT\og^^^-^^^^*-kT\<yg3(T)-kT-x, 

-A-Tlog|^2TO*|*y*exp • 

(808,21) 

The energy Xq is evidently closely related to m’( 0), and at least approxi- 


mately 


-a:o = i«’(0) = A*{-(F*/r)*+ i(F*/r)*}, 


(808, 22) 


the factor ^ being required so as not to count the interaction energy between 
each pair of neighbours twice over. In formula (22) all energies of inter- 
action are ignored except those between nearest nenghbours. This formula 
can be improved by including an extra term to take account of the inter- 
actions of molecules which are not nearest neighbours. It has been shownf 
that for a face-centred cubic structure the interaction between such 
molecules increases the attractive term by about 20 % and has a negligible 
effect on the repulsive term. We have therefore instead of (22) 

= A*{-l-2(F*/F)^ + 0-5(r*/r)^). (808,23) 

When we substitute this value of Xo obtain finally for the 

free energy 


-A*|l-2^yj I -i-2’log(2wygfr), (808,24) 


t Lennard -Jones and Ingham, Proc. Roy. Soc. A, 107, 636 (1925), Table 1. 
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analysis that the equation of state will have the functional form 



(809, 7) 


Tf this ecjuation is to be accurate for the slightly imperfect gas, for the highly 
compressed gas, and for the liquid, (j> may well be a complicated function, 
and wc have no reason to expect that it can be expressed in simple algebraic 
form. Even if we cannot determine th^ accurate form of 0, formula (7) is 
still useful since it conelates the T-V-P relations of different substances. 



10 ^ 2 0 3*0 


Fik- 3. ( ’alculatfid isotherms. Curve H corresponds to k7'—\*f9, and curve I to kT a*/1() 
with the saturated vapour jihaac shown d(»tted. The u{>f>ermost curve is the isotherm of a perfect 
gas. 

In fact formula (7) is an accurate general expression oi the law of corns ^^onding 
states. Any inexact enqnrical ecjuation of state, such as that of van der Waals, 
so long as it has only two parameters, will lead to a law of corresponding 
states, whi(^h will be a sjiecial inexact example of (7). From the form of (7) 
we can deduce that the critical temperature critical volume and critical 
pressure must be related to A* and V* by 

kT^. = const. A*. (809, 8) 

Tv = const. 1^*, (809,9) 

= const. (809, 1 0) 

P, Vjkl\. = const., (809, 1 1 ) 

where each constant has the same value* for all substances to which the theory 

* See footnote at end of chapter. 




810] Critical Temperature 845 

applies. Each of these constants is determined at least approximately by 
the calculations of Lennard-Jones and Devonshire, which we have just 
described. 

§810. Comparison H^ith experimental data for critical point. 

Since, as shown by Fig. 3, the curve II is vwy close to the (Titical one, the 
critical temperature is given by 

= 'f = (810.1) 

if we assume 2=12 c-orrcsjionding to face-(ientred cubic packing. Taking 
the values of e* (for a =12) given in (^ha])ter vii, Table 4, we construct 
Table i). A recent experimental study by Lark - Horn witzf of the scattering 
of X-rays by liquids has shown that the average value of 2 for normal litpiids 
is close to 11. If we use 2=11 instead of 2 = 12, the calculated values of 
will be decreased in the ratio 11:12 and the agreement with the ex])eri- 
mental values is im})roved. Helium is not included in the table because the 
approximation of classical statistics used throughout is likely to be in- 
accurate. The calculated value of 7], is O* K. and the observed value 5*2^' K. 

Tahlk 5 

( -ri t i cal Icm pcratu res 

Values ot' r* and takrri from (Chapter vn. Table 4. 



y.*a 


A* = 12|ft*| 

\*l9k 

Substance 

(A.^) 

/lO - )j 

/io» 




\ inolenih*/ 

• 

\ moloculo/ 

Tf. calc. 

T, ob 

H, 

3ri-3 

4 •25 

51 

41 

33 

N.! 

29-2 

4-89 j 

58-(5 

47 

44 

N, 

72*6 

13 25 1 

159 

128 

126 

A : 

56-2 

l(v5 i 

198 

160 

150 


It is difficult to determine the critical volume accurately from the 
calculated curves without excessive labour, but from Fig. 3 it a}){)ears to 
be given approximately by 


r,.::^2r* = r*^ = J2r*^. 

y 


(810,2) 


This calculated value is rather too small. The calculated value of P^. 
is about 0-7 whereas the ex|)erimental values are about 0*3. 

An alternative method of testing the theory is a direct comparison of the 
calculated and observed values of the ratio where 7\^ denotes the 

Boyle point, defined as the temperature at which the second virial coeffi(‘ient 

t Lark-Horowitz, Private communication. 
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is zero. We saw in § 714 that, for w = 12, the Boyle point is given by 

= - 3-436*. (810,3) 

Comparing (1) and (3) we obtain for the ratio TgjT^ the theoretical value 

= I X 3-43 = 2-57. (810,4) 

This value is compared with the experimental data in Table 6. The agree- 
ment is satisfactory except for helium and hydrogen, which cannot be 
expected to behave classically. 

Table 6 

Critical temperalures and Boyle, temperatures Tj^ 


Calculated value = 2*67. 



Tb 

Tc 

TbIT, 

He 

23 

6*2 

4*42 

H. 

109 

33*2 

3*28 

Ne 

123 

44*8 

2*75 


323 

126 

2*56 

A 

410 

150 

2*73 

0, 

423 

155 

2*72 

CO 

333 

134 

2*6 

CH 4 

401 

190*6 

2*52 


The (unjustifiable) application of van der Waals' equation to the critical 
region leads to kTj^ = ajb and IcT^, = Saj27b, so that == 27IH = 3-4: in 

much poorer agreement with the experimental values. 


§811. Liquid -vapour equilibrium. We have already mentioned that 
the model under discussion is the more valid the greater the density, and 
we have seen that it is satisfactory in the neighbourhood of the critical point. 
At temperatures considerably below the critical point the model should be 
applicable a fortiori to the liquid phase, but not to the vapour phase. How- 
ever, this is no drawback in considering the two-phase equilibrium between 
liquid and vapour, because the vapour will usually behave as a perfect gas, 
and the appropriate formulae of Chapter iii can be applied to it. In par- 
ticular we have for the partial potential in the vapour phase 

pfi = -kT\og^'^—^ + kT\og^-kT\og3(T). ( 811 , 1 ) 


For the liquid phase we may with sufficient accuracy neglect PV^ com- 
pared with kT, so that (809, 1) becomes 


A* 

kf 
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Formula (2) is the equation of state of the liquid atlow pressures, PV^ kT . 
Since g, gi, g„ are functions of K^jkT and of t'^/Fonly, this formula is an 
equation relating A*/1:T to V*IV^. It can be solved by trial and error, and 
V*IV^ tabulated as a function of A*lkT. This has been done'* in the first 
two columns of Table 7. We may therefore think of V*jV^ as a determinate 


The partial potential in the liquid phase is obtained from (809, 5) and 
(808, 24). Again neglecting Pv^ compared with kT, we obtain with sufficient 
accuracy 

11^ = -A:Tlog^-''*?3^‘-*-Tlogi(T)-l:T-Xo-*?’log(2»r7<7V^), 


(811,3) 

where is given by (808,23) and g by (808,25). The condition for equi- 

librium between liquid and vapour is 

= fiG, 

(811,4) 

Substituting from (1) and (3) into (4) and assuming 
degrees of freedom are alike in the two phases, we find 

that the internal 

1 1 

log? -log 2 ^^-^ - 

(811,6) 

or p = . *^_e <*«**^/*^. 

^ 2nygV^ 

(811,6) 

It is convenient to rewrite this in the form 


II 

« 

(811,7) 

where Q is defined by 

V* , kT 

logQ-logg^j^yi+log^* krp- ■ 

(811,8) 


Now Xo 9 explicit functions of \*lkT and But, as mentioned 

above, V^jV* can be obtained by solution of (2) as a definite function of 
A * IkT and this value of V^jV* has to be used in (8). This procedure was used 
by Lennard-Jones and Devonshiret to calculate the vapour pressure? by (7). 
The results obtained by them are given in Table 1.% 

On comparing (808,24) with (8), using (808,23), we see that F differs 
from W/fcTlog Q only by terms independent of V. We have therefore 

aiog^^PF^ (811,9) 

' dV kT ' 


t Leimard-Jona* and Devonshire, Proc. Hoy. Soc. A, 166, 1 (1938). 
t The values of ff given in the Uble were not published by Lennard Jones 
their paper, but they have kindly communicated the figures to us privately. 

A See appendix, f A7. 


and Devonshire in 
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Table 7 


A* 

kf 

yl 

r* 

y X 10* 

Q 


A* 

1 * 92 - 0*678 — 
kT 

12-8 

M18 

7*74 

116 x 10 -» 

- 6*76 

- 6-76 

16-8 

1*054 

3*86 

1 - 59 X 10 -< 

- 8*76 

- 8-79 

180 

1*020 

2*70 

3-62 X 10 -‘ 

- 10*26 

-1019 1 

210 

1*002 

1*85 

L- 

4-48 X 10 * 

- 12*32 

- 12-32 1 


Hence for ordinary ])re8sures log Q, regarded as a function of and of 

A*lkT, is for any given value of A*jkT stationary with re8[)ect to V*IV^. 
Consequently the value of Q{T) is sensitive to changes in T but not to 
changes in V^. It was found that in the range of temperatures between 
A*lkT = 12-8 and A'^jkT = 21, within the accuracy of the calculations, 
log Q can be exj)re8sed by the relation 

'\og,Q(A*/kT) = 1*92-0-678A*/**T. (811, 10) 

The accuracy of this relation is shown by a comparison of the last two 
columns of Table 7. When we use the relation (10), formula (7) becomes 

*- 92 - 0-678 ( 811 , 11 ) 

Using the numerical values of V* and A* of Table 5 and using the symbol 
to denote an atmosphere, we can express the vapour pressure in the form 

p/Pt = pU-BlT)^ 12) 

with the numerical values given in Table 8. The boiling-point at 1 atmo- 
sphere is then ecjual to BjA. We see that there is satisfactory agreement 

Table 8 



A * = 12|6 *i 

V 

V* = r*Vv2 

(A? /molecule) 

A 

B 

(dog) 

Boiling-point 

1 Boiling-point 
(’ritical temp. 


\ molecule/ 


Calc. 

Obs. 

1 Calc. 1 

Obs. 

H. 

50*9 

24*2 





26*4 

20*3 



No 

68*7 

20*6 

9*863 

291*8 

29*6 

27*2 

0*62 

0*61 

N. 

159 

51*3 

9*950 

786*3 

79*0 

77*2 

0*61 

0*61 

A 

199 

38*9 

10*407 

979 

94*3 

87*4 

0*59 

0*58 


between the calculated and observed values for the boiling-points. If we 
compare the ratio of the boiling-point to the critical temperature, the agree- 
ment between calculated and observed values is even more remarkable. 
The theory can hardly be expected to apply to such light molecules as Hj, 
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but it may be noted that the calculated boiling-fK)int is 2()*4 ' as compared 
with the experimental value 20*3' . 

§812. Heat of evaporation. For the molecular lieat content in tl>c 
liquid phase we have, according to (809, 4) and (809. 0), 

+ A*(J.,) - 2 + £'"'+ /M '-, (HI2, 1) 

whUe for the molecular heat content //^' in the vapour phase we have 

( 812 . 2 ) 

By subtraction we obtain for A,, the molecular heat of evaporation 

= + (812,3) 

The term — can, as usual, be neglected. KuHIkt. the terms \u r/^and g„, 
with their signs reversed represent the average e.xcess potential energy of 
the molecule in its cell over its value at the ('(;ntre of the cell. 1'his will 
certainly be small compared with Xo^ accurate evaluation of tliese 

terms seems hardly worth while. Instead we use as an ap])roximation the 
value this excess potential energy would have if the molecule moved in its 
cell as a classical isotrojiic harmonic oscillator. This value' according to the 
equipartition rule is ^kT. We thus obtain in ])lace of (3) the ajiproximation 




This formula is not the most convenient one to apply, since it n(n*essitates 
an accurate determination of v*/V^' by means of (81 1,2) It is more con- 
venient to combine the thermodynamic relation 


/a log /A ^ A, 

\ dT fj. kT^ 


( 812 , 0 ) 


with formula (811,11). We thus obtain the simple result 

A, = 0-(w8A*. (812,0) 

The entropy of evaporation (to a pressure of one atmosphere) at the 
boiling-j)oiiit is given by 


(H12,7) 
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We can use (810, 1 ) to express A'*' in terms of the critical temperature and 
BO obtain 

As T 

~r = 0-678 X 9 (812,8) 

From Table 8 we see that the calculated and the observed values of 
are very near to 0-60. Using this value in (8), we obtain 


As 

k 


0-678 

¥60 


x9 = 10-3, 


(812,9) 


confirming Troutorrs rule. Too much stress should not be placed on this 
apparent agreement, since although 10-3 is very close to the value of ASjk 
for most normal organic liquids, it must be remembered that our formulae 
were derived for Ne, Ng, A, and for these substances the experimental values 
of Asjk are only about 8 (see Table 2, last column, for 

Trouton’s rule can be formulated as follows: all normal liquids have the 
same entropy of evaporation at their boiling-points. According to (81 1, 10) 
this would imply equal values of F*/A* for all liquids. Hildebrandf has 
proposed the following modification of Trouton’s rule: all normal liquids 
have the same entropy of evaporation at temperatures such that the 
molecular concentration of the saturated vapour has the same value. If we 
denote the number of molecules per unit volume of the vapour by c^, we 
can rewrite (81 1 , 1 1 ) as 


log,c^F* = l-92-0-678A^/ifcT + loge(AVAT). (812, 10) 

We thus see that Hildebrand’s rule implies equal values of 7* for all liquids. 
Actually differences in A* between different liquids are likely to be more 
serious than differences in F*, and thus we should expect Hildebrand’s rule 
to be an improvement on Trouton’s rule, as in fact it is.f 


§813. Mixtures. We now turn to the properties of mixtures of liquids, 
and for brevity confine ourselves almost entirely to mixtures of two types 
of molecule (binary mixtures), since the extension of the theory to mixtures 
of more than two types of molecule is straightforward. We can immediately 
write down a formal expression for the free energy of a mixture of two such 
liquids. It is in fact the same as formula (701, 10) for mixtures of imperfect 
gases, namely 

F « -N^kT\ogfl>^(T)^NskT\og(l>s(T)^kT\og^^^ (813, 1) 

t Hildebrand, J. Am. Chem. Soc. 37, 970 (1915); 40, 45 (1918). 

j In a very recent paper, J. Chem. Phye. 7, 233 (1939), Hildebrand diacusses the accuracy 
of bit rule and the cauaee of deviations from it. 
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where ^{T) is defined for each species by 

and £2(7) is defined by 

= N]YN^ \ J- • {do>Br‘. (813, 3) 

Here W as usual is the configurational potential energy, and the integral 
is extended over all configurations of the molecules ^ and the Nj^ mole- 
cules B of different types. Formula (1) is perfectly general, provided that 
the internal degrees of freedom can be separated from the configurational 
degrees of freedom, and that the latter are effectively classical. The problem 
for mixtures, like the problem for pure liquids, is thus reduced to that of 
evaluating £2(7). We shall suppose that for each of the pure liquids the pro- 
blem of evaluating £2(7), and so all the equilibrium properties, has been at 
least approximately solved, and shall endeavour to express the equilibrium 
properties of the mixture in terms of those of the single liquids. To succeed 
it is always necessary to make some further assumptions ; we shall consider 
various types of mixtures such as regular solutions, perfect solutions, 
ideal dilute solutions, these designations referring to the particular ty|)e 
of assumption made concerning the mixture. 

§ 814. Strictly regular solutions. For a single normal liquid we have 
seen in § 802 that £2(7) can be expressed in the form 

£2(7) = {Nve>^oJk2Y/N\ = (814, 1) 

where v denotes an effectively free volume per molecule and —Xo^ mole- 
cular energy. In the over-simplified smoothed potential model u and Xo ^re 
functions of the molecular volume K, but are independent of the tem- 
perature. In any more refined approximation u varies with the temf)erature, 
but for our present purpose this temperature dependence is not serious. 

Let us now consider a mixture of molecules of two types A and B, and 
assume firstly that both types pack in the same way so that they have a 
common value of z, e.g. z = 12, corresponding to face-centred cubic packing. 
Let us assume secondly that the molecular volumes V are sufficiently alike, so 
that a mixture of the two kinds of molecules can also pack in the same way as 
each of the single liquids. For spherical molecules this assumption requires* 
a ratio of the molecular volumes between 1 and 2 or a ratio of the diameters 
between 1 and 1*26, and will be fulfilled for many pairs of liquids. Thirdly, 
we assume that the ratio of the free volumes u of the two pure liquids does 
not differ from unity by more than about 30 %. We assume fourthly that, 

• Private communication from Professor Bernal. 
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when the two liquids are mixed at a given temperature and given pressure, 
the molecular volumes Vjg and the free volumes Ujg of both remain 
unaltered. Fifthly, we assume that in any given configuration of volume V 
satisfying the relation V = N^V^ + N^Vj, (814, 2) 

the potential energy W may be regarded as the sum of contributions from 
pairs of closest neighbours. We shall refer to mixtures with these properties 
as strictly regular solutions,* ^ 

We would mention in passing that the treatment which we are going to 
give of regular solutions should apply just as well to solid mixtures as to 
liquid mixtures, if not better. We shall refer to this application of the theory 
to mixed crystals in § 1315. 

Let Xa Xb denote the values of Xa l^he two pure liquids respectively. 
Then since in the single liquid A each molecule has an average potential 
energy - Xa ^-^^d has z closest neighbours, we may regard — ^Xa!^ 
average energy of interaction of two A molecules. Similarly the average 
energy of intwaction of two B molecules is — ^Xb!^- Le^ define a mixing 
energy such that, if we start with the two pure liquids and interchange 
an interior A molecule with an interior B molecule, the total increase of 
potential energy is In this process we destroy z pairs .4.4 and z pairs BB 

and create 2z pairs A B. Hence by the definition of the average potential 

energy of an .4 fi pair is 

(-2Xa-2Xb + 2m’^b)/22 = {-Xa-Xb+ »>ab)I^- 
Now consider a particular configuration of the mixture of molecules A 
and Ng molecules B, in which the number of .4 B pairs of closest neighbours 
is zX, Then the number of neighbours of A molecules which are not B’s is 
z(Nj^ — and the number of A A pairs is \z(N^ — -ST) ; the number of BB pairs 

is \z{Nff — total number of pairs of all three kinds being \z(N^ 

For this particular configuration the total potential energy W is therefore 
given by 

w = \z(N^ -x){- 2xJz) + iz{Ns - x) ( - 2xbIz) + 2X(-Xa-Xb + ^'ab)!^ 

— ~^aXa ~ ^bXb + ^^ab- ( 814 , 3 ) 

If we substitute (3) into (813, 3), we obtain 

a(T) = ^^'AXA+N,XB)ikr J J g-Xw^,ikT (d<B^)KA (dw^)A',. (814, 4) 

Before attempting the further reduction of il{T) we shall consider a simple 
special case. 

• The expression regular soluiiona is due to Hildebrand, J. Am. Chem. Soc. 51, 66 (1929), who, 
however, applied it to solutions of a type slightly more general than corresponds to the above 
assumptions. Such solutions have not yet proved susceptible to accurate analysis. 
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§815. Perfect solutions. We define a perfect solution as a mixture 
having all the properties of a strictly regular solution with the further 
property that = 0. According to the definition of there is then no 
change of potential energy when an A molecule surrounded by other 
A molecules is interchanged with a B molecule surrounded by other 
B molecules. Consequently any two perfect solutions of A and B will mix 
at constant temperature and pressure without any energy change. For a 
perfect solution formula (814, 4) reduces to 

0(7-) = 

* 

Our third assumption in defining strictly regular solutions, of which perfect 
solutions are a particular class, was that the ratio to differed from 
unity by not more than 30 %. This being so the arithmetic mean of a number 
of ’s and Ng of will differ from the geometric mean by not more than 
about 1 %. We may therefore use the approximation 

^ ^ ~ ( (815,2) 

^ A ^B 

Using this approximation in (1), we obtain 

Q(T) = + (815,3) 

Now using this value of fi(T) in (813, 1), we have 

f' = N^[-XA-kT \og(4>^ v^)-kT + kT \og 

+ -Xb-^T \og(<j>BVB) -kT + kT • (^15, 4) 

The Gibbs function O is therefore 

G = F + PF = F^P(N^V^ + N^Vjf)2^F (815,5) 

at ordinary pressures. Now Xa* functions of T, and Xb^ ^b Q'^e 

functions of T, Vg. Hence Xa* Xb^ ^a> ^b independent of Ng at con- 
stant T, Vg which means at constant T, P rather than at constant T, V, 
It is therefore simpler to derive the partial potentials Ps from 0 rather 
than from P. We obtain 



/aG\ 

- 



= -XA-^'I'^og{^^v^)-kT -frkTlogyf-A^, ( 816 , 6 ) 


23 . 
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and uiinilarly 

fu = -Xu-l‘T\og(<l>BV,))-kT + kT\og-^^-^^. (815,7) 

If we denote the partial j)otentialft of -4 and B in the pure liquids at the 
given tem])erature and f)re88ure by and respectively, we can rewrite 
(h) and (7) in the form 

Ha = //", -1- kT log 8) 

H„ = A + 

We can derive a formula for the entropy from (4) and (5) by differentiating 
with respect to 7\ The result can be expressed in the form 

S = + N„so„ + k Na log log , (815, 10) 


where and are the entropies of the unmixed components. We define 
the entropy of miximj AS as the excess of the entropy of a solution over 
that of the two unrnixed components at the same temperature and pressure. 
We thus see from (JO) that for a j)erfect solution the entropy of mixing is 
given by 


AS = k 


iV^log- 






, Na+N„ 
+ *•'“6 JV „ 


(815,11) 


From (4) and (5) we see that the analogous free energy of mixing AF and 
Qibb» function of mixing AG are given by 


AF = AG 


= -kTUAlog^^^^ + N^log--^^-^ 


Na-^-JIb 

Nb 


. (815,12) 


Finally for the analogous energy of mixing AE and total heat of mixing AH 
w e have 


AE^AH = AF+TA8 = 0, (815, 13) 


which is physically obvious from the condition = 0 by which a perfect 
solution was defined. 


§816. Raoult*s law for perfect solutions. The vapour pressure is 
obtained, as usual, by equating the partial potentials' in the liquid and 
vapour phases. We denote the partial vapour pressures over the perfect 
solution by Pa^Pb* vapour pressures of the two pure liquids at the same 
temperature and pressure by p5(» P%^ and recall that in formula (811, 1) for 
the partial potential in the gas the only term dependent on the con* 
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centration (partial pressure) is kT\o^p. Hence by applying (815, 7) to the 
solution and to the pure liquid a and subtracting, we obtain 

Pa 

or Pa= P'a (H\V,.-2) 

which is Raoult's law for the species A. The species B similarly obeys 
Raoult’s law in the same form. This law tells us that when the vajiour 
pressure of cither component of a f)erfcct solution is ])lotted against the 
molecular fraction a straight line is obtained. Kxperimentally this law is 
verified for certain pairs of chemically similar substances, for exam])le of 
ethylene bromide and })rof)ylene bromide.* 


§817. Strictly regular solutions (cont.). We return now to the 

more general case of stric^tly regular solutions for which the mixing energy 
is not zero. il(T) is now given by (814,4). If we define a quantity A" 
by the relation 






(817, I ) 


and evaluate the integral on the left as in § 815, we obtain 

(M -\-N 

! j}/g ! 

Substituting this into (813, 1), we obtain 




N, 


- Xa - log(^^ )-kT-\^kT log j 


-\-Ng- — + "f (817,3) 

-r lyB) 


It is convenient to denote by F\ G\ E\ H\ S' the excess of the values of 
the corresponding functions over the values given by the formulae for 
perfect solutions. It is then easily verified that at ordinary low pressures 


G' = F' = Xw^a, 

(817,4) 


(817,5) 

\ IvAya^^A^^a 

(817,6) 


Whereas Xa^ Xb vary appreciably with the temperature, the dilTerential 


Zawidski. Z. Phyaikal, Chem. 35. 128 (1900). 
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quantity Wjg will vary with the temperature only in so far as the change of 
tightness of packing will affect the AB interaction energy differently from 
the AA and BB interaction energies. We may reasonably expect this 
differential effect to be small, and we shall therefore treat as independent 

of temperature. We then replace (5) and (6) by 

(817,7) 

= (817,8) 


If we denote by X the equilibrium value of X, we have, as usual, 


(817,9) 

by differentiating ( 1 ) we can verify that A and X are related by 


y = F_7-^ = W7’) 

aT J(i IT)' 


Using (10) in (7) we obtain 


i/' = iS' = Xw 


ABy 


(817.10) 

(817.11) 


a result which should be physically obvious. The problem of computing the 
free energy, and so all the equilibrium properties, is thus reduced to that of 
determining Xy or alternatively X, since the two are interrelated by (10). 
We shall consider two attempts to compute them theoretically. 


§818. Crude treatment of regular solutions. Early attempts to 
evaluate the deviations of actual solutions from perfect solutions were made 
by several authors.* In these attempts the assumptions made were in every 
case equivalent to putting 

X^ = (N^^X){Nj,-X), (818,1) 


Since on this approximation X is independent of T, we have according to 


(817,10) 

and according to (817, 8) S' = 0. 


(818,2) 

(818,3) 


The physical meaning of this assumption, that the change of entropy on 
mixing is the same as for an ideal solution, is completely random mixing. 
Although such an assumption cannot be accurate, we shall discuss its 
consequences because they can be expressed in very simple formulae, and 


• Porter, Trans. Fara. Soc. 16, 336 (1920). Van Laar and Lorenz, Z. anorg. Chem. 146, 239 
(1925). Heitlor, Ann. d. Phya. 80, 629 (1926). Hildebrand, J. Am. Chem. Soc. 51, 69 (1929). 
Scatchard, Chem. Rev. 8, 321 (1931). 
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quantitatively do not differ seriously from the more complicated formulae 
obtained in § 819 from more accurate assumptions. 

Solving (1) for Z and using (2), we obtain 

^ = X = NMi^A + ^b). (818, 4) 

and consequently 

Q’ = F' = H' = E'^ (818. 5) 

Using fi'n to denote the extra terms in the partial potentials due to 
deviations from the laws of perfect solutions, we obtain 


/ ar;' / Na \2 


The partial vapour pressures are derived, exactly as for perfect solutions, 
by equating the partial potentials in the liquid and gas phases. We thus 
obtain, in place of formula (816,2) expressing Raoult’s law for perfect 
solutions, 


.0 


Pb = Pb 




exp 


i^’ABl 

i 

\ icT \ 


^ABi 

f ] 

kT \ 



(818, 8) 


(818,9) 


In Fig. 4 and Piilp% have been plotted against the molecular fraction 

of B for one negative* and three jiositive values of As the value of 

\w^j^\/kT is increased, so do the deviations of the curves from the straight 
lines corresponding to Raoult’s law. When w^gfkT = 2, the curves have a 
horizontal point of inflexion at the comf)osition of an equimolecular mixture. 
For still higher positive values of WjjJkT the curves have a maximum and 
a minimum. The middle part of the curves corresponds to unstable phases; 
these split into two phases such that the partial vapour pressure of each 
component has the same value in both phases. Since the curves for PaIPa 
and PbIPb mirror images of each other about the abscissa corresponding 
to the molecular fraction the two phases in equilibrium with each other 
must have the compositions given by the two outer intersections of the 
two curves. These are the points marked L, M in the diagram. The parts 
of the curves between L and M refer to an unrealizable single unstable 
phase and are therefore dotted. It can be verified that the value of the Gibbs 


* The present treatment is valid equally for positive and negative values of w^b* provided 
WyiBltT'^ -2. When ought to consider the possibility of the occurrence of long- 

range order described in detail in Chapter xni. However, its actual occurrence seems unlikely in 
a liquid although it may be important in the application of the theory to solid solutions. 
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function 0 for any such unstable phase is greater than the value for the 
sum of the two phases L and M into which it splits. The horizontal point of 
inflexion in the second curve represents the condition called critical mixing 
and the temperature corresponding to this curve is called the temperature 
of critical mixing. We postpone consideration of the applicability of these 
curves to experimental data until we have discussed the more accurate 
formulae obtained when formula (1) is replaced by a more correct assump- 
tion. 



Molecular fraction 


WAB/kT - I. 
WABikT ^ - 2 . 



^'ABlkT = 2 (temperature of 
critical mixing). 



^ABlkT = 3 (separation into 
two phases); 

stable; unstable 


Fig. 4. Partial vapour pressures of strictly regular solutions according to crude approximation. 


§819. Refined treatment of strictly regular solutions. The 

assumption (818,1) corresponding to completely random mixing cannot 
be strictly correct. By definition X must be a function of N^, Ng and 
so for given Ng a function of w^g/kT. In particular when 
iB^glkT = cc, .^=0; when w^gjkT = 0, X satisfies (818,1); when 
^abI^^ X is equal to the lesser of and Ng. It seems obvious that 

X increases steadily as w^g/kT decreases from +qo to -oo. For a given 
non-zero value of w^g, X cannot be independent of T. 

It will be shown that the formula 

X* = {N^ - X) {Ng - X) e (819, 1 ) 

is an improvement on (818, 1 ). Since ^w^g/z is the energy required to change 

ani4.d pair and a pair into two .45 pairs, and X {N^-X),{Ng-X)are 

proportional to the number of .4B, AA find BB pairs respectively, (1) is an 
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equation of the form to be expected by analogy with the law of mass action 
for a chemical equilibrium. A strict derivation of formula ( 1 ) was first given 
by Rushbrooke,* but as the algebra is rather long we have relegated such a 
proof to a separate section (§ 820). Anticipating its ])roof, we shall make use 
of formula (1) to derive the equilibrium proj^erties of strictly regular 
solutions. 

On solving (1) for X, we obtain 

X ^ I - 1 

~ /’ _ 1 ) ' 

where for brevity we have introduced a quantity /? defined by 
// - {1 + 4iV, 1)/(A, 4 

Formula (2) can be transformed to 

- V AT ‘'> 

Y _ 

a form convenient for comparison with the crude approximation of formula 
(818,4). 

We can now obtain a formula for X by substituting from (4) into (817, 10) 
and integrating. We have 

fS+l \zkf)’ 


(8I{>, 2) 


(819, 3) 


(819, 4) 


= 




ZL r*' 

^b'^'^auJo 


(819, 5) 


the lower limit of integration being determined by the following considera- 
tions. As T -> 00 we must have a random distribution of molecular pairs, for 
which ^ ~X remaining finite. Therefore XjT vanishes as 1 /T -> 0. It is con- 
venient to use the variable p and the mole fraction x of A defined by 


According to (3) we have 


X — f Ag). 

fiw^lzkr _ A* — ( * “ 2x)* 


(819, 6) 

(819.7) 

(819.8) 


4x( 1 — x) 

jI'^ab\ _ 2pdp 

\zkf) {p-\+2x)(P+\-2xY 

Substituting from (8) into (5) and performing the integration, we find 
n- 

2w^bJ 1 '(/?- 1 + 2x) (/?-!- 1 - 2xj 


N^ + Ns 


zkT f , P-\ + 2x 

'j;log'^ 


\ 


2x 


2x){p+l) 

P+1-2X , ^-t-1 

+ (l-x)Iog- 2 (-j_^j -log - 2 - 


(819,9) 


Rusbbrooke, Proc. Roy. Soc. A, 166, 296 (1938), 
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The excess of the values of F and O over the values given by the formulae 
for perfect solutions are therefore 

- + ( 818 , 10 ) 


We obtain the corresponding contribution of to the partial potential 

Ua from the relation / \ /qioii\ 

P'A = (819, 11) 

In using (1 1) we have to remember that /i and x are functions of N^. 
The algebra is straightforward but rather long; the final result obtained is 


kT * ^ *(/?+!)• 

If we add to (12) the terms for a perfect solution, we obtain 


M^a-Ta 

kT 


= logx + ^zlog 




(819,12) 


(819, 13) 


x(/?+l) ’ 

where /i^ denotes the partial potential of the pure liquid A. The corre- 
sponding formula for the partial vapour pressure is 



~x(fi+T) \ • 


(819,14) 


In any of these formulae we can substitute for fi from (3) and expand in 
powers of w^^lzkT. If we neglect all powers of Wj^^jzkT above the first, 
we recover the formulae of the crude approximation given in §818. The 
behaviour of the partial potentials and partial vapour pressures according 
to the more accurate treatment is generally similar to that according to the 
crude treatment. At low temperatures mixtures of certain compositions 
become unstable and split into two phases. This will occur when there exist 
mixtures for which 


or alternatively 


d/ijdx < 0 
dpj^jdx < 0. 


(819.15) 

(819. 16) 


From Fig. 4, which is at least qualitatively correct, the critical point is 
determined by the conditions 

dpjidx = 0, = 0, (819, 17) 

equivalent to d/i^ldx = 0, = 0. (819,18) 


Owing to the symmetry of O' about a; = ^ this critical point must occur 
at a; = This can be verified a posteriori, but the algebra is considerably 
simplified by the knowledge that the solution of (17) or (18) occurs at 
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* * When * = J one has fi = and according to (13) 

= log i-iz log (x = J), (819,19) 

(819,20) 

j^-^r = -‘* + 22-2ze-“’^***’ (x=J). (819,21) 


From (20) and (21) we can verify that the equations (18) are simultaneously 
satisfied by a; ~ | at a critical temperature JJ. determined by 

On expansion in powers of w^^jzkT we find that the leading terms of 
F* (or O') and E' {ovH*) are equal and the corresponding term in S' vanishes. 
Consequently the crude assumption jS' = 0 used in § 818 leads to formulae 
which are useful approximations to those of the present section. The 
formulae of the present section have not been tested on experimental data, 
but the simpler formulae of the crude theory have been found to fit the 
experimental data at least approximately. For example Porterf showed 
that the partial vapour pressures of mixtures of acetone and ether at 30° C. 
can be expressed by formulae (818, 8), (818, 9), if w^j^jkT is given the value 
0*741. For this particular mixture, and others considered by Porter, since 
< 2, there is no separation into two phases. Hildebrand* has success- 
fully applied formulae (818, 8), (81S, 9) with values of > 2 to pairs 

of liquids that are only partially miscible. 

There is a scarcity of data sufficiently accurate to distinguish between 
formula (818,8) and formula (9), especially when there is an adjustable 
parameter w^b- ^ questionable whether the difference between the 
two formulae is not less than an entirely different inaccuracy due to differ- 
ences in the sizes and packing of the two molecular species. We must not 
forget that all our formulae are de|)endent on the assumption that the two 
kinds of molecules are sufficiently alike in size to be interchangeable in the 
liquid phases. In §821 we shall refer briefly to the only useful attempts 
that have been made to calculate the behaviour of a mixture of molecules 
of greatly different sizes. 


§820. Derivation of equation for X. In the previous section we 
assumed the quasi-chemical equilibrium condition (819,1) and this still 
awaits proof. It has been shown by Rushbrookej: that this, and in fact all 

* Hildebrand, Solubility of Non-eleetrolytes (Reinhold, 1936). 
t Porter, Trans. Fara. Soe. 16, 339 (1920). 
t Ruahbroolce, Proc. Roy. Soe. A. 106, 296 (1938). 
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the equilibrium properties of regular solutions, can conveniently be derived 
by the use of the grand partition function. We shall give an abridged and 
simplified version of Ruslibrooke’s derivation, using the method outlined 
in §§ 608- 010, the arguments of which we repeat here in the notation of the 
present problem. 

It is convenient to modify the notation used hitherto. The ordinary 
partition function f(T) for the whole assembly consisting of molecules A 
and Njf molecules B, treated as a single system, can be written in the form 

f(T) = 

^ icT)ikTy\s^ (1^20, I ) 

where denotes the number of ^4 B pairs of neighbours and g(N^, ^ah) 

denotes the number of distihguishable arrangements of the molecules 

A and N/j molecules B with tlie specified value of iV^/y. It is to be noted 
that the exponential factors are e^XA+kry/cT ^(xn+krykr'^ f^xA'ki' ^nd 
fXnikT xhe extra factor e per molecule represents the difference between a 
liquid and a crystal, as explained in §803. The coefficients g{Nj, N^jj) 
have to satisfy the relation 

= (N^^N^)\l{N,\N,,\}^ («20,2) 

With this notation the quantities N^jf = zX and N^jj = zX are defined by 

(«20, 3) 

(820,4) 

If we substitute (3) into (1 ) we obtain for the free energy F of the assembly 
jfcy = - log/( T) = ~ (N^ + Nb) \og(N^ + iV„) + AT^ log + N„ log 

+ ^ab'^'avI^^T-N^ \og(4>^v^)-N^(Xj + kT)lkT 
- - N„(Xb + kT)jkT, (820, 5) 

in agreement with (817, 3), since N^nJz = X. 

Corresponding to formula (1) for the ordinary partition function for given 
^A> ^B> ^rhe grand partition function for given A^, is 

X ((f,g Vjj^xt+kiXkTyWjiX^^ (820, 6) 

For brevity we write 

iA=^A<i>A <'a Vj, 

VaB = 


(820.7) 

(820. 8) 
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80 that (6) becomes 

S = 2 v,..v,2:a- (820, 9) 

Then for the given values of T, the frequency of a configuration of 

specified and is proportional to the term in E with those values 

of Njj and It follows that the average values of Ng and 
are given by the equations 

(« 20 , 10 ) 

^AB ~ VaB (^20, 1 1) 

^Vab 

Exactly as for perfect mixed crystals discussed in §606, we may always 
without appreciable error replace E by its greatest term, say E(^.a), given by 

(820, 12) 

and it then follows that 

Na = N%, N„^N% (820,13) 

^ = N*ab- (820, 14) 

The coefficients g(Nj ^ , Ng, N^g) are, however, not expressible in a simple form , 
and so we cannot evaluate either S or S(jv’a) by any direct method. We 
therefore use the device described in § 608. 

We define iV, 17 , y by 


N = N*^ + N%, 

( 820 , 15 ) 

II 

( 820 , 16 ) 


( 820 , 17 ) 

= g{N*^,Nl,N*A 

( 820 , 18 ) 


Thus ^ and y are the geometric mean contributions per molecule, whether 

A or B, to the factor Sa^Sb^ and to the factor giN'^^Ng.N'^g) in E^jy*) 
respectively; Tj is the geometric mean contribution of each pair of neighbours 

to the factor in We can then write 

( 820 , 19 ) 

Finally we denote by the geometric mean contribution of a pair of 

jv* 

neighbours, of which the first is specified to be an .4, to the factor in 
—(AT*); we define rjg similarly. 

From these definitions we can write down various alternative expressions 
equal in magnitude to S ; this involves an approximation the nature of which 
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was discussed in § 609. In particular we have the two following 


Hi = (820, 20) 

(820,21) 

The form corresponds to regarding the assembly as a central molecule, 
whether A or B, in a field due to the remaining molecules; the form S 2 
corresponds to regarding the assembly as a molecular pair, of specified 
position but unspecified type, in a field due to the remaining molecules. In 
the first factor in ( 20 ) the first term is the contribution when the central 
molecule is an ^ , and the second is the contribution when it is a B. Hence 
the ratio of the frequencies of this molecule being an A or B, which is equal 
to the ratio of the average number of molecules of the type A and B in the 
assembly, is given by 

/V . 

(820, 22) 


iv: 




iA^A 


In the first factor in ( 21 ) the three terms are the contributions of an pair, 

s,n A B (or BA) pair, and a BB pair respectively. Hence the ratios of 
the average number of pairs, to the average number of A A pairs, 

and to ^bb^ average number of BB pairs, are given by 


N. 


A A 




N^b 

"^^aVa ^Vab (^bVb 


BB 


1 \2* 


(820, 23) 


Since = \(z^a^^ab)^ ^bb = ^ab)^ these ratios can be put in 

the form 


^f^A — ^A B _ ^AB _ ^^B ■" ^AB 

Ua iATA^iBts^VAB 


(820, 24) 


We can eliminate ^ from the two equations (24) and obtain 

N~s = N^j,) (zN^- N~) (820, 25) 

Replacing frs value given by ( 8 ), we obtain 


2 = (iy;^ - X) {Nb - X) e- 2 «ws*r, (820, 26) 

which is the relation we had to prove. 

In deriving (26) we have made no use of ( 22 ), nor have we needed to 
evaluate the unknown quantities or 7 ^. If, however, we could evaluate 
the ratio then by substitution into ( 22 ) we should obtain directly the 

equilibrium value of the ratio Nj^INb for given A^, Ajj, without requiring to 
construct the free energy as was done in the previous section. We can as a 
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matter of fact determine the ratio as follows. If we eliminate 

instead of from the two equations (24), we obtain 

/g20 27) 

^BV1B^(^ArA^VAB^^BlB^^) 

If we denote (VaIVbY ^ Pi omit the average signs on Nj^ and 
which are no longer necessary, then (22) and (27) give us 


^A _ ^A 

^B iB^ ’ 

^ iAPi^AP^isVAB) 
^BdAPVAB'^iB) 


(820, 28) 
(820, 29) 


respectively. (29) is a quadratic equation in ^aPI^b f^e positive root 
^aP . {^A--^«)VAB + yl(NA-^Bf V^AB + *^A^B 


^B 


•2N.. 


Eliminating p from (28) and (30), we obtain 


Ib 


i^A ~ -^ii) VaB"^"^ i^A ~ ^b)^ V^B + ^^A ^B 


2N. 


(820, 30) 


(820,31) 


Replacing ^b, Vab values given by (7) and (8), we obtain 


Na [(NA-N„) + yl(NA-N„y^ + 4NAN^e^-^»'->‘r[‘ 

(820, 32) 

We have thus obtained an explicit formula for the ratio of the absolute 
activities as a function of the molecular ratio NaIN„. To obtain the 

absolute values of A^ and A^ one would have to combine (32) with the 
thermodynamic relation 




dN^ 


(820, 33) 


There is, however, no simple explicit solution of the simultaneous equations 
(32) and (33) for A^, Aj^. The use of equation (26) as described in §819 is 
therefore a more profitable procedure. We can, however, conveniently 
derive the critical mixing temperature from (32). The condition for internal 
stability of a phase* can be exj)ressed in the form 

aiog(A^/A^) 


aiog(iV^/i^^) 


> 0 . 


(820, 34) 


• A complete diBcifssion of stability conditions will be found for example in Schottky, Thermo- 
dynamik. Chapter k (Springer, 1929). 
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Tliere will be splitting into two phases if the equation 


Z\og(N^iN„) 


(820, 35) 


has two real roots. Somewhere between these two roots there will be a real 
root of the equation 




= 0 . 


(820,36) 


d\\og(NJN„W 

The critical conditions occur when (35) and (36) are simultaneously satisfied. 
By substituting from (32) into (35) and (36), we obtain for the state of 
critical mixing (820,37) 

f.-^»'ABlzkr ^ I _ 2lz, (820, 38) 

in agreement with (819, 22). 


§ 821. Molecules of markedly different size and shape. We recall 
that all the formulae yet given in this chapter depend on the assumption 
that the two types of molecules can be treated as spheres of at least roughly 
the same size. From any given configuration of the assembly we can then 
obtain another distinct one by merely interchanging the jwsitions of a 
pair of unlike molecules, without appreciably affecting the configuration of 
the remaining molecules. When this condition is not fulfilled, the problem 
of evaluating the factor il(T) in the partition function, which allows for 
the various configurations of the assembly, becomes almost prohibitively 
difficult, and until quite recently no progress had been made, even in ob- 
taining a rough approximation. 

Some progress has recently been made in the evaluation of i2(T) for an 
assembly of two types of molecules, one twice the size of the other. The two 
types of molecule are supposed to differ in size in such a way that the larger 
has effectively the same size and shape as two of the smaller in close contact. 
The larger molecule can therefore be interchanged with any two smaller 
molecules, which are closest neighbours, in forming a new distinct con- 
figuration from an existing one. The two types of molecule are further 
assumed to be so similar chemically that the energy of mixing, analogous 
to the quantity w^g in §§ 814-820, is zero. This means that any deviations 
from the laws of perfect solutions are due entirely to the differences of size 
and shape of the two components. The resulting difference in the equilibrium 
properties of the mixture can most directly be expressed as a difference in 
the entropy of mixing defined in § 815. 

For a perfect mixture of molecules A and B, of at least approximately 
the same size, the number of distinguishable configurations is, as we have 

+ (821,1) 
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and this expression occurs as a factor in il. We may call this the com- 
binatory factor in 12. We saw in § K15 that 


AS = l;log 




= k-lN 


, + N^ + Njf] 


(821,2) 


The problem before us is to determine the number of distinguishable 
configurations of Nj molecules A A' and iV^ molecules B when each A A' 
molecule has the same size and sha[)e as two B molecules. If this number can 
be determined, it must be used instead of (1) as the combinatory factor in 
f2(T). We shall then be able to construct the entropy of mixing, just as we 
constructed (2) from (1). A first attack on this ])roblem was made by 
Fowler and Rushbrooke;* this can be carried further by using some new 
results by (^hang.t The approximation is made that the liquid configurations 
are equivalent to those of a simple, regular lattice, the difference in size 
and shape being allowed for by requiring each A A' molecule to occupy two 
neighbouring lattice points, while each B molecule occupies one. The 
calculations thus appdy strictly, so far as they go, to a mixed crystal, and 
only by inference to a liquid mixture. 

By an application of a method, similar to that described in §608 and 
involving an a})})roximation analogous to that discussed in §609, Chang 
has shown that for a mixture of double molecules J A A' and single 
molecules B, having the properties described, the combinatory factor^ must 
be replaced by 


:{2NJz)\(2N^+N„yJ Ns\ ’ 


(821,3) 


where z denotes the number of nearest neighbours of a lattice point and 
^AA‘ ^ symmetry number equal to 2 if the two ends of an A A' molecule 
are indistinguishable and equal to 1 otherwise. The combinatory term in 
the entropy of the mixture is k times the logarithm of the expression (3), 
that is to say 


k \z{2(z -\)NJz + Ns} log{2(z - 1 ) NJz + Ns}-k \z(2NJz) \og(2NJz) 
- k \z(2Nj, Ns) \og(2N^ -f- Ns) + k(2N^ + Ns) log(2i7^ -h Ns) 


- kNs log Ns + kN^ log(2/cr^^,) 
k{(z - 1 ) + hzNs) log log 


2N^ + Ns 


- log ( 821 . 4) 

* Fowler and Rushbrooke, Trans. Fata. Soc. 83, 1272 (1937). 
t Chang, Proc. Camb. Phil. Soc. 86, 265 (1939). 

X It would be more logical to use the symbol but we use Na simply because it is un- 

ambiguous and occurs so often. We do not abbreviate (Taa'* P^aa' or Pa A' those occur in com- 
paratively few places. 

^ See appendix, § A8. 
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This expression reduces to zero for the pure liquid B, when we set = 0; 
but when we set Nj^ = 0, we obtain as the combinatory term in the entropy 
of the pure liquid AA' 

kN^(z - 1 ) log ' + kN^ log 2 + kN^ log — , (821, 6) 


due to the distinguishable ways in which Nj^ molecules ^4^' can pack amongst 
themselves. If we subtract (5) from (4) we obtain for the entropy of 
mixing 


AS/* = {(2 - + 


2NJz 
2N^ + Nb 


N, 




whether or no the molecules A A' be symmetrical. 

The approximations leading to (6) can be controlled by the following 
comparisons. In the first place the results of (6) for either or JVp 

can be compared with the results of the earlier calculations of Fowler and 
Rushbrooke, which were obtained by entirely different arguments and 
depend on approximations of a quite different type. The two methods, where 
both apply, give results in substantial agreement. Secondly one may note 
that in the special case of 2 = 2 the expression (6) for the entropy of mixing 
reduces to (2). This is as should be, since z = 2 corresponds to the arrange- 
ment of all the molecules in a linear chain; for this case the number of 
distinguishable arrangements must be independent of the relative lengths 
of the two types of molecules, and in particular must have the same value 
whether there are molecules A of the same size as the molecules B, 
or there are molecules .4^4' of double their length. 

Since the energy of mixing AE and the volume change AF on mixing are 
by supposition zero, the free energy of mixing and the Gibbs function of 
mixing are given by 

AF = AG = -TAS. (821,7) 


We can obtain the difference between the partial potential of A A' in 

the mixture and its value for the pure substance at the same tempera- 
ture and pressure by substituting from (6) into (7) and differentiating with 
respect to JV^. A similar procedure leads to We thus obtain 

l>'AA- = I^AA-kkT[-(z-y) log{jy^ + \zNbI(Z - 1 )} 

+ log N^ + {z- 2) \og{N^ + JJVb)], (821 , 8) 

= Ab + *^*1 - i* log(JVa + 2(2 - 1 ) N^lz} + log + ( J2 - 1 ) log(^B + 2N^ )]. 

(821.9) 
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It follows as in § 816, for the partial vapour pressures, that 

Paa ^ 
p\a- + 


(821,10) 

(821,11) 


All these formulae, as we have already stated for formula (6), reduce to the 
formulae for perfect solutions when 2 = 2. For all larger values of z there is 
a deviation from the linear variation of andp^ with molecular fraction 
t 3 rpical of perfect solutions. The nature of this deviation is illustrated by 
Table 9, in which calculated values are given for the ratio of the actual 
vapour pressures to those calculated according to Raoult’s law. The cal- 
culations have been made for z = 8 corresponding to body-centred cubic 
packing, for z = 12 corresponding to closest packing, and also for z = oo. 
In the last case formulae (10) and (11) take the limiting forms 




Table 9 

Deviations of partial vapour pressures from values for perfect solutions 
when the molecules A A* are twice the size of the molecules B 

Njf denote numbers of molecules of two kinds and Pm their partial vapour 

pressures, z is the number of nearest neighbours of a molecule B or a half molecule A, 



Paa-N^ + N 

B 

PbN^+Nb 



pW 


P], 



“ 

2 = 8 

z = 12 

z = 00 

2=8 

2 = 12 

2 = 00 

00 

0-785 

0-768 

0-736 

1-000 

1-000 

1-000 

01 

0-839 

0-824 

0-803 

0-997 

0-996 

0-995 

0-2 

0-882 

0-871 

0-856 

0-988 

0-986 

0-984 

0-3 

0-916 

0-908 

0-895 

0-976 

0-973 

0-969 

0-4 

0-943 

0-938 

0-932 

0-959 

0-957 

0-951 

0-6 

0-963 

0-962 

0-955 

0-944 

0-940 

0-930 

0-6 

0-977 

0-976 

0-974 

0-926 

0-920 

0-909 

0-7 1 

0-988 

0-986 

0-985 

0-909 

0-901 

0-887 

OS 

0-996 

0-993 

0-994 

0-890 

0-881 

0-866 

0-9 

0-998 

0-998 

0-998 

0-871 

0-862 

0-845 

10 

1-000 

1-000 

1-000 

0-853 

0-843 

0-824 


24 
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Though the theory is stiJl very rough, one may safely conclude that 
deviations from the laws of perfect solutions should exist for mixtures of 
molecules of different sizes, even in the absence of any energy of mixing. 

The only other useful discussion of a mixture of molecules of greatly 
different sizes is due to Hildebrand.* He considers a mixture of long rod- 
shaped molecules of equal cross-sections but different lengths and assumes 
that in the liquid phase they must pack parallel to one another as in a 
crystal. As we have already mentioned, the number of ways of arranging 
two kinds of molecules in a single line is independent of their relative lengths. 
If then a liciuid is constructed out of large groups of such lines all parallel 
to one another, it seems not unreasonable to expect the entropy of mixing 
to be nearly the same as for a single linear array, that is to say the same as for 
a mixture of spherical molecules all the same size. Hildebrand suggests 
that this may be the case for a mixture of two paraffins having molecules of 
greatly differing lengths and that Raoult’s law should be obeyed. It has 
been shown quite recently! that Raoult’s law is in fact obeyed with high 
accuracy by mixtures of C<,Hi 4 (hexane) and Cj^Hg^ (hexadecane) through- 
out the whole range of composition. 

With the available experimental data it is difficult, if not impossible, to 
separate the eff ects of an energy of mixing, from the effects of a mole- 

cular volume ratio differing greatly from unity. The best hope of separating 
these probably lies in determining the complete curves of partial vapour 
pressures against composition over as wide a range of temperatures as 
possible. For the effect of differing from zero gives, according to the 
first crude approximation, a contribution to F independent of the tem- 
])erature, while the volume ratio effect gives a contribution to S approxi- 
mately independent of temperature. The corresponding contributions to 
logp are inversely proportional to T, and independent of T, respectively. 


§822. Ideal dilute solutions. We now return to regular solutions 
and shall investigate the properties of such solutions, when one species, 
say A , called the solvent, is present in large excess compared with the other 
dilute species B called the solute. For such solutions, called ideal dilute 
solutions, the formulae for regular solutions simplify appreciably. The free 
energy of a binary regular solution is given by (817, 3) with ^ related to X 
by (817, 10), and X in turn given by (819,4). We now assume that 
so that may be neglected. We may then replace the right side of 

(819, 4) by its leading term, and so have 


X 




(822,1) 


« Hildebrand, J. Am. Chem. Soc. 50, 794 (1937). 
t Hildebrand and Sweny, J. Phys. Chem. 48, 297 (1939). 
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consequently according to (817, 10) with sufficient accuracy 

1 = X = (822, 2) 

The physical meaning of (2) is simple: there are so few B molecules present 
compared with A molecules that practically every B molecule is entirely 
surrounded by A molecules and there are practically no BB pairs of close 
neighbours. In other words, the solution is so dilute that mutual inter- 
actions between solute molecules are negligible. This condition is fulfilled 
only in the absence of long-range forces between solute particles, and is not 
fulfilled in a solution of an electrolyte where the solute ])article8 are electric- 
ally charged ions. Solutions of electrolytes will be discussed in the next 
chapter, where we shall see that, even at the highest dilutions attainable 
in practice, the properties of such solutions deviate appreciably from those 
of ideal solutions. 

Substituting the value of given by (2) into (817, 3) and ignoring, as usual, 
the difference in value between F and Q, which is negligible at ordinary 
pressures, we obtain 

+ iV„| — + — — + • (><22, 3) 

This formula is readily extended to a solution with more than one dilute 
(solute) species. If we denote the solvent species by I and the several solute 
species by s, we have 

G~F = N‘\^-x,-kT\og{M-kT + kT\og^J^^^^^ 

+ -x,, + w-^-^'Tlog(?5,,0-4•7’ + A7’Iog^^^^^^ . (822,4) 


For the partial potentials of the solvent and of the solute species we 
derive ^ 

-kT + k.T log ^ 2 , a; ’ 

= In, = -X^+^^’u-kTlogiM-kT + kTlog^^^^-^^^^ (822,6) 

We obtain the partial vapour pressures as usual by equating the partial 
potentials in the liquid and gas phases. We thus obtain 


kTipY A^, 

P' AT, + 2. AT,’ 

Ar, + S.Ar/ 


(822, 7) 


(822, 8) 
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If we compare these formulae for the partial vapour pressures pi, p, of the 
solution with those for the vapour pressures p”, pj of the pure liquids, we find 

Formula (9) for the solvent is of exactly the same form as formulae (816, 2) 
for perfect solutions and is Raoult’s law. Formula (10) on the other hand 
differs from Raoult’s law by the extra factor 6“^**/*^ expresses Henry’s 
law. We can loosely describe the product pjg*"**/*^ as the idealized vapour 
pressure of the species g at a molecular fraction unity if the environment of 
the molecules were the same as in a dilute solution in the solvent L We can 
abbreviate (10) to 

(822,11) 

where the coefficient depends on the nature of the solvent I and of the 
solute 8 but is independent of the concentrations of any of the solute species. 

§823. Extended theory of ideal dilute solutions. We have derived 
the properties of ideal dilute solutions by regarding them as a special class 
of regular solutions. Actually the laws of ideal dilute solutions are more 
general, being independent of the assumption that all the molecules have 
comparable volumes and similar manners of packing. We shall therefore 
give an alternative derivation of these laws, starting with a different method 
of approximation. 

In the absence of long-range forces (i.e. for non-electrolytes) and for 
sufficiently high dilutions we may ignore interactions between two or more 
solute molecules. We therefore start with the assumption of treating the 
assembly of solute molecules as a perfect quasi-gas of molecules moving 
freely in a region of volume V in which the solute molecules of types 8 have 
a constant potential energy - Xjt^ which may depend on T; as usual we take 
the state of infinite separation as energy zero. For any given configuration 
of the. solute molecules there will be a volume V — S, available for the 

Ni solvent molecules, of a shape depending on the configuration. We may 
reasonably, and shall, assume that the thermodynamic properties of the 
solvent in this volume are independent of the volume’s shape. On these 
assumptions the assembly will have a free energy given by 

F = FAT. V - -LM, N,) + E. j - Xu- iriog 

-kTlogj,(T)-kT+kT\ogNj^, (823, 1) 
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when we use the standard contributions for the solute species characteristic 
of an ideal gas mixture in a volume V, We then find from ( 1 ) 

(823, 2) 

But on our assumptions — dFijdV is the pressure P at which the pure solvent 
has the volume F — and this will not differ appreciably from the 
pressure on the actual assembly. We may also simplify by using the 
notation defined in (813, 2). We thus find 

= -Xu + Pv,-kT\og4,,{T)-^kT\og^\ (823,3) 


From the unsymmetrical nature of our approximations, which treat the 
solvent as a medium in which the solute molecules are immersed, we shall 
not expect to be able to derive a reliable value for 

Equation (2) represents the most accurate result to which our assumptions 
lead. It can, however, be simplified in various ways. In the first place Pv^ 
is as usual negligible for all ordinary values of the pressure and may be 
omitted. Secondly, V is related to the molecular volumes by the equation 
V = NiVi-\-l,gNgVg, Since Ng<^Ni and usually F/cr F,, we may put 

F = (iV, + S,iNrjF,. (823,4) 

Making these further approximations, we have 

N = + (823, 6) 

We observe that (5) is formally equivalent to (822, 6) if we assign to ; 3 ^ the 
value 

= + + (823,6) 


We obtain the vapour pressure as usual by equating the partial potentials 
in the liquid and gas phases. We may with equal accuracy use either (2) 
or (5) for the partial potential in the solution. We thus find 


Vs 



Ns 

N,^^sNs^ 


(823, 7) 


which is Henry’s law. 

We have already mentioned that the present model cannot give the 
equilibrium properties of the solvent. But we can deduce the dependence 
of /^/ on the composition by using the thermodynamic relation 


Ngd/ig = 0 (T,P constant), 


(823, 8) 
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known as the Gibbs-Duhem relation. To use this it is simplest to introduce 
the molecular fractions Xj, x, defined by 


X, = 








AT, +2. at; 

If we divide (8) by {N, + £, A^), we obtain 

Xidji, + h, Xgd/i, = 0 {T,P constant), 

and from (5) we have 

dfi, = kTdlogx, (T, Pconstant). 

Substituting (11) into (10), we obtain 

kT ^ ,, kT^ j 

dfi, = - ^ I.,x,dlogx, = - — I.,dx,. 

But by the definitions of we have the identity 


and so according to (12) 


kT 

dfii = — dxi = kTd log x^. 

Xi 


Finally integrating (14), we obtain 

II, == lP,+kT \ogx, 


N, 




(823, 9) 

(823. 10) 

(823.11) 

(823. 12) 

(823. 13) 

(823. 14) 

(823, 16) 


where /t” is independent of A^, N,. PVom (15) we can immediately deduce 
Raoult’s law in the form 

without requiring to know the form of 

Having obtained the forms of the partial potentials for ideal dilute 
solutions, we can deduce all the equilibrium properties by ordinary thermo- 
dynamic reasoning.* We shall here content ourselves with two important 
examples. 


§824. Heat of dilution. By definition an ideal solution is one in 
which the interaction between solute molecules is negligible. Any two such 
solutions therefore, having the same solvent, temperature and pressure, 
will mix without absorption or evolution of heat. This may be rigorously 
established by a thermodynamic calculation, since in any process at con- 

* See, for example, if.T. Chapter vi. 
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stant temperature and pressure, involving no work other than that done by 
the pressure, the increase in the heat content H is equal to the heat taken 
in. The partial molecular heat contents ///, Hg are related to the partial 
potentials by the thermodynamic formulae 



(824.1) 

(824.2) 


When we substitute for whether from (822, 5), (822, 6) or from (823, 15), 
(823, 5) into (1), (2) respectively, we find that H,, //, are for given T, P and 
solvent independent of Ni, Ng. Any two ideal solutions having a common 
solvent will therefore mix at constant temperature and pressure without 
absorption or evolution of heat. In particular this applies to the mixing of 
one such solution with pure solvent. In other words, the heat of (further) 
dilution of an ideal solution is zero. 


§ 825. Homogeneous chemical equilibria. If we write the general 
chemical reaction as 

aA+hB-^ ^nN -f- ...» (825, 1) 

or (825,2) 

the condition for equilibrium is 

(825,3) 

If the chemical species involved are all solute sjwcies in an ideal solution in 
a common solvent, each partial potential will according to (823, 5) be of 
the form 

/*« = log z„ (825, 4) 

where /i% depends on the temperature and the nature of the solvent I and 
the solute 8 but is independent of the concentrations, and Xg denotes the 
molecular fraction Ngl(Nj + l.gNg). When we substitute from (4) into (3) 
we obtain 

^AfmlogXj^--j:^a\ogz^ = (825,5) 


This can be written as 




(825,6) 


where depends on the temperature and on the solvent but not on the 
solute concentrations. This is the law of mass action for ideal solutions. 
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If we denote the concentration of solute molecules per unit volume by 
Cf , we have at high dilutions the approximation 


N,V,+i,N,v/ (Ni+t,N,)Vi V, 


We may therefore replace (6) by the alternative form of the law of mass 


action 

(Cil/rM”:- _ j. 

(825, 8) 

where 


(825, 9) 

and K^, like K^., 

is independent of the solute concentrations. 



Footnote to p. 344: 

The ratio T„ITc of the melting-point to the critical temperature ahould also have the 
same value for different substances to which the law of corresponding states is applicable. 
Actually lies between 0-648 and 0-557 for the four inert elements Nc, A, Kr, Xe; a 

remarkable verification of the law. 

See Clusius and Weigand, Zeit, Phynkal. Chm, B, 48, 111 (1939). 
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§900. Strong electrolytes. When certain substances such as common 
salt are dissolved in water, the solution has a comparatively high conduc- 
tivity, showing that charged ions must be present, and the effect of the 
solute on the colligative properties of the dilute solution (vapour pressure of 
solvent, freezing-point, osmotic pressure) is always larger than that pre- 
dicted by the laws of ideal solutions, assuming that the solute is present 
mainly as molecules of NaCl. We owe to Arrhenius the suggestion that for 
such substances, called strong electrolytes ^ the solute is composed largely of 
the independent systems Na*** and Cl~. Study of the optical properties of 
such solutions also leads to the conclusion that at least in dilute and moder- 
ately concentrated solutions there are at most very few NaCl molecules, 
and in many cases the properties of the solution can be accurately accounted 
for on the assumption that no undissociated molecules at all are present.* * 


§ 901. Degree of dissociation. It is of interest to examine whether 
this complete dissociation of salts is to be expected theoretically.f In the 
vapour state the calculation of the equilibrium 

NaCl;;±Na+ + Cl“ (901,1) 

is straightforward. We obtain, according to the formulae of Chapter v, 


VN^^a 


I ^NaCl^* / 




( 901 , 2 ) 


where q(T) is the vibrational partition function for NaCl, and x is the excess 
energy of a pair of free Na+ and Cl“ ions at rest over one NaCl molecule at 
rest in its lowest vibrational state. The value of q{T) lies between 1 at low 
temperatures and kTjhv at high, being the vibration frequency of the 
molecule, and can be taken as unity with sufficient accuracy for the present 
purpose. If a is the distance apart of Na“^ and Cl“ in the molecule, then the 
moment of inertia i'h® NaCl molecule is given by 


^NaCI * 

We therefore have ”*n»ci 


(901.3) 

(901.4) 


* Bjerriim, Proe, 7ih Int. Cong. Pure and Applied Chem, Sect. 10, p. 58 (London, 1909); Zeit. 

Elehiroekem, 24 , 321 (1918). 

t Cf. Guggenheim, Report of Chem. Sect. Brit. Ass., Centenary Meeting, 58 (1931). 
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The interaction energy of Na+ and Cl“ can be determined from the properties 
of NaCl crystals. According to Buckingham* the mutual potential energy 
of Na+ and Cl~ a distance rcm. apart may be represented with very fair 
accuracy by the formula 


|e|* 0-280 4-26x 10-® 

~7 10 «(l()^y» 'l0»(10*r)» ’ 


(901,6) 


we obtain a as the value of r which makes the expression (5) a mini- 
mum, and thus find a = 2-37 x 10“®cm. We then obtain the value of — x 
by substituting this value for r into (5); we find x = ^*^3 x ergs or 
Xjk = 6*30 X 10^ deg. Using these values and expressing the equilibrium 
concentrations c in gram-ions (or gram-molecules) per litre, f we obtain for 
the equilibrium at 300'' K . 

^NaCl 

- 102e-2io^ 10-89 (901,6) 


Thus in the, vapour NaCl is, naturally, completely undissociated. 

We must now introduce modifications due to the solvent, which in this 
chapter is almost always water, and for convenience will be spoken of as such . 
If we continue to regard the free ions as free systems not specifically asso- 
ciated with any water (solvent) molecules, that is as unhydrated (un- 
solvated), we have yet to remember that the energy of dissociation in water 
(the solvent) will be less than x- If we regard the water (solvent) merely as 
a continuous medium with dielectric constant Z>, the energy of separation 
of the pair of ions would be reduced to (roughly) We thus obtain in 
water with D 2^ 80 

-^Nan = — ~10®€-®-6~7. (901,7) 

^NaCl 

Similar calculations can be made for other ion pairs, for example Na"^ 
and C104~ . In this case the rotational partition function of C104~ will not 
differ greatly from that of NaC104, except for the symmetry number, and 
we may with a sufficient accuracy assume this ratio to be given by the ratio 
of the symmetry numbers which we take to be 12 and 3 respectively. The 
equilibrium condition thus reduces to 


\ ^NaClO«^* / 


(901,8) 


instead of (4). If we take a reasonable value for x vctcuo and use this value 
♦ See S.M. Chapter x, p. 326. 

f In this chapter wo shall use the Byrnbela v to denote ions or molecules per cm.* and c to denote 
gram-iona or gram-raoleculea per litre. Thus c = 1000 p/N. 
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divided by 80 in water, we obtain in water 


879 


tr _ ^'Na+^CIO.- 

^NaClO* “ 

^NaClO* 


- 10 ^. 


(901,9) 


The much greater calculated value of K for NaC104 as compared with 
that for NaCl arises from the great number of rotational states of CIO4”, 
which do not occur for the monatomic Cl ' . Similar rough estimates would 


lead to 




(901,10) 


^N(rHj4NO, 


(901,11) 


The above procedure for estimating in a solvent by dividing the value 
in vacuo by D certainly overestimates the correction for a molecular solvent. 
In the very strong fields near an ion a saturation effect sets in, which will 
reduce considerably the effective value of /). The correct value of K for 
NaCl must be very much less than seven in the absence of hydration, and 
a considerable degree of incompleteness in the dissociation is predicted for 
ordinary concentrations, in distinct disagreement with the actual facts. 
The error can only have entered by ignoring hydration ^ the intimate effect 
of the solvent molecules on the free ions. 

We shall not here attempt any detailed analysis of the effect of hydration, * 
since in the present state of our knowledge it is difficult to reach any quanti- 
tative conclusions. Qualitatively there are two effects of hydration both 
favouring dissociation into ions. The first is that hydration of the ion is 
associated with a decrease of energy and this will decrease the effective x- 
The other effect is that the number of possible states of motion of the 
hydrated ion will be much greater than for a monatomic ion. In the com- 
parison of NaCl and NaC104 we saw how polyatomic ions are favoured as 
compared with monatomic. Hydrated ions being polyatomic will also be 
favoured, though in a more complicated way, because the solvent molecules 
are involved in the equilibrium. These two effects together must be respon- 
sible for the complete or almost complete dissociation of salts of the type 
NaCl. Hydration is still more necessary to account for the almost complete 
dissociation of salts of the type BaC^, LaCl^. On the other hand, hydration 
may not be necessary to explain the complete dissociation of salts such as 
NaC104 and N(CH3)4C1 which yield at least one polyatomic ion. 


§ 902 . Generalities concerning hydration of ions. We have seen 
in the preceding section that in order that a salt composed of two monatomic 
ions may be highly dissociated its ions must be intimately associated with 
at least one water molecule, and therefore in this general sense hydrated. To 

• For Buch an analysiR see S.M. p. 539. 
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form a more precise picture of hydration, and in particular to determine it 
quantitatively, various methods have been used. Methods based on the 
transport of water by ions in non -aqueous solvents are really irrelevant, as 
then the water is held by the ion against the attraction of the molecules of 
the less polar solvent, not against the attraction of other water molecules. 
The number of attached water molecules per ion thus comes out too high. 
Methods based on mobilities in aqueous solution assume that the validity 
of Stokes’ law for the terminal velocity of a sphere in a viscous liquid extends 
much further than can be justified. A simpler and theoretically sounder 
method is provided by a study of the densities of ionic solutions. In suffi- 
ciently dilute solution the partial molar volumes become constant and 
additive. They can be determined experimentally. 

Now it is clear* from a variety of evidence that water has an irregular 
4-coordinated structure, of open type, very similar to the regular 4-co- 
ordinated structure of ice. Each water molecule is generally surrounded by 
four others arranged more or less at the comers of a regular tetrahedron. 
On the other hand , when HgO molecules occur coordinated round ions in 
crystals they are closely packed round the ion and the number of H 2 O 
molecules coordinated to a given ion is just that number for which room is 
allowed by the relative sizes of the ion and the water molecule. Suppose now 
that an ion is introduced into liquid water. If it has a sufficient attraction 
for HgO molecules, it will cause some of these to pack tightly round it. The 
contraction associated with this packing can be calculated by comparing 
the volume occupied by each water molecule round the ion in a crystal with 
the molecular volume of pure water. In many cases this contraction is 
greater than the volume of the unhydrated ion, and the resulting partial 
ionic volume will then be negative. 

A quantitative study of partial molar volumes shows that all monatomic 
positive ions, except the large Rb"^ and Cs*^, are completely hydrated in the 
sense that they are surrounded in water by a tightly packed layer of as 
many water molecules as their size allows, just as they are in crystals. The 
exceptions Rb'*’ and Cs'^ appear to be so large that their surface field is 
insufficiently strong to coordinate the water. Monatomic negative ions are 
in general large, and except for F~ appear to be unhydrated. Polyatomic 
negative ions are a fortiori unhydrated, while all multivalent monatomic 
ions are hydrated. 

According to this deeper view of the structure of liquid water the theo- 
retical computation of the degree of dissociation of a strong electrolyte 
becomes at present hopelessly complicated. The tentative calculations of 
the preceding section remain, however, sufficient to show that hydration is 
• Bernal and Fowler, J. Chem, Phy». 1, 615 (1933). 
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an important factor in enhancing the dissociation for monatomic ions, 
especially multivalent ones. As the calculations of that section also show, 
such enhancement is not required for polyatomic ions and, as we see here, 
it probably does not occur for them. 


§ 903. The anomalies of strong electrolytes. The osmotic coeffi- 
cient and the activity coefficients. We have just seen that strong 
electrolytes, in water at least, are almost completely dissociated at low 
concentrations, certainly up to tenth molar. At such concentrations to 
regard the solute as completely dissociated into ions is at least as good an 
approximation as to assign any other constitution to it. It is therefore of 
great interest and importance to discuss theoretically the behaviour of 
solutions of such completely dissociated electrolytes at low concentrations 
— so low that the solutions would be ideal dilute in the sense of § 823 if it 
were not for the electrostatic interactions between the ions. 

In an ideal aqueous solution the partial potential of the solvent water 

has the form /%.o = /t?,.o(T,P) + A:7’logXH.o, (»03,1) 

where denotes the molecular fraction of the water, and the superscript 
0 the value for the pure liquid. If, on the other hand, the solution is not ideal, 
the deviation from ideality may be conveniently measured by a coefficient 
g defined by 


where 


/^H,o — ,P)-^gkT log ^H,o> 


(903. 2) 

(903. 3) 


If the solute species are ions, the molecular fraction of ions of type i being 
we can write (2) as 

M‘H,o= /^H. oiT,P)+ 9 kT\og{l-I,iXi}, (903,4) 

where g-^l 0, all i). (903, 5) 


All physico-chemical equilibria of the solvent HgO can be expressed in 
terms of so involve g. By straightforward thermodynamics* it 

can be shown that g is effectively equal to the ratio of the actual freezing- 
point depression, below that of the pure solvent, to the ideal value for the 
same value of It can similarly be shown that g is equal to the ratio of 
the actual osmotic pressure to the ideal value for the same value of 
The quantity g is called the osmotic coefficient. It might with as good reason 
be called the freezing-point coefficient. 

The osmotic coefficient g is thus an experimental quantity, usually deter- 
mined by measuring the freezing-point depression and comparing it with 
the ideal value, assuming complete dissociation. Another coefficient, now of 


• M.T, p. 121. 
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only historical interest, is the so-called van’t Hoff factor i, which is the ratio 
of the actual freezing-point depression to the ideal value, assuming complete 
absence of dissociation. For a single electrolyte, whose molecule gives rise 
to 2q ions, the relation between i and g is 

i = 2qg, (903, 0) 

and in particular for a symmetrical (binary) electrolyte 

i = 2g. (903, 7) 

The deviation from the ideal form of the partial potentials of each solute 
ionic s})ecies is conveniently measured by the activity coefficient defined 

ft, = /t*;{T, P) + kTlogyiX,, (903, 8) 

where y, 1 (ar^ -> 0, all ^). (903, 9) 

All equilibria involving the ions i are determined by the partial y)otentialt 
and so involve y^. 

At constant temperature and pressure the osmotic coefficient g is related 
thermodynamically to the activity coefficients y^ of the solute ions by the 
formulaj, due to Bjerrum§, 

-(l-i;,a;Jrf{(l-(/)log(l-i:,a-,)} + S,a-,rflog 7 ,. = 0. (903. 10) 
Provided the solutions are so dilute that 

(903, II) 

w'e may replace (10) by the much simpler and more convenient relation 
</{(! - 9 r)SiC,) = Jog 7 ,.. (903, 12) 

All the solutions with which we shall be concerned in this chapter are 
sufficiently dilute to justify the replacement of (10) by (12). As pointed out 
by Bjerrum§, the approximation involved in the use of (12) instead of (10) 
is much less drastic than the approximation of replacing (4) by 

kT 

/^H,0 = /^Hto( y P) 9 y Fn,o A ■ (903, 1 3) 

In aqueous solutions of non-electrolytes neither g nor any y’s usually 
deviate appreciably from unity at concentrations below tenth molar 

• See M.T. p. 115. 

t The partial potential of an ionic spc^cies is not completely determined by the internal com- 
position of the phase, but depends also on the di(}tribution of electric charge at its surface. For 
this reason the partial potential of an ion i is also called its electrochemical potential. Hence 
/i,** contains a term determined by the (accidental) condition of the surface of the Holution. All 
applications of the involve linear combinations such that these terms cancel, the reason being 
that in order to preserve eleotrio neutrality inside every phase one alwa 3 rB considers transfer from 
one phase to another of electrically neutral combinations of ions. See M.T. Chapter x. 

X See M.T. p. 118, formula (550,2). 

§ Bjerrum, Zeit. Elektrochem. 24, 325 (1918); Zeit. Phyaikal. (%vm. 104, 40(i (1023). 
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(c:^0*l), and often not below molar 1). In solutions of stron^r electro- 
lytes, however, g and the deviate appreciably from unity at concentrations 
as low as thousandth molar (c 0*001 ). These deviations were formerly known 
as the anomalies of strong electrolytes. They are clearly due to the long range 
electrostatic forces between the charges on the ions, the effects of which 
form the main subject-matter of this cha])ter. When account is taken of 
these effects the anomalies disappear. 

§904. General considerations concerning phase integrals. 
Interionic attraction. Let us first consider an assembly of N ions, of 
type i, moving freely in a volume V of continuous incompressible medium 
of dielectric constant J). independent of temperature and j)ressure. We shall 
later replace this fictitious medium by something more like a real solvent. 
For this assembly the problem is formally the same as that of imperfect 
gases, namely the evaluation of the phase integral 

where W is the j)otential energy of the assembly of ions for a given con- 
figuration, and the integration extends over the 3iV -dimensional configura- 
tion space of the N ions. The evaluation of (2 is, however, rendered in(u>m- 
parably more difficult than for im])erfect gases by the long range nature of 
the electrostatic forces between the ions, fi contributes as usual — i’7Mogl2 
to the free energy. 

Since W is by definition the total potential energy of the assembly in a 
given configuration, W (;an be written in the form 

W - Ifch. (904,2) 

ppehort jg potential energy due to all the (short range) interactions 
remaining when the charges are removed; is the potential energy due 
to the charges. So defined would include alterations of j^jy pQi^r- 

ization, but this effect will be neglected. Since the assembly is assumed very 
dilute, is effectively due solely to solvent-solute interactions, and is 

constant for effectively all configurations of the ions. The assembly would 
therefore, as we saw in § 823, be ideal were it not for The free energy of 
the actual assembly will therefore exceed the free energy with the ions 
uncharged by the quantity 

f’®** = (904,3) 

can be further analysed into 


(904, 4) 
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ig lYie self-energy due to charging each ion in the solution in the effective 
absence of the other ions and is assumed to be independent of the con- 
figuration; is the energy due to the mutual electrical interactions of 
the various ions. We shall assume that 


= X 






(904, 6) 


summed over all pairs of ions a and /?, their distance apart being We thus 

ignore the mutual polarization of the ions. We therefore write 

jpch = (904,6) 

= -*Tlog|...Je-»''''*=^lIi(da»i)^. + i\^ifcriogF. (904,7) 


§905. Dimensional considerations. Milner's formula. Before 
discussing possible methods of evaluating Q and so it is interesting to 
consider the restrictions on possible forms of F^^ imposed by dimensional 
considerations.* We assume that each ion is characterized by its charge 
2 |c| and its size; we therefore ascribe to each ion an effective diameter a. 
For simplicity we shall at this stage suppose that all the ions have the same 
numerical valency \z\ and the same effective diameter a. We assume that 
the medium is characterized by its volume F, its temperature T (or kT) 
and its dielectric constant D. The assembly is completely defined by the 
number N of ions ( of each sign), the nature of the ions and the nature of 
the medium. It is then clear that F®* must be a function of N, z\e \ , a, F, k7\ 
D. If we assume that F®* is, apart from pure numbers, a function of these 
quantities only, then simple dimensional analysis shows that F^^jNkT, 
being a pure number, must be a function of N^z^\e\^D-^k~^T-'^V^^ and 
of z^\e\^D-^k-^T~^a-^, both pure numbers. f No other independent com- 
binations of the independent variables are pure numbers. At extremely 
high dilutions it is reasonable to expect the sizes of the ions to be irrelevant, 
the ions being then characterized entirely by their charges. When this is 
the case F^^jNkT becomes a function of N^z^\e\^D-'^k~^ F~*. 

The first serious attempt to evaluate was made by MilnerJ who for- 
mulated the problem in an accurate form. He pointed out in a clear manner 
the difficulties of an exact evaluation of Q, and attempted to obtain an 
approximate but direct evaluation. In view of the great mathematical 

* Cf. Klein, MM. Kong. Vet. NohelinHiiiU, 5, no. 6 (1919). 

t Although N actually denotes the number of ions, we might if we preferred take iV to be the 
number of gr.-ions or Kg.-ions or Ib.-iona. Hence for the purpose of dimensional analysis N must 
here be regarded as a measure of quantity of ions and not as a pure number. 

X Milner, Phil Mag. 28, 561 (1912). 
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difficulties it is remarkable that the approximate result obtained by him 
can be expressed conveniently in the form 


NkT~ ^ [VWkT] 




(905,1) 


where ^ is a pure number, for which he obtained two different crude approxi- 
mations. His results expressed numerically in tabular form correspond to 
^ 0-70; an alternative estimate given in a footnote is ^4 (i^)* — 1*25. We 

shall see that an entirely different method of attack due to Debye* leads to 
a formula of exactly the form ( 1 ) with ^ = 1 and so intermediate between 
Milner’s two approximations. 


§906. Average potentials and charge densities. Poisson’s equa* 
tion. As an introduction to Debye’s treatment we shall define certain 
average potentials, and shall consider how they are related to D and to one 
another. To avoid ambiguity it is desirable to use a sfiecialized notation 
whi(jh we shall now define. Suppose Q to be any property of the assembly 
depending on its configuration. Then as usual we denote by Q the average 
of Q over all accessible configurations; thus 



^-WikT 





(906, 1) 


We further denote by the average of Q over all accessible configurations 
in which the particular ion a is held fixed at a given place; thus 


(rfw)' * = (906,2) 


where the integrations extend over the coordinates of all the ions except a. 

Finally we denote by the average of Q over all accessible configurations 
in which the particular ions a and are each held at given places; thus 


J. . * = J. . (906, 3) 


where the integrations extend over the coordinates of all the ions except 
a and /?. 

In the discussion which follows we shall assume that for any given con- 
figuration of ions we can define an electrostatic potential and charge density 
which obey Poisson’s equation. This is itself far from obvious, and really 
requires us to be allowed to smear out the charges of the ions into continuous 


• The original paper is: Debye and Huckel, Phyaikal. Zeit. 24, 186 (1923), but many features 
of the original treatment have been corrected and modified subsequently. For references see for 
example Falkenhagen, Electrolytes (Oxford, 1934). 
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distributions without thereby spreading them over regions within which 
the electrostatic potential changes appreciably. We cannot attempt to go 
more deeply into these difficulties here, but it is to be noted that any attempt 
to apply such smoothing will become more difficult the smaller the collision 
diameters of the individual ions. 

Let r denote the distance from the centre of the ion a (assumed to be 
spherically symmetrical), p{r) the smoothed electrostatic charge density 
at the distance r from the centre of the ion a, and ^(r) the corresponding 
electrostatic potential, in any specified configuration of the assembly. The 
functions ^/(r) and p(r) are related by Poisson’s equation 

VY(r) = -^/o(r). (906,4) 

The energy W of the configuration is independent of r which is not a co- 
ordinate of any ion. If therefore we average over all configurations of the 
ions other than a, we obtain 

= - ^ V(»’)- (906, 6) 


We shall see that Debye’s treatment is essentially an approximate short 
cut for evaluating and in particular *^(0), the average electrostatic 
potential at the centre of the ion a. This leads simply to the evaluation of 
For according to (904, 3) and (904, 6), we have 


= -ifcyiog 



-Jr«‘/*rn<(dw,.)^. + iVA:7’logF. (906,6) 


If we differentiate this with respect to , the charge of the ion a, we obtain 


0Jf8elf g^el 

ki 92^ kl dz„ 




J 

■■■■J 



__ 

” kl 92^’ 


(906,7) 


Now dW^^j\e\ dZg^ is the increase in the energy (averaged over all con- 
figurations) of the assembly per unit increase of charge on the ion a, and this 
is equal to the increase in the energy of the assembly per unit increase of 
charge at the place occupied by the ion a, that is to say, the electrostatic 
potential of the place occupied by the ion a. We may therefore replace (7) by 




V(0). 


(906, 8) 


Now we recall that 0pr"®^Vkl merely the part of the electrostatic 

potential at the centre of a due to its own charge, that is the self potential 
of the ion a; it is of course a property of a independent of the remaining ions. 
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If we subtract this self potential from ^(0), we obtain the part of the average 
electrostatic potential at the ion a due to the remaining ions; if we denote 
this by then 


= ^(0)- 


aifwir 

H 


and we have 


Wdz„ 




( 906 , 9 ) 
( 906 , 10 ) 


By considering the dependence of on the charge of each one of the 
ions in the assembly, we obtain 


+ ( 906 , 11 ) 

where each of ... is a function of all the valencies .... Since F is 

a single-valued function of the equilibrium state of the assembly, dF^^ is a 
complete differential, and consequently the ... must be interrelated 

by 

( 906 , 12 ) 




3zo 


92- 


This relation may be used to check the self-consistency of any approximate 
formulae for .... 

§ 907. Probable form of and F^K Before proceeding to Debye’s 
approximate evaluation of we shall consider what form we might expect 
by intelligent guessing. Let us first consider ^(r), the average electro- 
static potential at a distance r from the centre of a. Its value will depend on 
the valency of a and also on the valencies z^,z^, ... of all the remaining 
ions. For simplicity let us suppose that all the remaining ions have the same 
numerical valency z. Then we may reasonably expect that ^(r) can be 
expanded in a double power series in and z. But when z^ is zero the average 
potential at a distance r from a will not differ from the average potential 
anywhere in the solution, which is by definition zero. Thus there will be 
no terms in the double series independent of z^. When, on the other hand, 
z is zero, “i^(r) becomes simply zJej/Dr, the potential due to the ion a. 
If then we denote by the potential at a distance r from a due to the 
ions other than a, its average value “^.(r) expressed as a power series in 
z^ and z will have its lowest term of the order z^z. We may hope that this 
series will converge so rapidly that we may obtain a useful approximation 
by retaining only its first term. To this approximation we should have 


( 907 . 1 ) 

( 907 . 2 ) 


and in particular for r = 0 


V^a(^)ocz,z, 


25-2 
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and assuming a to have the same numerical valency as all the other ions 

^^ocz*. (907,3) 

Comparing (3) with (906, 1 1) for the special case 

= N = (907,4) 

we deduce ac z®. (907, 5) 


Finally combining (5) with the dimensional conclusions reached in § 905, 
namely that F^^jNkT is at sufficiently high dilutions a function of 
iV*z*|e|* we deduce that 


_ p*z*|c|Y 
NkT~ ^ [VWkT] ‘ 


(907, 6) 


We saw in § 905 that this is precisely the form of approximation obtained 
by Milner. We shall also find that Debye’s treatment leads to a formula 
agreeing with (6) with A' = 27r*/3. It will thusappear that Debye’s approxi- 
mation corresponds closely to what we have here described as intelligent 
guessing. 


§908. Boltzmann’s formula. By the arguments used in §702, the 
frequency of occurrence of an ion in an element of volume anywhere in 
the assembly is diojV, but if the element of volume is specified to be at a 
distance r from a given ion a the frequency of occurrence of the ion p in it 
will be of the form ^ ^ , 


This formula is of the familiar form of Boltzmann’s formula. It is, however, 
important to be clear about the meaning of which has been fully dis- 
cussed in § 702 in connection with imperfect gases. The quantity may 
be described alternatively as 

(a) The average “free energy” of an ion yff at a distance r from a given 
ion CL. 


(6) The work required to bring an ion p from infinity to a distance r 
from an ion cl averaged over all configurations of the remaining ions. 

(c) The potential energy whose derivative gives the average force acting 
on the ion /? in the given element, distant r from the given ion cl. 

Any of these definitions is equivalent to the relation 


a fi\kT 


J. . . = J. . (908, 2) 


the first integration extending over all configurations of all the ions, the 
second extending over all configurations of all ions other than a and /?, 
these being held fixed. Let us differentiate (2) with respect to one of the 
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coordinates of the position occupied by the ion fi. The integral on the left 
extends over aU configurations of all ions and is therefore independent of 
Xf, but the integral on the right extends only over configurations with 
x„ specified and therefore depends on x„ x^. If we take logarithms and 
then differentiate, we obtain 



/■•■I; 


•dW 

dx. 






(908, 3) 


or in the notation defined in § 906 

dx^ dx/ 

thus confirming the definition (c) of 

From the definition (6) of it is evident that we must have 


(908, 4) 


(908,6) 

This relation may be used as a check on the consistency of any approximate 
formula for 


§ 909. Relation between and From formula (908, 1) for the 
frequency of occurrence of a given ion p in an element of volume diD at a 
distance r from the ion a, we obtain for the average charge density *p(r) at 
a distance r from the ion a 

= Syr z^|e| y (909, 1 ) 

If we substitute from (1) into Poisson’s equation (906,6), we obtain the 
equation 

(909, 2) 

This formula is exact, apart from errors due to smoothing, provided that 
“^(r) and are defined as above. 

§ 910. Debye’s approximation. The fundamental approximation of 


Debye* may be expressed as 

(910,1) 

Since by definition 

(910,2) 

the assumption (1) implies g 

Zf f(r) = 2,V(r). 

(910, 3) 


• Debye uid Hdokel, Physikal. Zeit. 84, 185 (1923). The nature of the approximation U by 
no means made clear in the original papers. 
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This can be true for all possible pairs of ions only if 


[910 


*f(r) ^ V(f ) 


(910,4) 


The relations (4) can serve to check the self-consistency of any approximate 
solution of the problem. 

If we substitute (1) into (909, 2), we obtain Debye’s equation 

V*{W)} = - (910, 6) 

We now abbreviate to ^(r) and rewrite (6) as* 

VV(r) = (910, 6) 

It is customary to refer to (6) as the Poisson-Boltzmann equation. It is an 
approximation dependent on the assumption (1). 


§911. Debye’s solution. The Poisson-Boltzmann equation (910,6) 
requires to be solved with the appropriate boundary conditions. These are 
first that ^(r) and dxlrjdr vanish at infinity, and second that the electric 
induction be continuous at the boundary between the ion a and the sur- 
rounding solution. 

In principle (910,6) is soluble as it stands, but requires elaborate treat- 
ment. The further approximation made by Debye to render it soluble in 
finite terms is to assume that \e\\z^}lr{r)\lkT is small compared with unity 
for all important values of r. We then expand the exponential as a power 
series and note that, owing to the condition of electrical neutrality 

= (911,1) 


the first term vanishes. Debye neglects all terms higher than the second and 
so obtains the approximation 

= (911,2) 


where k is defined by 


VDkT ' 


K>0. 


(911,3) 


The most general spherically symmetrical solution of (3), which is finite 
at r = 00 , is ^ 

= (911,4) 

with A constant. 


* We use the subscripts a, to refer to individual ions and the subscript i to denote types of 
ions. This summation over fi is equivalent to multiplication by followed by summation over 
aU rs. 
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Debye^s Formulae 


To obtain the value of -4 , we take the ions to be rigid spheres with closest 
distance of approach (diameter) equal to a. The solution (4) then applies to 
all values of a. The electric induction in the radial direction according 


to (4) is 



DA 




(r^a). 


(911,6) 


But for r just less than a, since there can be no other ion present, the electric 
induction is due entirely to the charge on the ion a and is therefore 



(911,6) 


For continuity of the electric induction at r — a the expressions (5) and (6) 
must be equal. Thus 


Solving (7) for A and substituting into (4), we obtain 

,/ V 2.|e| 

- cT r+i. ■ 

and in particular the value at r = a is 

zje\ 1 


^(a) = 


jja I +Ka‘ 


(911,7) 


(911,8) 


(911,9) 


If we now subtract from ijr{a) the self potential of the ion a at r = o, we obtain 
for the electrostatic potential for r < a due to the remaining ions. 




gglel 1 zjfl ^ 

Da 1 -f- /ra Da D 1 + a ’ 


(911, 10) 


§ 912. Self-consistency of solution. Without at this stage analysing 
the legitimacy of Debye’s approximations, we can verify that his solution 

a 

is self-consistent. Firstly we see from (911,8) that ^(r) is directly pro- 
portional to 2 ^ and so the conditions (910, 4) are satisfied. Secondly we must 


verify the conditions (906, 12) 


hK 

dzo 


dz- 


The formula for /c* can be written 


- 4ff(2;£-h2^+...)|e |^ 


VDkT 


(912.1) 


(912,2) 


where the unspecified summation extends over all ions, and so 

dK _ 4wz^|e|* 

KVDkT' 


(912,3) 
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By differentiating (911,10) with respect to z^and using (3), it can be verified 
that di/rjdzij contains the factor and otherwise depends on z^ and z^ 
only through k. It follows that drlrjdz^ is symmetrical in a, /? and so (1) 
is verified. 

We emphasize the self-consistency of Debye's solution because, when 
attempts are made to solve the Poisson-Boltzmann equation (910, 6) more 
accurately, they lead to solutions lacking this self-consistency and it is 
therefore by no means certain that such solutions are any more valuable 
than that given by Debye. 

It is of interest to verify that Debye’s solutions satisfy the condition of 
electrical neutrality. The total charge surrounding the ion a is given by 


"p(r) 47rr*dr, 


or, by using Poisson’s equation, 


I) r® « 

-—I V*{ ^(r)} 47rr2dr. 


According to Debye’s approximation (911, 2) this becomes 


D 

— I ^(r) ^nr^dr. 


(912,4) 


(912,6) 


(912,6) 


Substituting from (911, 8) this becomes 
— —r ^nr^dr 


Dr(l -h/ca) 


= -zM 


1 -f- KCtj Ki 


e-^^Krd(Kr) = (912, 7) 


so that the total charge surrounding any given ion a is just equal and 
opposite to the charge on a, as it should be. 

§ 913. Free energy. Having verified the integrability condition 
(906, 12), we can substitute the value of from (911, 10) into (906, 11) and 
integrate to obtain The order of integration being immaterial, it is 
most convenient during the integration to increase the charges of all the 
ions in the same ratio. If we denote by A the fraction of their final charges 
which the ions have at any stage of the integration, then we have 

f.{\)z,\e \ dA = dA 




(913. 1) 
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where t{x) is the function 

= “3 i+x)-x + ^x*] 


= l-|x + fx*-|x3 + ^x*-.... (913,2) 

For small Ka, that is for high dilutions, T(Ka) -*■ 1. We then have 


3D 
D 


•/ 47r y 

\vM') ■ 


(913,3) 


If all the ions have the same numerical valency z and there are \N of each 
sign, (3) reduces to 


Jhrp 5 " 1 T/i n 


(913,4) 


as already quoted in § 905. 


§ 914. Mean thickness of ionic atmosphere. If we divide the syiaoe 
surrounding a given ion a into spherical shells of the same thickness dr, then 
according to (91 2, 7) the net charge in each such shell is equal to 


pKa 

-zje\ , KH'^^rdr. (914,1) 

This has a maximum value for r given by 

|:{«-'r} = 0, (914,2) 

or r=l//c. (914,3) 

For this reason 1 /k is often called the mean thickness of the ionic atmosphere. 

Since according to (911, 3) 1/k is proportional to the square root of F, it 
follows that the mean thickness of the ionic atmosphere increases as the 
square root of the dilution. If we insert numerical values into (911, 3) and 
introduce the ionic strength I defined by 


2HV ’ 


(914,4) 


so that for a uni-univalent electrolyte the ionic strength is equal to the 
concentration in moles/litre, we obtain in water at 0° C., using D = 88*23, 

K = 0*324 X 10®/1 cm.“^, (914, 5) 


1 

K 


3*08 

/* 


A. 


(914,6) 


Thus for an ionic strength of 0*01 the mean thickness of the atmosphere is 
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about 30 A. For an ionic strength 1 the value of 1/#: is only 3 A. and is com- 
parable to the diameter of an ion. At such concentrations it is extremely 
unlikely that the various approximations remain valid. In view of the 
smoothing requirements already mentioned the theory is hardly likely to 
be valid unless 1 //c < a, so that the important region of the oppositely charged 
atmosphere around each ion is well away from its own surface. It is also 
necessary for the approximations to be valid that Debye’s assumption and 
approximation given in §910 and §911 should hold good. These will be 
discussed later in § 921. 

§915. Dependence on dielectric constant. The assembly so far 
considered consists of spherical ions moving freely in a volume F of a con- 
tinuous incompressible medium of dielectric constant D independent of 
temperature, pressure, and the presence of the ions. Actually the solvent 
is not a continuous medium, nor is its dielectric constant independent of 
temperature, pressure, and the presence of the ions. We must therefore 
consider the effect of these discrepancies between the real solution and the 
model. 

The introduction of a dielectric constant involves averaging over the 
solvent molecules. This preliminary averaging is unavoidable, and the 
important question is whether the best effective value for the dielectric 
constant is its macroscopic value. For calculating the force between two 
ions separated by several solvent molecules the use of the macroscopic 
dielectric constant is probably a reasonable approximation, but for a pair 
of molecules in contact its introduction is almost absurd. We have seen 
that the mean thickness of the oppositely charged atmosphere around each 
ion is 1 Ik. We may then take 1 //c as a crude measure of the order of magnitude 
of the distance apart of pairs of ions making important contributions to 
We may therefore expect the use of the macroscopic dielectric constant to 
be reasonable when l//r>a. In aqueous solutions at room temperature, this 
condition is well satisfied at an ionic strength 0-01 when 1 //C 2 ^ 10a, but not 
at all at an ionic strength 1 when l/zc^a. 

If we suppose the conditions justify the use of the macroscopic dielectric 
constant, the next question is whether the value to be used is that of the 
pure solvent or some other value determined by the composition of the 
solution. It was pointed out by Huckel* that, owing to electrical saturation 
around each ion> the effective dielectric constant in an ionic solution will be 
less than that of the pure solvent. If D is the effective dielectric constant of 
the solution, and that of the pure solvent, then the self energy of each 


Hiickel. Phynkal. Zeit. 86 , 93 (1925). 
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ion a in the solution will exceed that at infinite dilution by an expression 
of the form W/i_ M 

. U dJ’ 


26 . 


(916,1) 


where is an effective ionic radius. This will contribute to an extra term 


2 , 


25, 



(915,2) 


Hiickel assumed empirically that D varies linearly with the composition 
of the solution, and deduced that the expression (2) will be roughly pro- 
portional to the square of the ionic concentration. But the expression (2) 
will not be the only correction to due to variation of dielectric constant. 
We obtained formula (913, 1) for by integrating an expression from 
2 ^, Zp,... all zero to their actual values. If we admit that D depends on the 
ionic concentration, its value will also vary during this integration. The value 
of D to be used in (913, 1 ) is then not that of the solution nor that of the pure 
solvent but an intermediate value. We therefore conclude that Hiickers 
correction to (913, 1) is not only empirical but incomplete.* We may, with 
as good justification and greater simplicity, use for D the value of the 
dielectric constant of the pure solvent, realizing that with increasing con- 
centration this will become increasingly inaccurate. We may expect that 
such deviations, as well as other deviations, between (913, 1) and the actual 
value of F^^ may be expressed empirically by a power series in the con- 
centrations, the lowest term being proportional to the first power of the 
concentration. 

The restriction on the dielectric constant which it is most necessary to 
remove is the assumption that it is independent of the temperature. The 
dielectric constant of the medium has been introduced as a parameter 
entirely external to the distribution laws of the assembly. In fact D is 
temperature (and pressure) dependent, showing thereby that it is strictly 
a property derived from the distribution laws — namely from the orientations 
of the molecular dipoles of the solvent. In forming other thermodynamic 
functions from F^^ this variation of D with T must be taken into account. 
Though to do this is essential to preserve the ordinary thermodynamic 
relationships, and must be a better approximation to the truth than ignoring 
the variation of D altogether, we have no right to assume that the terms so 
derived are exactly correct. D has entered our equations as a coefficient in 
certain energy terms and strictly speaking all energy terms (before averaging 
begins) must be functions only of configurations. In calculating the free 


* For other objections to Huckers formulae see Giintelberg, Zeit. Phyaikal. Chtm. 128, 246 
(1926). 
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energy it is neoessaiy to form this complete configurational energy W and 
evaluate integrated over all possible configurations in a 

single stage. In allowing a temperature variable D to enter our W we have 
already approximated illegitimately by averaging in two stages, first over 
the dipole orientations and then over the ionic configurations. A series of 
successive partial averagings cannot give exactly the true result. Never- 
theless this successive partial averaging is all that we can attempt to carry 
through, and the results given by it should be of the correct form and order 
of magnitude. To this degree of approximation the temperature variation 
of D is irrelevant to the evaluation of Q. Since is directly related to Q 
its evaluation is also unaffected by the temperature variation of Z), except 
in so far as at each temperature the appropriate value of D must be used. 
In deducing i?®^, the extra internal energy due to the interionic forces, the 
temperature variation of D is, however, important. 

The relation between and Z’®^ then becomes 


The original formula of Debye contained only the term in 3/97. The thermo- 
dynamic discrepancy between Debye’s formula for JF’®^ and iS'®^ was pointed 
out by Giintelberg and the discrepancy was removed by Bjerrum* by the 
insertion of the term in d/dD, Bjerrum at the same time explained how the 
energy corresponding to this extra term resides in the orientation of the 
solvent molecules. 

If we take into account the thermal expansion of the solution, the value 
of F, the volume of the whole asjembly, will depend on the temperature. 
The formula for E^^ must then be further modifiedf to 



A ^A\ 

dT'^dTdD'^ dTdv) 


pel 

~¥' 


(915,4) 


The remaining restrictions that the solvent be incompressible and have a 
dielectric constant independent of pressure are less important. They are 
more conveniently removed at a later stage. As long as they are retained, 
we have the equalities 


gel ^ pe\^ jjel ^ pel^ yel = q, (916, 5) 

where the superscript ®^ in each case refers to the excess of the value of the 
function for the actual solution over its value for an ideal solution of the 
same temperature, pressure and composition. 

* Bjemim, ZeU, Phyeikal. Chem, 119 , 145 (1926). 

t Soatohard, J. Am, Chem. Soc. 58, 2637 (1931); Gatty, PhiL Mag. 11. 1082 (1931). 
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916] Ionic Diameters 

§ 916. The ionic diameter. The quantity a called the mean ionic 
diameter, or mean distance of closest approach of two ions, occurs in the 
formula (913, 1) only through the factor r(Ka), and we know that 

r(/ca)->l (/fa->0). (916,1) 

Hence for sufficiently small Ka the equilibrium properties become indepen- 
dent of a. Since k is proportional to the square root of the ionic strength, 
we see that at sufficiently high dilutions the equilibrium pro{)ertie8 are 
independent of a. We then obtain the so-called limiting formula of Debye 


32> 


(916,2) 


independent of a. Algebraically (1) can be satisfied by making a zero, when 
we should again obtain (2). Formula (2) on this account is often referred to 
erroneously as valid for point charges. Actually an assembly of point charges 
is easily proved unstable* and could not exist. In fact the smaller the ions 
the less justifiable is tlie approximation leading to (911, 2) and so the less 
valid are Debye’s formulae. The very existence of the assembly of ions 
depends on their having a finite closest distance of approach, and any valid 
treatment must recognize this. 

As we have just seen the parameter a occurs only through the product /ca, 
which is equal to the ratio of the ionic diameter a to the mean thickness 
of the ionic atmosphere l//c. It is therefore clear that as the dilution is 
increased and the oppositely charged atmosphere becomes more diffuse, 
the immediate neighbourhood of the ion becomes less important and so the 
average properties become independent of a. On the other hand, as the 
concentration increases the interaction between pairs of ions near together 
becomes increasingly important. It is then more than doubtful whether 
the short-range forces between ions, which are superposed on the Coulomb 
forces, can be adequately represented by treating the ions as rigid spheres. 
No attempt has yet been made to compute the effect of dispersion energy 
and overlap energy superposed on the Coulomb energy in an assembly of 
free ions. We therefore have no better approximation available than the 
use of a diameter a of the ions treated as rigid spheres. It should, however, 
be remembered that thus used the parameter a is quasi-empirical, and must 
not be expected to be independent of temperature. f We have accordingly 


to replace (915, 4) by 


( d dD d_ d da 

IdT'^dTdD^dfdV'^dT 


(916, 3) 


* Kramers, Proc. Sect. Sci. Amsterdam, 30, 145 (1927^ 

t Gross and Halpem, Phyaikal. Zeit. 26, 403 (1926); Bjernim, Trans. Fara. Sac. 23, 445 
(1927). 
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§917. Effect of compressibility. We have up to the present assumed 
that the volume V is invariable, that is unaffected by pressure and by the 
charges of the ions. In particular formulae (906, 10) and (906, 1 1) state that 
in the imaginary process of gradually increasing the charges of the ions the 
increase of the free energy F is equal to the electrical work done on the 
assembly. This implies that there is no other work done on the assembly and 
in particular no work by the external pressure. This implies indirectly that 
there is no change of volume during the charging process and therefore, if 
the solution is compressible, this requires an alteration of pressure to main- 
tain the volume constant. The only useful meaning of (and a similar 
remark applies to all related quantities) is the excess of F for the actual 
solution over its value for an ideal solution at the same temperature and 
at the same pressure. To evaluate F^^ and related quantities we must therefore 
make the integration correspond to the charging of the ions at constant 
pressure. Superposed on the purely electrical work given by the right side 
of (906, 11) there will be the work done on the system by the external 
pressure P. Instead of (906, 1 1) we have therefore 

dF^^ = \lrj^e\dz^ + }lrp\e\dz^-^ ...-PdV, (917, 1) 

or since we are assuming P kept constant during the charging process 

d(PF®0 = ir^\e\dz^-\-\Ir^\e\dz^-{- .... (917,2) 

When we insert the values of ... given by (911, 9) and integrate, we 

obtain instead of (913, 1) the more accurate 


Gel r(Ka). 


(917,3) 


In performing the integration of (2) we have ignored the variation of k 
due to the change of V, Hence strictly the value of to be inserted into 

1 DtTV )’ ' 

where V is an average volume intermediate between the volume V of the 
actual solution and the volume F® of the ideal solution of discharged ions. 


It is easily verified that 


F®‘<^F, 


(917,6) 


and consequently that, in evaluating the integral for G®^ the inaccuracy of 
ignoring the distinction between F® and F is entirely negligible. 

From the corrected formula (3) for G®^ we can derive all the remaining 
equilibrium properties by means of general thermodynamic relations. In 

F«‘ = 90*VaP, (917, 6) 
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Osmotic and Activity Coefficients 


F*' = 0^^-Pd0*^ldF, (917,7) 

= O^^-TdG^ydT, (917,8) 

Eel ^ - T BG^^IdT - PSQo^IdP, (917,9) 

= dG^'/dN,: (917, 10) 


§918. Osmotic coefficient and activity coefficients, 
formula for G-^ ^ ^ 2,- V, 


3Z> 


T(Aca), 


where t{x) is the function 


= ^3 l-hx)-x-h ix^} 


From the 
(918,1) 


= 1 — + + ..., (918,2) 

we deduce for the contribution of the interionic forces to the partial 
{>otential of the solvent, assumed to be water, 

_ do^ dK dv 

- ar dVdNa.o 


2,-^2?|eL* 

3D 2V 


r,i,oO'(/ca), 


(918, 3) 


where Vh^q denotes the molecular volume of the solvent, and cr(x) is the 
function « / j 

(r(a:) = j 1 + * - - 2 log( 1 + a:) 

= l-3.|a: + 3.fx*-3.fa;9+3.|x«-.... (918,4) 

Vq^lues of <r{x), as also of t ( x ), are given^ in Table 1 for round values of x*. 
For high dilutions where Ka<^ 1 the function cr(ica) -> 1. 

Table 1 


Values of the functions r(x) and cr(x)for round values of x^ 


X* 

X 

j{.x) 

<T{X) 


-X- 1 

T(X) 

cr(x) 

0000 

0*0000 

1-000 

1*000 

0-030 

0*1732 

0*886 

0*786 

0001 

0*0316 

0*976 

0*954 

0*040 

0*2000 

0*870 

0*769 

0002 

0*0447 

0*967 

0*936 

0*050 

0-2236 

0*857 

0*738 

0003 

0*0567 

0*960 

0-922 

0*060 

0*2449 

0*846 

0*717 

0*004 

0*0633 

0-064 

0-912 

0-070 

0*2646 

0*835 

0*700 

0*005 

0*0707 

0*949 

0*902 

0*080 

0*2828 

0*827 

0*685 

0 006 

0*0775 

0*945 

0*893 

0*090 

0*3000 

0*819 

0*671 

0*007 

0*0837 

0*941 

0*886 

0*100 

0*3162 

0*811 

0*659 

0*008 

0*0804 

0*937 

0*879 

0*110 

0*3317 

0*803 

0*646 

0*009 

0*0947 

0*934 

0*871 

0*120 

0*3464 

0*796 

0*636 

0*010 

01000 

0*931 

0*866 

0*150 

0*3873 

0*778 

0*607 

0*020 

0*1414 

0*905 

0*818 ! 

0*200 

0*4472 

0*752 

0*569 


^ See appendix, } A9. 
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For extremely dilute solutions, and it is to such only that Debye’s theory 
is applicable, the osmotic coefficient g may with sufficient accuracy be 
defined by (903, 13) and its relation to is then 


kT 

Oomparing (6) with (3) we obtain for g 


(918, 6) 


(918,6) 


For /if the contribution of the interionic forces to the partial potential of 
an ion we obtain 


/^i' = 


+ V (T{Ka) (918 7) 

21) l+zca^ 21) ^ 


dN^ 21) 1 +/ca ■ 21) 

where denotes the molecular volume of the ion /. According to the defini- 
tion (903, 8) of the activity coefficient this is related to /if by 

^Tlogy,. = /tf. (918,8) 

Substituting from (7) into (8) we obtain 


2f C 


K% 


2111 f 1 + Ka 24n 


(918,9) 


At all concentrations at which Debye's theory is at all applicable 1 

and the second term of (9) is entirely negligible compared with the first, 
so that (9) simplifies to 

The activity coc^fficients of individual ions are convenient mathematical 
fictions.* It is only the partial potentials and mean activity coefficients of 
electrolytes that are physically significant. The mean activity coefficient 
7 ^ of an electrolyte, whose molecule yields cations of valency and q_ 
anions of valency 2_, is related to the ionic activity coefficients y_ by 

V+log7+ + ^_Iog7.. 

?+ + ?- 

Substituting from (10) we obtain 

1 5'+Z+ + g'_2*- |c|* K 

logr±= 2DkT\+Ka' 

By using the condition of electrical neutrality 

+5'_z_ = 0, (918,13) 


logy^ = 


(918, 11) 


(918,12) 


♦ Taylor. J . Phys. Chem. 31, 1478 (1927); Guggenheim, J. Phys. Chem. 33, 842 (1929). See 
also footnote tf p- 382. 
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this can be transformed to 


iogr± 


2DkT r+ico 


(918,14) 


§ 919. Comparison with experiment. If we insert numerical values 
into (918, 6) and introduce the ionic strength I defined by 


1 = 


‘2N V 




(919,1) 


where is the concentration in gram-ions/litre, we obtain for water at 
0° C., using D = 88-23, 


l-g = 5-^*-— V 

ySOSxlO-*/ 


(919,2) 


When all the cations have the same valency and all the anions the same 
valency 2 _, the condition of electrical neutrality gives 

= 0. (919,3) 


By using (3) we can reduce (2) to 

I (919,4) 


the form most convenient for application to a solution containing a single 
electrolyte. 

Inserting numerical values into (918, 14), we obtain for water at 0°C., 
using D = 88*23, 


logior± = -0-486z^|z_|- 


/* 


1 + 


/ ^ ] Ji 

\3-08 X 10-*/ 


(919, 6) 


For water at 26® C., using D = 78-64, we have 


logior± =-0-51l2^.|z_| 


/* 


^ (3-04 x 10 *) 


(919,6) 


Owing to the fact that D decreases as T increases while only the product 
DT occurs in the formulae, the numerical coefficients vary only slightly with 
temperature. For many purposes the round value 0*5, which is exact at 
18° C., is sufficiently accurate in practice for temperatures between 0°C. 
and 26° C. 

The most stringent test of these formulae would be by measurements at 
such high dilutions that the formulae become practically independent of a. 
This is unfortunately impossible in practice. For supposing a 3 x 10"^ cm. 
and I = 10”*, we have, according to Table 1, (r(0*l) = 0*866 which difiPers 
significantly from unity. Even at / = 10”* we have <r = 0*964, so that in 

36 


FO 
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practice the approximation a* = 1 is never accurate. The only possibility 
of testing the formulae is to examine whether they can be made to agree 
with experimental data with reasonable values of a. 

Experimental values for g are obtained most accurately by taking the 
ratio of the freezing-point depression of the solution to its value for an ideal 
solution of the same concentration. As the dilution increases the freezing- 
point depression decreases approximately in proportion to the concentration, 
and so the accuracy of g varies inversely as the concentration. The relative 
accuracy of 1 — ^ decreases still more rapidly. Instead of comparing ob- 
served and theoretical values of gr or 1 — gr it is therefore better to compare 
observed and theoretical values of the lowering of the freezing-point over 
a whole range of ionic strengths for an arbitrarily chosen value of a. The 
results of such a comparison may be summarized as follows: In practically 
all cases, where reliable freezing-point data are available for dilute aqueous 
solutions of strong electrolytes, there is agreement within the accuracy of 
the measurements between the observed and calculated freezing-point 
lowering if the value assigned to a is suitably adjusted. For example the data 
of Hovorka and Rodebush* agree with the theory with an accuracy of 
0*00()1° at all ionic strengths up to 0-01 if the values in Table 2 are assigned 
to a. These values of a are of the right order of magnitude. The best data for 
some other electrolytes are fitted by assigning to a values that are much 
smaller than the possible closest distance of approach of the ions — for 
instance 0*4 A. for KNOgt and 0 0 A. for KlOj.f 

Table 2 


Values of a, fitting Debye's values of g to Rodebush' s measurements 


Electrolyte 

KCl 1 CsNOj 

K,S 04 

Ba(NO,), 

MgSO. 

(^uS 04 

La, (SO.), 

a in A. j 

3-8 1__30 

30 

21 

3-0 j 

2-2 

30 


Experimental values of are obtained from measurements of either 
electromotive force or solubilities. In either case it is the ratio of values of 
y^ for a given electrolyte in solutions of varying composition that is deter- 
mined directly. The assignment of absolute values to y^ always involves an 
extrapolation to infinite dilution where all y^ become unity. So effectively 
there are two adjustable parameters, one determined by the extrapolation, 
the other by the value of a. In the case of practically all reliable experi- 

* Hovorka and Rodabuah, J. Am. Chem. Soc. 4*7, 1614 (1925). The values of a actually given 
in this paper are computed incorrectly owing to a misprint in Debye and Hiickers table of values 
of cr. (Private communication.) 

t Adams, J. Am. Chem. Soc. 87, 4S1 (1615). 

{ Hall and Harkins, J. Am. Chem. Soc. 88, 2658 (1916). 
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mental dati^ the adjustment of these two parameters can be made so as to 
give agreement between the observed and calculated values. The values 
of a fitting the data are sometimes reasonable, but sometimes impossibly 
small, as for example in the solubility data of Bronsted and La Mer* which 
require a = 0 for many large complex ions. The true value for the closest 
distance of approach of two ions in a solution should be either very nearly 
the same as the mean of the ionic diameters determined in crystals, or greater 
if the ions are permanently hydrated. The true values cannot be less. It 
must be reluctantly admitted that the parameter a is not a real mean ionic 
diameter, but rather a parameter correcting for a whole variety of theoretical 
imperfections. This is especially so for solutions containing small ions. 

In solvents with smaller dielectric constants than water, still higher 
dilutions are required for the applicability of Debye’s formulae. This fact 
and the experimental difficulty of obtaining the solvents pure considerably 
increase the difficulty of comparison between theory and experiment. It 
can, however, be said that the best experimental data at least do not dis- 
agree with the calculated values, but again the values that have to be 
assigned to a appear to have no relation to the probable values of the ionic 
diameter. 


§ 920. Heat of dilution. The heat of complete dilution of a given 
solution is defined as the heat absorbed when a large (effectively infinite) 
quantity of the pure solvent is added to the solution at constant tem- 
perature and pressure. If H is the heat content for the original solution, 
Hq for the pure solvent added, and for the resultant mixture, then the 
definition states that 

= (920,1) 


For an ideal solution, on the other hand, the heat contents are additive and 
AH is zero. If then we subtract from (1) the corresponding relation for the 
ideal values of the various quantities, we obtain 

= = (920,2) 


according to (917,8). The operator d/dT here denotes as usual (3ldT)p j^. 
Consequently 




^(l.\ 

'''dTXdDjT.r 


7 * 

J \ da li 

5\ 1 ^ 





(920, 3) 


• BrdnBted and La Mer, J. Am. Chem. Soe. 46 , 666 (1924). 


26>2 
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As nothing is known of dajdT, we can evaluate (3) only for dilutions so great 
that 6** is given by the limiting form 






3I> 


Combining (3) and. (4) we obtain 


IT^ 

VdT 


(920,4) 


(920,6) 


For a quantity of solution containing one mole of an electrolyte, whose 
molecule yields q^. cations of valency and q_ anions of valency z_, (5) 
becomes 


Aif = = N(g^ + g_)z.,|2_| 


IcJ*^ 

2Z> 


IT^ 


(920, 6) 


Inserting numerical values for aqueous solutions at 26° C., we obtain 

A// = -//«* = A{\(q^~^q_)z^\z_\}^c^, (920, 7) 

where c is the concentration in moles/litre and A is given by 

/ TW lTaF\ 

A = + ^ ^g^jKcal./mole. (920,8) 

Since for water at room temjieratures (TID)dDldT is roughly —1*4, 
the greater part of this term is cancelled by the unit term. Thus A is very 
sensitive to variations in the value assigned to dDjdT, which is not par- 
ticularly well determined experimentally, so that A cannot be fixed with an 
accuracy better than about 15 %. The term in dVfdT has the value 0 025 in 
water at 25° C., and therefore introduces a reduction of about 6% in the 
positive value of —A. In Table 3 relevant values by various authors are 
given, arranged roughly in order of reliability. 

At concentrations above tenth -molar the heats of dilution for various 
electrolytes in water are highly specific, being of either sign. The only 
accurate measurements at high dilutions are those of Lange and Robinson* 
and their collaborators. These are in good agreement with the theory and 
show for example that at high dilutions > 0, so that on further dilution 
heat is evolved as required by (7) and (8). They show secondly a variation 
approximately proportional to the square root of the concentration. Thirdly, 
it is found that the limiting slope of the (iy®^ -yfc)-curve8 is determined 
primarily by the valency type of the electrolyte; being least for uni-univalent 
electrolytes, considerably greater for uni-bivalent, and greater still for 
bi-bivalent electrolytes. All this is in agreement with (7). The determination 
of the absolute value of this limiting slope is experimentally of extreme 
difficulty, OAving to the great dilutions at which measurements are required 


Laage and Robinson, Chem. Rev, 9, 89 (1931). 
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Table 3 


Observed values of the dieleetric constant of vmter 


12-6° C. 

! 


26® 

C. 


40° C. 



dD 

TSD 


dD 

TdD 



dD 

TdD 

AuthohtieH 

I D 

1 

1 

df 

^DdT 

D 

df 

'^Ddf 

-A 

D 

df 

^'^DhT 


8316 

-0-379 

-0*301 

78*64 

-0*361 

-0*371 

0*48 

73*28 

-0*341 

-0*467 

Wyman (1) 

! 83*29 

-0*393 

-0*347 

78*57 

-0*362 

-0*374 

0*48 

73*41 

-0*326 

-0*390 

Drake, etc. (2) 

83*34 

-0*379 

-0*298 

78*77 

-0*353 

-0*337 

0*43 

73-71 

-0*322 

-0*367 

1 Drude (3) 

82*77 

-0*368 

-0*269 

78*26 

-0*349 

-0*329 

0*42 

73-18 

-0*330 

-0*411 

Dnjde (3) 

82*81 

-0*404 

-0*393 

77*84 

- 0*386 i 

-0*474 

0*62 

72-24 

-0*349 

-0*612 

Kockel (4) 

79*42 

-0*368 

-0*323 

75-40J 

-0*289 

-0142j 

J 

0*16 

71-48 

-0*248 

-0*086 

Cuthbertson, t^tc. (6) 


References to Table 3 
(!) Wyman, Phys. Rev. 36, 623 (1930). 

(2) Drake, Pierce and Dow, Phys. Rev. 35, 613 (1930). 

(3) Drude, Wied. Ann. 59, 48 (1896). The first entry gives the figures derived by an inter- 
polation formula; the second set were derived graphically. 

(4) Kockel, Ann. d. Phys. TI, 430 (1925). 

(5) Cuthbertson and Maasa, J. Am. Chem. 8oc. 52, 483 (1930). 


for the limiting formulae indej)endent of a to be approximately valid. 
Moreover there is always an extrapolation involved since the quantity 
measured is the difference between at two finite concentrations. Thus 
no clear cut comparison can l)e made between the theory and experiment on 
this point even for um' -univalent electrolytes. It is fair to say, however, that 
within the uncertainty of the experimental data there is no inconsistency 
between the absolute value of this limiting slope in theory and experiment. 

§921. Critique of Debye’s approximations. The approximations 
and assumptions involved in Debye’s treatment were not at all clearly 
formulated in the original presentation. They have subsequently been 
extensively analysed.* The most complete analysis is that of Kirkwood. 
His conclusions amplify and confirm those of Onsager, The analysis is too 
long to reproduce here and we shall content ourselves with a brief summary 
of the conclusions. 

As we saw in § 910, the fundamental approximation of Debye is 

which leads to the Poisson-Boltzmann equation. Since by definition 

(921,2) 

• Kramers, Proc. Sect. Set. Amsterdam, 80 , 145 (1927); Fowler, Trans. Fara. floe. 28 , 434 
(1927); Onsager, Physihal. Zeit. 28 , 277 (1927); Chem. Rev. 18 , 73 (1933); Kirkwood, J. Chem. 
Phys. 2 , 767 (1934). 
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this involves the assumption 

W) 


2 « 




[921 

(921,3) 


Onsager has pointed out that these relations would hold exactly if the mean 
distribution of charge in the neighbourhood of a pair of ions a and at a 
distance r from each other were always the sum of the charges induced by 
the two ions separately ; because then the average forces acting on either ion 
in the given configuration would correspond to the average electric field at 
the distance r from the other, the force from its own atmosphere vanishing 
by symmetry. For low concentrations, small charges and large ionic diameters 
(3) is very nearly fulfilled. Debye’s approximate solution conforms to the 
condition (3). However, as soon as higher terms in the expansion of 
become important, we can no longer expect the ionic atmo- 
spheres to be additive, and then Debye’s assumption ( 1 ) becomes inaccurate. 

From Kirkwood’s analysis it appears that if the various average electric 
potentials such as j, are expressible as power series in the charges, 

then the lowest terms will be identical with the values given by Debye’s 
approximation. Now although it is physically impossible to decrease the 
charges of the ions below the value |e|, it is reasonable to expect that 
decreasing the concentrations will have an equivalent effect. In that case it 
seems almost certain that in the limit of high dilutions the true laws approach 
Debye’s law. The extent of the inaccuracy due to Debye’s approximations 
at finite concentrations still remains uncertain. 

In the absence of any convincing theoretical argument or experimental 
evidence against the validity of Debye’s approximation in the limit of high 
dilutions, it seems most reasonable to accept its validity as a limiting law, 
the accuracy of which increases with the dilution. In any case there exists 
no alternative treatment which could compete with Debye’s. 

The validity of Debye’s limiting law (independent of ionic diameters) at 
high dilutions has also been confirmed by Kramers,* who examined the 
behaviour of the phase integral ft in the limit of high dilutions by the 
mathematical device of replacing the ions by point charges with a super- 
posed potential energy becoming infinite when any pair of ions are very 
close to each other and zero otherwise. The particular form assumed for 
this repulsive energy has no physical significance, but was introduced to 
make the phase integral converge. The limiting form at high dilutions is 
independent of the form so assumed for the repulsive energy, and confirms 
Debye’s limiting formulae. Kramers’ treatment gives no information con- 
cerning those formulae of Debye which involve the ionic diameter a. 


* Kramers, Froc. Sect, 8ci. Amsterdam, SO, 145 (1927). 
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§922. Giintelberg’s evaluation of the ionic activity coefficients. 

We recall that we evaluated C?®* as the electrical work of charging up all 
the ions simultaneously at the same relative rate. We then determined 
fif and by the relation 

kTlogy^ = fif = (922, 1) 

Accordingly we can define fif as the electrical work done when we add a 
single ion i to the assembly. The value of jif should be unaffected if we replace 
the process of adding the ion i to the assembly by the two imaginary steps 

(а) adding the discharged ion i to the assembly, the remaining ions 
having their full charges; 

(б) gradually increasing the charge of i from zero to 2, . 

The electrical work in process (a) is due to the alteration in V owing to the 
change of volume from V to V 4-lV, it is small compared to the work in 
j)roce8s (6) and we shall neglect it. This is equivalent to omitting the second 
term in (918, 9). 

The work in process (6) is easily evaluated since k remains effectively 
constant. Using (91 1, 10) we obtain 


■f /ca 


\e\dz,i 


j 2?|c|2Ar 

D(l^Ka)Jo “ 2lT(l -f Ka) ’ 


and consequently 


logy 

2DkTl-hKa 


(922. 2) 

(922.3) 


This neat method of computing 7^ is due to Giintelberg*. The fact that it 
leads to the same result as that obtained by first evaluating and then 
differentiating with respect to confirms the self-consistency of Debye’s 
approximation with respect to the conditions (900, 12). We shall sec that 
attempts to improve on Debye’s approximation lead to solutions not self- 
consistent in this respect. 


§ 923. More accurate solutions of the Poisson -Boltzmann equa- 
tion. We mentioned that in certain cases agreement is reached bet ween 
Debye’s formulae and experimental data only by assigning values to a 
considerably smaller than the true diameter of the ions. This can, in part at 
least, be ascribed to the inaccuracy of the approximation by wdii<;li the 
Poisson -Boltzmann equation (910,6) is replaced by (911, 2), an inaccuracy 
which matters so soon as z\e\ is comparable with kT. More accurate 


ScH) Bjerrum, Zeit. Physikal. Chem. 119, 14r» (1926). 
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methods of solying the Poisson-Boltzmann equation have been developed, 
but they are necessarily rather elaborate. 

For the sake of simplicity we shall restrict ourselves to the case where 
all the ions have the same numerical valency z. The Poisson-Boltzmann 
equation (910, 6) in this case reduces to 




8>r|e| 



g|g| 
kT ' 


(923,1) 


where is the number of ions of either sign in the assembly. The solution 
of this equation is required for which and d^jdr-^O as r-^oOy and 


, T AA 

dr Da* 


(r^a). 


(923,2) 


It is convenient to introduce the notation 


^^[DkT pr j y f.ji ’ 

6 = 

DhTa 

™,. 1 / V . L 

Then -^(py) = Binhy, 

(923,3) 

(923,4) 

with the boundary conditions 


y->0, dyldp-*0 (/)-»-oo). 

(923,5) 

dy b 

(923,6) 

Debye’s approximation consists in replacing sinh y by y. 

There is no difiSculty in principle in obtaining the desired solution without 
this approximation. It has been achieved in an elementary way by Miiller,* 
who used the approximation sinh y •= y only for sufficiently large values of p. 
For such values of p Debye’s solution 

1! 

1 

(923, 7) 


is valid, but when p becomes smaller y(p) deviates from (7) and the value of 
A cannot be determined from the boundary condition sX p ^ x. Muller 
therefore continued (4) inwards by numerical integration to p = x, deter- 
mined to fit the boundary condition, and so finally found y(x) as a function 
of b and x. 

An alternative solution has been given by Gronwall , La Mer and Sandved. t 
They assume a solution in the form of a power series in (z^\e\^IDkTa) and 
by successive approximations evaluate the coefiicients as functions of Ka- 


* Miiller, Phftikal. ZeiL 88. 324 (1927). 

t Oronwall. Ia Mer and Sandyed, Phytihal, Zeit. 89. 858 (1928). 
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The result has the form 


+ 


kT 


bkTa(l + Ka) ^ ,^\DkTa} 


(923, 8) 


where the y 2 »-n('™) determinable functions of Ka. When we subtract the 
self potential, this gives 


- kT 


Z^\e\^ tc ® / 22jg|2 \i8-\-l 

D kT 1 +7a .^1 (Miv) ■ 


(923, 9) 


From either of these solutions for whether that of Muller, or that of 
Grouwall, La Mer and Sandved, we can by straightforward application of 
(917, 2) evaluate as in § 913, and can then derive the osmotic coefficient 
or the activity coefficient of the electrolyte by straightforward thermo- 
dynamics. 

If the solution either of Muller or of Gronwall, La Mer and Sandved is 
apj)lied to the experimental data, more reasonable values are obtained for 
a than those of Debye’s solution. In fact Gronwall has shown that, if the 
values of a derived from his formula are denoted by Uq and those derived 
from Debye’s by then remains positive even if — 

We shall, however, not go further into the details of these solutions of 
the Poisson-Boltzmann equation because they are not self-consistent. The 
simplest way to show this is to calculate ./if first by differentiation of 
and then by Giintelberg’s method. The processes do not lead to the same 
value and therefore neither can be exact. This means that the integrability 
conditions (906, 12) are not satisfied. Owing to the special symmetry of the 
particular assembly considered, the other condition (910, 4), 




is here automatically satisfied. 

In the more general case of ions of differing 


(923, 10) 


numerical valencies it is 


apparent at once that the ^(r) depend on the and not solely through 
the combination which occurs in /c, but through other combinations 

(r integral) as well. The conditions of self-consistency then in- 
evitably fail far more completely than in the symmetrical case. It must be 
regretfully admitted that this most promising method of evaluating fl(T) 
cannot be carried logically beyond the first approximation of Debye. 


§ 924. Bjerrum^s treatment of ion association. We have seen that 
attempts to improve on Debye’s theory by solving more accurately the 
Poisson-Boltzmann equation are in general doomed to failure, because 
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this equation ceases to be self-consistent. Debye’s approxiniation is itself 
valid when both 


DkT ’ 


l«l 

DkTa 


< 1 . 


( 924 . 1 ) 

( 924 . 2 ) 


The second condition is independent of the concentration, and it is this 
restriction to large ions which we have still to find a general means of 
avoiding. 

An entirely different method of avoiding this restriction has been pro- 
posed by Bjerrum.* Though at first sight less elegant and more arbitrary 
than attempts to solve the Poisson-Boltzmann equation more accurately, 
it has the important advantage of being self-consistent. The principle and 
application of Bjerrum ’s method is simple, so long as all ions have the same 
numerical valency 2 , and we shall confine our attention to this case. 

It is clear that the length 


^ 2DkT 2Dkf 


( 924 , 3 ) 


is a critical radius in any theory, for if then Debye’s theory a])plie8 in 
its original form. We imagine therefore the centre of every ion surrounded 
by a sphere of radius q. For each ion there are then the following alternatives : 
there may be (i) no other ion, (ii) one other ion of opposite charge, (iii) one 
other ion of the same charge, or (iv) more than one other ion, inside the 
spheric^al shell r = q. The relative frequency of these arrangements can 
easily be evaluated a])[)roximately, for in calculating distributions in which 
one ion (or a few ions) is within a certain small region immediately round 
the central ion the screening effect of the other (distant) ions may be ignored. 
The potential due to the central ion at a distance r can therefore be given 
the simple value ±z\e\jDr. The average number of ions of the opposite or 
the same charge within the sphere r = g is therefore 


y). 




( 924 , 4 ) 


the -f sign referring to ions of opposite and the — to ions of the same charge. 
F or sufiicienMy small values of this number is small compared with unity 
even for the -f sign and still smaller for the negative sign. We may then say 
that we have effectively a fraction a (a 1 ) of ions with an ion of the opposite 
sign within the si)here r = q, and a negligible fraction with an ion of the 
same sign. The fraction with two ions within r = q can easily be seen to be 
of order at most and may therefore also be neglected. The remaining 


Bjernim, Kgl. Danakt Tuf. StUk.^ Maih.-fys. Medd. 7, no. 9 (1926). 
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fraction 1 — a has no other ion within r q. Of the four possible arrangements 
only (i) and (ii) are effectively present. 

The novel idea in Bjerrum’s treatment is to deal with these two classes of 
ions separately. The fraction a is called associated ion pairs and the fraction 
\—CL free or unassociated ions. Bjerrum's approximation is now to ignore 
the effect of the electrostatic field of an associated pair on the remaining 
ions and to apply Debye’s theory to the free ions, assuming of course that 
they have an effective diameter q, for if they come closer than q they cease 
to count as free. 

For suflSciently small concentrations we have shown that 


a = 4ffr*rfr. (924, 5) 

To obtain formulae for values of a for which the condition a < 1 fails, we can 
calculate a by treating the distribution as one of dissociative equilibrium 
between the associated ion pairs and the free ions. The condition of dis- 
sociative equilibrium takes the form 




(924,6) 


where /y a-nd /,y are the partition functions for the free ions and the 
associated pair respectively. Only the configurational factors can con- 
tribute to this ratio, and it can be shown that 


fifi ^ 
'hi 


/: 


(924,7) 




if the electrostatic forces due to the distant ions are ignored. To this 
approximation therefore 


(l-a)*iVj 




(924,8) 


J 


To the next approximation 




= ■K'y;*, 


(924,9) 


where is the calculated activity coefficient of a free ion of valency ± 2 , 
the activity coefficient of the associated ion pair being taken as unity. The 
value of 7 ^ is given by Debye^s formula 

logr*- BkTl^Kq' 


(924, 10) 
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but with K determined by the concentration of free ions, that is 


87r-ftr^(l — a) 2*|e|* 

dWv 


(924,11) 


Since y' in (9) then depends on a, (9) has to be solved by successive approxi- 
mation. The values of a computed by Bjemim for univalent ions in water 
at 18° C. are given in Table 4. 

Table 4 


Degree of association a of univalent ions in uxUer at 18° C. 


a X 10® cm . 

2*82 

1 2-35 

1*76 

1*01 

0*70 

0*47 

9 /a 

2-5 


4 

7 

10 

15 

c in moles 







per litre 







0 0001 

— 

— 

— 

— 

0 001 

0*027 

0*0002 

— 

— 

— 

— 

0*002 

0*049 

0 0005 

— 

— 

— 

0*002 

0*006 

0*106 

0*001 

— 

0*001 

0*001 

0*004 

1 0*011 

0*177 

0*002 

0002 

0*002 

0*003 

0*007 

0*021 

0*274 

0*005 

0*002 

0*004 

0*007 

0*016 

0*048 

0*418 

0*01 

0*005 

0*008 

0*012 

0*030 

0*083 

0*529 

002 

0*008 

0*013 

0*022 

0*053 

0*137 

0*632 

0*05 

0*017 

0*028 

0*046 

0*105 

0*240 

0*741 

0*1 

0*029 

0*048 

0*072 

0*163 

0*336 

0*804 

0*2 

0*048 1 

0*079 

0*121 

0*240 

0*437 

0*854 


Once a is determined substitution in (10) gives y' the calculated activity 
coefficient y' of a free ion. The mean activity coefficient y^ of the electrolyte 
is then obtained from ^ ^32^ ^ 2) 

a relation which expresses the fact that the partial potential averaged for 
all ions, free or associated, must be equal to the partial potential of the free 
ions. The osmotic coefficient g can then be calculated from the thermo- 
dynamic relation 


= cdlogy^ 


(924, 13) 


The calculations have been carried through by Bjerrum. 

The results for uni-univalent ions can easily be- transformed to apply to 
other valencies and other solvents by making use of the fact that the 
osmotic coefficient g depends only on the ratios q:a: c~*, or is a function only 
of C7fi\e\^l{DkTf and z^\e\^l(DkTa), 

By comparing the values of g obtained from freezing-point measurements 
with calculated values much more reasonable values of a are obtained than 
from the simple theory, especially for bi-bivalent electrolytes, and for 
uni-univalent electrolytes in solvents of lower dielectric constant such as 
the alcohols. 
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§ 925. The choice of q. Before leaving this subject it is proper to 
enquire why precisely the distance q should have been taken arbitrarily as 
the critical radius distinguishing between free and associated ions. The 
answer is that the exact value of q is unimportant, and that the final result 
is not greatly different if we replace q by e.g. ^ or 2q. A revised form of the 
theory due to Fuoss* makes this point clearer by virtually eliminating the 
arbitrary choice of g. 

In Fuoss’s treatment every ion is paired with some one ion of the opposite 
sign according to the following convention. A positive ion and a negative ion, 
the centre of which lies at a distance between r and r -f dr from the positive ion, 
are defined to be an ion pair provided that no other unpaired negative ion lies 
within a sphere of radius r drawn round the positive ion. Let the centre of a 
particular positive ion be taken as origin and let G{r) dr be the probability 
that this ion forms a pair with one of the N negative ions at a distance 
betwe^en r and r + dr, there being no unpaired negative ion nearer than a 
distance r. We may then assert that G{r) will be proportional to iV; to 
47 rr^drlV; to the Boltzmann factor (this neglects screening); and 

finally to the j)robability f(r) that an unpaired negative ion is not already 
present in the volume | 7 rr^. The probability that the first unpaired negative 
ion is present in the spherical sheU x<r <x-j-dxmhy definition G{x) dx and 
therefore the probability f(r) that no such ion is anywhere present in the 
sphere of volume f Trr^ is 

f(r) ~ 1“"J 0{x)dx. (5125,1) 

Combining these statements we see that we have asserted that 

0{r)dr = rHre^l-i^l-j'a{x)dx^ . (926, 2) 

For small r the probability G(r)dr must reduce to the ordinary average 
number of ions of opposite sign, that is to 


With this boundary condition equation (2) can be solved giving 
0(r) = . 

/•F* f ® 

J 6r(r)drrsiJ 0{r)dr = 1. 


It can be verified that 


(925,4) 

(925, 6) 


* Fuoss, Trana. Fara. Soc. 80, 967 (1934). 
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We now study the dependence of 0(r) onr. We see that 0(r) has stationary 
values when 


r r* 


^nN 

IT 


^2gafl/r « Q 


(926, 6) 


There is always one maximum value, and there is also a minimum if g > a. 
If the concentration is fairly small so that and if also g>a, then 

the minimum occurs at 


/ 4nNe^ . \ 

(925,7) 

or at r q, and the maximum at 

r = (V/27TN)^{l-2q(V/2nN)-^-\-,..}, 

(926, 8) 

or at r (F/27riV^)* = p. These give 

Gmin-Giq)^ y e*g*, 

(926, 9) 


(925, 10) 

while for ions in contact 

(925,11) 

It is thus approximately true that O(a)oc NjV, while G(p) 

C3C (N/V)^, so 


that at low concentrations 0{p) p 0(a) while at high the order will be re- 
versed. For given solvent, temperature, valency, and ionic diameter there 
will be a concentration for which these two probabilities are equal. This 
concentration has the value 97e“^/"/(10®o)®. If for example we take 
y = 300®K., a = 4-6 A., then logiQCQ = — 78-72;*//>. Thus for aqueous 
solutions of a bi -bivalent electrolyte the critical concentration is about ten 
thousandth molar. An example of G{r) is shown in Fig. 1 for this case. The 
various characteristic distances in A. are a = 4*6, (VI2N)^ = 202, I/k = 163, 
q = 14, p = 138, and their variations as c changes can be derived from the 
foregoing formulae. The maximum at E and the inflexions at D and F move, 
however, only at rates proportional to c* both vertically and horizontally, 
while A and C move upwards at rates proportional to c. It follows that over 
a wide range of values of c there are very few ion pairs at C in the neigh- 
bourhood oirciq compared with those round A or E ot both. It is therefore 
legitimate to divide the ion pairs up into these two classes by an arbitrary 
convention provided that the dividing radius is chosen near q as Bjerrum 
has done. It is clearly then the correct first approximation to treat the two 
distinct classes as contributing to the electrical energy according to Debye’s 
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theory for the distant pairs, while giving zero for the associated pairs. There 
is therefore no ground for the assertion of Gronwall, La Mer and Sandved* 
that Bjerrum’s assumptions are arbitrary. 


8X1 0**! 



Fig. 1. The diHtri button function Q{r) att a function of r. 


§ 926. Specific interaction of ions. The most valuable coutribiitioii 
of Debye’s theory consists of the limiting laws for high dilutions, which do 
not involve the ionic diameter. The formulae involving the mean ionic 
diameter a may be fairly satisfactory if a is not too small. When a is small 
they fail, and the variations, such as those of .Bjerrum and of Gronwall, 
which attempt to correct for this failure are all cumbersome and none of 
them exact. Moreover the treatment of the ions as rigid spheres is far too 
crude to take account of the specific properties of various ions of the same 
valency, for the ions differ not merely in size but also in shape and polar- 
izability, all of which factors have to be represented by a change of a in this 
theory and its extensions. It is an obvious suggestion for improvement that 
in a solution containing several kinds of ions independent values of a should 
be assigned to each ion pair. It would be necessary, however, to ensure that 
the partial potentials of the various kinds of ions satisfy the thermodynamic 
relationships 

dN, ~ dN, ■ 


(926, 1) 


and any simplification of the calculation would be liable to fail to preserve 
these necessary relationships. 

Anything like a complete calculation being at present apparently out of 
the question, an attempt has been madet to solve the simpler problem; 


* Gronwall, La Mer and Sandved, Physikal, Zeit, 29, 358 (1928). 

t Guggenheim, Proc. Scandinavian Scientific Congresst Copenhagen (1920); PhiL Mag, 
10, 688 (1936), which includea a review of the conditions for the validity of Debye’s theory and 
the various attempts to improve on it. 
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Given the equilibrium properties of dilute solutions of each single electrolyte, 
to calculate the specific equilibrium properties of a solution containing several 
such electrolytes, A standard of comparison is required to which we can refer 
the properties of any actual solution of electrolytes. Among a variety of 
possible standards the most convenient seems to be an imaginary electrolyte 
containing a mixture of ions of the same concentrations and valencies as 
those of the actual electrolyte, which accurately obeys Debye’s formulae 
for a definite value of the parameter a. For numerical convenience we choose 
for a the value 3*08 A. which makes ku equal to /*. 

Let us now consider two actual ions, a and in a given relative con- 
figuration. Their mutual potential energy as defined in §908 can be 
regarded as the sum of the two terms 

(926,2) 

where W'flf is the value for the two standard ions of the corresponding 
valencies, and measures the specific deviations of the interaction of 
the given ion pairs from that of the corresponding standard ion pair. For 
all except small distances is effectively the Coulomb energy, while 
is negligible except at very small distances. We shall now make the 
assumption that the contribution of to the thermodynamic functions 
can be added as a correction additional to the electrostatic terms arising 
from This assumption cannot be accurate, but we may expect it to 
be a reasonable approximation so long as the contribution is small com- 
pared with the electrostatic terms. We then write as before for the con- 
tribution of the interionic potentials to O, and may break this up into 

(?ei = (926,3) 

being given by (917, 3) for the chosen a, while is an additive term 
vanishing when JF®^® = 0. Now this additive term arises from effectively 
short-range forces, and may therefore be evaluated as a contribution to 
logD(T) by the methods of Chapter vii for imperfect gases. The arguments 
there used must be generalized, so that the standard value of Q{T) contains 
the standard interionic energies In Chapter vii we found an extra 

contribution to the free energy of 


V 





(926,4) 


per molecule pair, the integrand being effectively non-zero over a short 
range only. Here the extra contribution can be shown to be, to the same 
approximation, 

^ _ e-w^iUT) 


( 926 , 6 ) 
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per ion pair. The expression (5) is strictly calculated by establishing 
the at constant temperature and volume. For reasons similar to those 
given in § 917 it is, however, probably more accurate to take it as equal to 
^spe thus obtain the following expression 

Qe\ ^ (5f8pe 

= + (926,6) 

Not all the specific terms are equally important; the terms arising from 
pairs of ions of the same sign for which > 0 will be small compared with 
those arising from pairs of ions of opposite sign for which < 0. * We may 

therefore simpfify 6?®' to the expression 

IcT 

y (926,7) 


where B is any cation and X any anion, and x ^ coefficient depending 
only on the temperature and the solvent, but specific to the pair of ions in 
question. These Vj^ x'b each be determined by the properties of a single 
electrolyte, and the equilibrium properties of a general mixed electrolyte 
will then be derivable from (7). 

The specific contribution MTo to the partial potential of the solvent 
water will be given by 


a^rspe 


/^Iffo = = ^H.O 


^Qspe 

"0T 


— — kT 


V V 


^R,X' (^26, 8) 


Provided the solution is extremely dilute, the corresponding contribution 


to 1 — ^ is 


/^To 




^R,x Sji Xx /V^ 

'tMV^xNxIV 

^H»X ^It^X_ 




X^X 




X* 


(926,9) 


where c^, Cx denote concentrations in gram -ions/litre and the Pr^x 
related to the Vj^x IN 


Ph,x - 


210» 




(926, 10) 


For the sake of brevity we shall confine our further discussion to solutions 
containing electrolytes all of the same valency type, such that each molecule 
yields cations of valency and q_ anions of valency z_. If then c denotes 
the total concentration of electrolyte in moles/litre, we have 

c = y^RCjilq^ + S^c^/g_. (926, 11) 

• Cf. BrOnsted, J Am, Chem. Soc. 44 , 877 (1922). His formulation of the principle of 
specific interaction states that: **lon8 are uniformly influenced by ions of their own sign and 
speciScally influenced only by ions of the opposite sign." 


FG 


27 
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Let the composition of the solution be defined by the fractions 
= ^'rI^r^r^ ... of all the cations that are of the type R and the fractions 
XxI'^x^'X ^ ... of all the anions that are of the type X, Then (9) can be 
rewritten as 




X^rXx 




A'» 


where q is defined by 


^ - JL ^ 


(926. 12) 

(926. 13) 


being unity for symmetrical electrolytes. 

Using (919, 4) with a chosen equal to 3*08 A. for the standard contribution 
to (l—g)t we obtain as the complete formula for \ —g 


l-g = 0-3742 cr(l^)- 'qc^n.x^R^xpR,X‘ (926, 14) 
For a single electrolyte this reduces to 

\^g = 0-3742^|2_| l^(T{l^)-qcPR^x^ (926, 16) 

The corresponding formula for the mean activity coefficient of an electro- 
lyte consisting of the ions i?, JT in a mixture of electrolytes of the same valency 
type is at 20^" C. 

logio yi?,x ~ 


For a solution of a single electrolyte this reduces to 


, 0-600z^| 2_| /* 2g . 


(926, 17) 


There is excellent agreement between the best fieezing-point data and 
(16) for single electrolytes of various valency types. The values of pj^ x 
which best fit the data are given in Table 5. With these values the disagree- 
ment between calculated and observed freezing-points is probably less than 
the experimental error for all ionic strengths up to 0*1. At higher ionic 
strengths the formulae are not reliable. The dependence of 1 — ^ on the ionic 
strength is shown by the curves in Fig. 2, where (1 -g)lz^\z_\ is plotted 
against /*. Fig. 3 shows the corresponding behaviour of the mean activity 
coefficients calculated according to (17) with the same fiji^x values. 

Such data as are available for mixed electrolytes are mostly in excellent 
agreement with the theory.* It would take too much space to discuss these 
here. We would only point out that for a mixture of electrolytes of the same 
valency type at a given total concentration the osmotic coefficient is 
according to (14) in general a quadratic function of the fractions Xx 
describing the composition of the solution. Only in the special case where 


* For further detaile see: Bronsted, J. Am, CAem. Soc, 44 , 877 (1922); Qtintelberg, ZtiL 
Physikal. Chem. 123, 199 (1926); Ouggenheim, Phil. Mag. 19, 688 (1936); 82, 322 (1936); 
Quntelberg, Siudier over Elekirolyt-AciivUeUr (Copenhagen, 1938). 
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Table 5 


Values of fi fitting freezing-point data of single electrolyses 


Electrolyte 




Authority 

Ha 

1 

0-275 



(4) 

Lia 

1 

0 223 

— 

(8) 

Naa 

1 

0135 

— 

(3), (8) 

Ka 

1 

/ 0-066 

— 

(8) 



t0083 

— 

(1).(6) 

TlCl 

1 

0*40 

— 

(4) 

Liao, 

1 

0*280 

— 

(7) 

NaClO, 

1 

0040 

— 

(7) 

Kao, 

1 

-0166 

— 

(7) 

Liao, 

1 

0-380 

— 

(7) 

Naao, 

1 

0-075 

— 

(7) 

Kao, 

1 

-0*600 

— 

(7) 

LiNO, 

1 

0*260 

— 

(7) 

NaNO, 

1 

0*000 

— 

(7) 

KNO, 

1 

/ -0*237 

— 

(7) 



( - 0*29 

— 

(I) 

CsNO, 1 

1 

0*00 

— 

(6) 

NalO, 

1 

-0*40 

— . 

(2) 

KIO, 

1 

-0*40 

— 

(2) 

LiOjCH 

1 

0*140 

— 

(8) 

NaO.CH 


0*170 

— 

(8) 

KO,CH 

1 

0*190 

— 

(8) 

LiO.C.CH, 

1 

0*210 

— 

(8) 

NaOjC.CH, 

1 

0*290 

— 

(8) 

KO.C.CH, 


0*290 

— 

(8) 

Na,SO, 

4 

-0*46 

-0*60 

(«) 

K,SO, 

4 

T 

0*00 

0*00 

(2). (5) 

Ba(NO,), 

4 

T 

-0*41 

-0*56 

(6). (6) 

MgSO, 

1 

0*00 

0*00 

(2). (6) 

CuSO, 

1 

- 1*7 

- 1*7 

(6) 

La(NO,), 

■* 

2*6 

+ 39 

(2) 

La,(SO,)a 

"If 

0*00 

0*00 

(6) 


Rejfrenres to Table 5 

(1) Adams, J. Am. Chem. Soc. 87, 481 (1915). 

(2) Hall and Harkins. J. Am. Chem. Soc. 88, 2658 (1916). 

(3) Harkins and Roberta. J. Am. Chem. Soc. 88, 2676 (1916). 

(4) Randall an<l Vanselow. J. Am. Chem. Soc. 46 . 2418 (1924). 

(5) Hovorka and Rodebush. J. Am. Chem. Soc. 47 , 1614 (1925). 

(6) Randall and Scott, J. Am. Chem. Soc. 49 . 647 (1927). 

(7) Scatchard, Junes and Prentiss. J. Am. Chem. Soc. 64 . 2690 (1932): 66 , 806 (1934). 

(8) Scatchard and Prentiss, J. Am. Chem. Soc. 64, 2696 (1932); 66. 4355 (1933); 66 , 807 (1934). 

there is only one type of anion X (and of course in the analogous case of 
only one type of cation) (14) reduces to 

1— gr = 0-3742_^|2_| /* <r(/*) — (926.18) 

which is linear* in the fractions 

* See Otintelberg, Zdt. Phyeikal. Chem. 128, 236 (1926). 


27-a 




Fig, 2. Osmotic coefficients for solutions of yarious electrolytes. Curves drawn according to (15) 
for the best values of /?, given in Table 6, in good agreement with the observations. 



Fig. 3. Activity coefficients of various electrolytes calculated according to equation (17). 





CHAPTER X 


SURFACE LAYERS 

§ 1000. Introduction. Surface phases constitute a state of matter to 
which statistical methods can be applied to construct the thermodynamic 
functions with much the same approximation as to liquid phases. A surface 
phase must strictly be regarded as all that volume of material surrounding 
an interface between two bulk phases in which the properties of the material 
differ appreciably from those of the bulk phases on either side. When the two 
bulk phases consist of the same pure substance the surface layer can differ 
only in structural arrangement; when the bulk phases contain more than 
one component the layer in general contains these components in changed 
proportions. 

In the case of a surface layer or interface between two phases constructed 
of a single pure substance the main purpose of any theory must be to 
calculate the surface free energy. In the important case that the two phases 
are a liquid and its vapour this surface free energy per unit area is equal to 
the surface tension. In §§ 1016 sqq, we give a statistical theory of Macleod’s 
equation for the surface tension of a liquid-vapour interface in terms of the 
difference in density of the liquid and the vapour. This theory is only very 
rough, and in general such surface phases are difficult to study theoretically, 
owing to the changes of structural arrangement involved. 

The greater part of this chapter will be devoted to the consideration of 
films adsorbed on a liquid or a solid. The a priori calculation of the absolute 
value of the free energy for such a surface phase would be even more intract- 
able than that of a volume phase of a single component, but its dependence 
on the amount of the substance or substances adsorbed is a much simpler 
problem, and it is with this problem that we shall be mainly concerned. In 
discussing such adsorbed films the underlying liquid or solid is regarded as 
providing a definite field of force for the adsorbed molecules. We shall 
confine our discussion to adsorbed layers at most one molecule thick, 
attached to the surface of a solid or of a liquid in which the molecules are 
practically insoluble. Such a layer may be conveniently referred to as a 
monolayer. 

§ 1001. Two types of monolayers. We have to consider separately 
two distinct types of monolayer, which we shall refer to as mobile rnonolayera 
and localized rnonolayera. According to the model of a mobile monolayer 
some point in the adsorbed molecule (for example its centre of mass) is 
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bound tightly to the surface in the normal direction, with complete freedom 
of movement in the two directions in the surface, at a uniform potential 
except in so far as it interacts with other adsorbed molecules. This model is 
applicable to monolayers on liquids and perhaps also to monolayers on 
solids at high temperatures. But the more useful model for monolayers on 
solids is that of the localized monolayer, which is due to Langmuir. According 
to this model there are definite points of attachment on the solid surface, 
capable of accommodating just one adsorbed molecule. We shall refer to 
these points on the surface as sites. It should not be impossible to find a 
satisfactory mathematical technique for tracing the gradual transition 
from the localized monolayer to the mobile monolayer as the temperature 
is increased, but little work as yet has been done on this problem, and we 
shall not attempt to discuss it here. 


§ 1002. Surface tension and spreading pressure. Before proceeding 
tiO the statistical treatment of surfaces, we shall briefly note the thermo- 
dynamic relations for a surface phase, as these are not infrequently given 
wrongly. We associate with the interface a geometrical surface so placed 
that the total amount of a chosen component, say 1, which we shall call the 
reference component, is the same as if both bulk phases remained homo- 
geneous right up to the geometrical surface. We then denote by . . . 

the excess amount per unit area of components 2, 3, . . . over the amount 
there would have been if both bulk phases had remained homogeneous 
right up to the chosen surface. We also define the free energy of the 


surface by 




( 1002 , 1 ) 


where F is the free energy of the assembly consisting of two bulk phases and 
the interface between them, and F\ F" are the free energies of the two bulk 
phases calculated on the supposition that both these phases remain homo- 
geneous right up to the chosen surface. The surface total energy and the 
surface entropy are defined analogously. The surface free energy F^, 
thus defined, is related to the temperature, surface area A and surface 
composition by 

dF^ = + ( 1002 , 2 ) 


y is called the surface tension. From (2) one can deduce the two further 
relations* ps = + .... (1002, 3) 


Ady = -8^dT- d/i^ - d/t, - . . . . 


( 1002 , 4 ) 


Formula (4) is the analogue for a surface phase of the Gibbs-Duhem relation 


* See M.T. Chapter zii. 
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(601,6). At constant temperature we can rewrite (4) in the more familiar 
form (T constant) (1002, 6) 

known as Gibbs’ adsorption formula. 

In the particular case of only a single component 1, formula (3) reduces to 

F^ = yA. ( 1002 , 6 ) 

In this case, but in this case only, the surface tension is equal to the surface 
free energy per unit area. 

We have already mentioned that we shall be mainly concerned with 
surface films on an underlying solid or liquid phase, in which the substances 
forming the film are effectively insoluble. If we denote by the contri- 
bution to F^ of the adsorbed molecules forming the film, then F^^ is deter- 
mined by the number of these molecules of each type, by the temperature 
and by the area of the film. Let us now consider a surface of which one part 
of area A is covered by the film and the remaining part is clean. Now 
suppose that the covered area A increases by dA and the clean area decreases 
by dA . Then the decrease of free energy will be 

-..rf/’ads _ _ -.ydA ^y^dA = (y^ — y)dA (T constant), (1002,7) 

where y denotes the surface tension of the covered surface and y^ that of 
the clean surface. We may therefore regard y^ — y as the two-dimensional 
pressure that one would have to apply to the film to stop it from spreading. 
The quantity 7o“-7 is accordingly called the spreading pressure, and will 
be denoted by 0. The relation 0 = — dF'^^^jdA, which follows from (7), is 
the two-dimensional analogue of P = — dFjdV. The spreading pressure is 
a useful conception in the treatment of monolayers, and can be measured 
directly when the underlying phase is liquid. When the underlying phase is 
solid the physical significance of the spreading pressure of the film is still 
clear, although that of the surface tension of a solid surface is less obvious. In 
the treatment of monolayers, if one chooses the underlying substance as 
the reference substance and denotes the adsorbed substances by A, B, ... 
instead of by (2, 3, . . . ), we have in place of (5) 

d(l> = r^d/ij^ -f ... (T constant). (1002, 8) 

§ 1003. Mobile monolayers. We shall not devote much space to 
mobile* monolayers purely for the reason that their statistical treatment is 
the exact analogue of that of bulk phases. A mobile monolayer of a single 
substance may be gaseous, liquid or solid* according to the degree of 
interaction between the adsorbed molecules. 


* For a detailed account of monolayers on liquids dealing both with tho elementary theory and 
the experimental data, see Adam, The Phyeics and Chemistry of Surfaces, £d. 2 (Oxford, 1938). 
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If the interaction between the adsorbed molecules is entirely negligible, 
we have a two-dimensional perfect gas. We have already referred briefly to 
such an assembly in §604. The partition function l(T) for translation in 
two dimensions in an area A is 




(1003, 1) 


and so the complete partition function a(T) of an adsorbed molecule is 


a{T) = l(T)j{T) = 


27 rmkT 

A* 


Aj(T), 


(1003,2) 


where jX?*) is the partition function for the internal degrees of freedom of the 
adsorbed molecule including vibration normal to the surface. The con- 
tribution of the adsorbed molecules, N in number, to the free energy is 
therefore, as in § 226, 


= -NkT\oga{T) + NkT{\ogN-\) 




-NkT. 


The spreading pressure ^ is therefore 

32 f’ads 

d 'A 


0 = -- 


Ni^ 
A * 


(1003,3) 


(1003,4) 


This is the equation of state of an ideal mobile monolayer, analogous to a 
perfect gas. Such a monolayer is difficult to realize in practice owing to the 
high dilution required in order that the mutual interaction of the adsorbed 
molecules may be negligible. 

If the mutual interactions of the adsorbed molecules are not entirely 
negligible but the deviations from ideality due to them are small, we have the 
exact analogue of slightly imperfect gases discussed in Chapter vii. The 
method of treatment is exactly analogous and we need not give details.* 
The contribution of the adsorbed molecules to the free energy is now 
given by , a 

F*0“ = iVfcTlog2^— ^^piTlogfi(T), (1003,6) 

where II(T), conveniently called the partition function for the mutual 
interaction of the adsorbed molecules, is the two-dimensional analogue of 
the i2(T) of Chapters vn and vni. For small deviations from ideality fl(T) 

is given by ^ 1 iff* r« 

log£2(T) = J\riog-j^-l--y + I l)27rrdr, (1003,6) 

xV Z A J Q 

were e(r) denotes the mutual potential energy of two adsorbed molecules 


• See MitoheU, Tran*. Fora. Soe. SI. 980 (103S). 
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at a distance r apart. Formula (6) is the exact two-dimensional analogue of 
(703, 16) for a single type of molecule. From (5) and (6) we deduce for the 
spreading pressure 


^ dF^ _ d\oga(T) 

0 ^ “ 0 ^ 


N h'P 1 r® 

(1003,7) 


this formula being the two-dimensional analogue of (704, 4) for a single 
type of molecule. 

Formula (6) is of general validity, but the approximation (6) for 0.(T) is 
valid only for small deviations from ideality, and formulae (6) and (7) must 
not be applied in the regions of the critical state or of (two-dimensional) 
liquefaction. In these regions one has to use some method of evaluating 
fl(r) such as that of Mayer from §§722^gg. modified for two dimensions, 
or that described in §§8085gg. for the three-dimensional case. This latter 
method has been applied by Devonshiref to compressed monolayers. We 
shall not give details of the treatment, which is exactly analogous to that 
used by Devonshire and Lennard-Jones for the three-dimensional assembly. 
Using €*, as defined by formula (808, 6), to denote the minimum value of 
the mutual potential energy of two molecules, and z to denote the number of 
nearest neighbours of a given molecule, we saw that the critical temperature 

for a three-dimensional assembly was given according to (810, 1) by 


ifcT; = 2|e*|/9. (1003,8) 

Devonshire finds that the critical temperature for the two-dimensional 
monolayer is given approximately by the similar relation 

kT^ = (1003,9) 


In the three-dimensional assembly z was assumed to have the value 12> 
as for close-packing. The analogous assumption for the two-dimensional 
assembly is z = 6 corresponding to triangular packing. Hence the ratio of 
the critical temperature for an adsorbed monolayer to the critical tem- 
perature of the same substance in bulk should be as (6/8*6) : (12/9) or as 
1 : 1*9. There are no quantitative data with which to compare this. But 
measurements^ of the adsorption of xenon on liquid mercury show no trace 
of critical phenomena at temperatures considerably below the ordinary 
critical temperature of xenon. 

Devonshire’s treatment can obviously be extended to give the spreading 
pressure of a two-phase monolayer, one phase being a two-dimensional 
liquid, the other a two-dimensional gas. Such a calculation is, however, of 


f DeTonshire, Proc. iZoy. 8oc. A, ISS, 132 (1937). 

{ GmmI and Neugebauer, J, Phya. Chem. 40, 623 (1936). 
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no practical value at the moment. For, whereas the energy of interaction 
is known as a function of the distance only for monatomic molecules or very 
symmetrica] molecules such as H 2 , N 2 , all experimental data for the spreading 
pressures of mobile films are for large organic molecules. 


§ 1004. Ideal localized monolayers. We pass on now to consider 
localized monolayers, and start with those with negligible interaction 
between the adsorbed molecules. Such localized monolayers, like the mobile 
monolayers with the same property, may conveniently be called ideal. We 
denote by x minimum energy required to evaporate an adsorbed mole- 
cule from its lowest energy state in the monolayer, and taking the latter 
state as energy zero we denote the partition function for the internal degrees 
of freedom of the molecule including vibrations relative to its mean position 
in a site by We denote by a(T) the partition function for these in- 

ternal degrees of freedom of an adsorbed molecule referred to the usual 
energy zero of the lowest internal state of the gaseous molecule at infinite 
separation. Then a{T) is given by 

a(T) = f(T), (1004,1) 


but for the most part we shall not need to use this factorization of a(T). 

We denote the number of sites on the surface by and the number 
occupied by molecules of types AyB,.,. by .... The number of 

empty sites will then be — The complete partition function for 

this monolayer is thus 

g{NAy N^y ...) [aA(T)r- (1004, 2) 


where g(JV^, JVjj, ...) denotes the number of distinguishable ways of dis- 
tributing the adsorbed molecules over the sites. Thus giN^yN^y •••) is the 
number of ways of dividing Ng sites into groups of N^y Ng , . . . and N^- 

Hence 


9{^Ay^Bf ...) — 


Ng\ 


(1004, 3) 


Substituting from (3) into (2) we obtain for the partition function of the 
monolayer ^ ^ 

For the free energy of the adsorbed monolayer we have then 

= -Ns log Ns + 2^ log N^ + (Ng - 2^ N^) log(Ns 

-Z^N^logaJT). (1004,6) 
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For the partial potential y ,i of the molecules A we have 


^ = J- ^ - 1 

kT A;T\ - 

= logj— -l()ga^( 7 ’), 


loga^lT) 


( 1004 , 0 ) 


where 0 0 ^, ... denote the fractions of sites occupied by molecules of types 
A, B, .... The absolute activity of the molecules A is given by 


aAT)\-^,^e^ 


( 1004 , 7 ) 


In the vapour phase the absolute activity is, as we saw in Chapter v, 
given by 


A. = 


Pa 




kT{27rm^,kT)^jjTy 


( 1004 , 8 ) 


where denotes the partial pressure and y^(7’) the partition function for 
the internal degrees of freedom of the gaseous molecule A. By comparing 
(7) with (8) we obtain the condition for equilibrium between the monolayer 
and the vapour phase in the form 


where p^ is defined by 


^A ^Pa 
i-'^Af^A PV 


^ kT {27mjkT)fjJT) 
ajT) A» 


( 1004 , 0 ) 
( 1004 , 10 ) 


For the simple case of only a single type of adsorbed molecule formula 
(10) reduces to n 

r^e-p-- 


We can transform ( 1 1 ) to 0 = . ( 1 004, 1 2) 

p^+p 

Formulae (11) and (12) were first derived by Langmuir and are known as 
Langmuir’s* adsorption isotherm Current proofs of these formulae are 
usually based on explicit a43sumptions as to the mechanism of dej)osition and 
evaporation. We see here that no such assumptions are necessary. The 
isotherms (9), (1 1) or (12) must hold whatever the kinetics of the processes, 
provided only that the molecules are adsorbed on to definite sites and do 
not interact with one another. 

The form of Langmuir’s adsorption isotherm is familiar and we shall not 
consider it in detail. Its limiting forms are 

^-pIPo (P<P^)y 

0^1 (p>pV- 


Langmuir, Am. Chem. Soc. 40, 1361 (1918). 


( 1004 . 13 ) 

( 1004 . 14 ) 
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The transition from the one limiting case to the other is more readily 
achieved by varying the temperature and sopo, than by varyingp at a given 
temperature. At a single temperature it is usually impracticable to realize 
more than a short section of the isotherm. 

Langmuir’s adsorption formula is strictly applicable to an idealized solid 
surface, uniform in all directions, chemically inert and impermeable to the 
adsorbed gases. In all actual cases there arise complications through one or 
other of these conditions not being fulfilled. It is generally accepted that 
Langmuir’s formula forms a good basis for the discussion of the adsorption 
of gases on solids, but it is too simple to give quantitative agreement with 
experiment."* We shall therefore not discuss in any detail the experimental 
data. As one example of an experimental study designed to examine critically 
the degree of validity of Langmuir’s formula, we may refer to Wilkins’ 
measurementsf of the adsorption of argon, nitrogen and oxygen on smooth 
platinum foil for a range of temperatures and pressures. 


§ 1005. Atomic adsorption of diatomic molecules. It can happen 
that the molecules of the monolayer are not identical with those in the gas. 
The important case is hydrogen which exists as molecules H 2 in the gas, but 
generally as H in the monolayer. We then have in the monolayer by (1004, 7) 


_ 1 

« a^iTn-d^-'L’O^' 


(1006, 1) 


where denotes summation over all types of molecules other than hydrogen. 
In the gas phase we have, according to (1004, 8), 


The condition for equilibrium between monolayer and gas is 

Ah. = A|. (1006,3) 

Substituting from (1) and (2) into (3), we obtain 

where is defined by 

Similar formulae could readily be derived for any analogous example of 
a difference of molecular state in the adsorbed and gas phases. 


* Sm Adam, Tht Pkj/tie* and Chemutry of Swfaeti, Ed. 2 (Oiford, 1938). 
t Wilkina Proe. Boy. 8oe. A, 164, 610 (1038). 
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§ 1006. Regular localized monolayers. Although the adsorption 
isotherms of Langmuir’s type in some cases give a fairly good semi-quanti- 
tative representation of the real isotherms, they are probably never accurate, 
and in some cases they become useless owing to the ignoring of the inter- 
actions between the adsorbed molecules. We shall now consider the effect 
of such interactions. We shall assume that each site has the same number z 
of nearest neighbours, and that the total energy of interaction can be 
expressed as the sum of contributions of pairs of nearest neighbours. For 
the sake of brevity we shall confine ourselves to the case of only one type of 
adsorbed molecule, although the extension of the formulae to several types 
is straightforward. 

We can easily adapt the notation introduced in § 1004 for application to 
monolayers with interactions between the adsorbed molecules. We first 
consider a monolayer of so few molecules that the number of pairs of neigh- 
bours is negligible. We denote by Xo value of x for a molecule in such a 
monolayer, that is to say for a molecule adsorbed on a site with all the 
neighbouring sites unoccupied, and we denote the corresponding value of 
a(T) by a^(T). We now consider a monolayer with Ng sites, of which are 
occupied and Ng — Nj^ are empty. If the number of pairs of neighbouring 
molecules in a particular configuration of the monolayer is we assume 
that we can express the interaction energy, that is the amount by which the 
energy exceeds the value it would have if there were no pairs of neighbours 
by Nj^j^2wlz. The factor 2/z is included for convenience. We assume that 
a®(T) is effectively independent of The complete partition function 
of the monolayer is then 


[a0(T)r^, (1006, 1) 

where g(N^,N^^) denotes the number of distinguishable configurations 
with pairs of closest neighbours among the adsorbed molecules. 
We now define a quantity by the equation 


N I 

— p-NAA2wfzkr • 

^ IkT -ET \ I f 




since number of distinguishable configurations 

in a monolayer of Na adsorbed atoms. Then the free energy of the 
monolayer is given by 

F^IkT = -Ns log Ns + Na log Na + {Ns - Na) log(Ns - Na) 

-N^loga'>{T)+’^2wlzkT. (1006,3) 


If we then denote by the value by which exceeds the value for an 
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ideal monolayer in which the interactions are ignored, we see by com- 
parison of (3) with (1004, 5) that 

= •^2to/z. (1006,4) 


We denote by the equilibrium value of given by 
N^Ag(NA> Naa) 

(1006, S) 

By differentiating (2) with respect to T and comparing with (5j, we can 


show that 


Naa==-T^- 


dT 


(1006, 6) 


It follows that the contribution of the interaction energy to the total 

Tjint ^ ^ 


dT 


(1006, 7) 


as is physically obvious. The construction of all the thermodynamic func- 
tions is thus reduced to the evaluation of iV^^, or alternatively since the 
two are related by (6). 


§ 1007. Crude approximation. Before deriving more exact formulae 

^AA ^AA gjve some simpler formulae, which cannot be 

accurate but are a useful rough approximation to the accurate formulae. 
These formulae are obtained from the assumption of a completely random 
distribution of the adsorbed molecules in the monolayer. This crude assump- 
tion is exactly analogous to that used in § 818 to obtain the crude formulae 
for regular solutions. 

Let us denote by the numbers of pairs of neighbouring sites of which 
the one is occupied and the other is empty, and by the number of pairs 
of neighbouring sites both empty. Then, by counting all the Nj^ occupied 
sites as the ends of neighbouring pairs, we see that we must have the 

relations = zN^, 2W~^ ^1^^ = zN^-, (1007,1) 

+ Nao = z(Ng— N a), '^^ 0 ^ + = z(Ng~ Nff. (1007,2) 

The assumption of a completely random distribution of the adsorbed mole- 
cules can be expressed in the form 


__ _ 2N^^.2N^ = (Nao)*. 

Eliminating and from (1), (2) and (3), we obtain 


2NrA(zNs - 2zN^ + 2N^^) = (zN^ - 2 Naa)', 


which reduces to 


= miNs. 


(1007.3) 

(1007.4) 

(1007.5) 
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Equations (3) and (6) are exactly equivalent. It may be easier for some 
readers to derive (5) itself from the assumption of randomness directly. 
Each occupied site has z neighbours, and with perfectly random arrange- 
ments each site has a probability N^/Ng of being occupied. Hence the 
average number of neighbours of any given is zN^/Ng. There are 
occupied sites in all and counting zN^jNg neighbours for each counts each 
pair twice. We thus obtain (5). We shall now deduce the consequences* of 
the assumption of random distribution, expressed by (5). 

According to (1006, 6) we have 


^AA - ^AA = 

Substituting from (6) into (1006, 3), we obtain 

Icf ^ ^ ^ 


(1007,6) 


W yy 

^N^loga^{T)+ (1007,7) 


For the partial potential /i of the adsorbed species we derive 

Ji^ ^ = log — — loga®(7’)-f 

kT kT\dN^ . ^Ng^Nj N kT 


^\og^-\ogaf>{T) + ^, (1007,8) 


where 0 in the fraction of the sites that are occupied. The absolute activity 

A is given by n , 

A = eMT- = . (1007, 9) 


By comparing this with formula (1004,8) for the absolute activity in the 
gas phase, we deduce ^ 

where is defined by 


„ kT (27TmkT)^f(T) 
^ ~a\f) ¥ 


(2vm)^kT)^f(T) 


(1007,11) 


We have used the superscripts G for the gas phase and 8 for the surface 
phase. Writing ^>(6) to denote the value of p for the specified value of 6, 

we deduce from (10) p{e)p(\-d) = {p(\)Y, (1007,12) 

and similarly from (9) we deduce 

A(^)A(l-(9) = {A(i)}», (1007,13) 


• Fowler, Pfoc. Comb, Phil. Soc. 82, 144 (1936). 
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where A(ff) denotes the value of A for a given value of ff. From (12) and (13) 
we see that y = \og[p(6)lp(\)} = log{A(^)/A(J)} is an odd function of 
Examples of y plotted against 0 for several values of 2wlkT are shown in 



Fig. 1. Vapour pressures of regular monolayers (crude approximation). The figures attached to 
the curves are values of w/kT. The dotted portions of the curves represent unstable phases. The 
curve for w/kT = 0 is the ideal one and that for w/kT — - 2 the critical one. 


The curve for wjkT == 0 corresponds to an ideal localized monolayer 
and represents Langmuir’s isotherm. The curves for wlkT>0 and for 
0^wjkT> —2 resemble Langmuir’s isotherm in that ^ or A increases 
steadily as d increases from 0 to 1 . The curves for wjkT < — 2, however, have 
a central part where p and A decrease as d increases. This corresponds to an 
instability, and such a monolayer will split up into two stable monolayers. 
In the following section we shall consider in some detail the occurrence of 
two-phase monolayers. 

We have in the present section tacitly assumed that the adsorbed mole- 
cules are identical with the molecules in the gas. When this is not the case, 
the formulae can easily be amended as described in § 1005. For example, 
if the gas consists of molecules which are adsorbed as H atoms, formula 
(9) for A remains unaltered provided A denotes Ag. It is only the formula 
relating A to p that has to be modified. Instead of formula ( 1004, 8) we have 
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to use as in § 1005 




The curves for y are unaffected provided y is now. defined by 
y = log{A(^)/A(i)} - 


§1008. Two-phase localized monolayers. Accoming to (1007,9) 
we have ^ A 1 1 2w 

~dd~ ~ d^T^e'^kf’ ( 1008 , 1 ) 


de» (9*‘^'(i-0)*' 


(1008,2) 


From (2) we see that all the curves in Fig. 1 have a point of inflexion at ^ 
and so the curves have their smallest slope at ^ From (1) we see that 
this smallest slope is positive if wlkT> —2 and negative if wjkT < —2. 
When wjkT = — 2 we have a horizontal point of inflexion. The temperature 
= - wl2k is therefore a critical one. At higher temperatures all values of 
d are stable, while at lower temperatures values of 6 in the neighbourhood 
of ^ ^ are unstable and phases with such values of 0 will split into two 

stable phases. 

We have now to determine the composition of the two stable phases into 
which an unstable phase splits. If we denote the two stable phases in mutual 
equilibrium by a single and a double prime, we must have 

A' = A", (1008,3) 

= (1008,4) 

where ^ denotes the spreading pressure. From (3) we see that the two 
phases are represented by points at the same height in Fig. 1 . The condition 
(4) can be written as 

J d^ = 0. (1008,5) 

But according to (1002, 8) we have 


d<i, = ^^ed\ogX. 

A 


Substituting from (6) into (5) we deduce 


J (?dlogA = 0. 


(1008, 6) 


(1008,7) 


Formula (7) expresses the equality of the two areas formed by the curve, 
corresponding to the single-phase isotherm and the horizontal Une joining^ 


FG 
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the two phases in mutual equilibrium. But we have already noted that the 
curves are antisymmetrical about 0 = \ end so the two phases in mutual 
equilibrium must lie on the line y = 0. It follows that 

A' = A" = A(i), (1008,8) 

y=p"=p(i). (1008,9) 


Substituting from (1007, 10) and (1007, 11) into (9), we obtain 


P =P 


frf(T) 


(1008, 10) 


As a rough approximation we shall assume that the three translational 
degrees of freedom of an adsorbed molecule in the monolayer are effectively 
classical harmonic oscillations, and that all other internal degrees of freedom 
are the same in the adsorbed molecule as in the gaseous molecule. If we 
denote by v the geometric mean of the frequencies for the three directions 
of vibration in the monolayer, the contribution of these vibrations to 
is (kTjhv)^. Substituting this value into (10) we obtain the approximation 

= p'' = (27rm)« e-<x,-w)jkT^ 

DiJBferentiating (11) with respect to iT we obtain 

= Xo-«’- ikT. (1008, 12) 


According to (11) if one plots log(p'T*) against l/T one should obtain a 
straight line of slope —(Xo^^)lk^ Since in the experimental range the 
variation of the factor T** in (11) is not serious, one would also expect to 
obtain an effectively straight line by plotting logp' = logp" against l/T; 
the slope of this straight line should be — (Xo “ ^ ~ \kT)lk. 

As defined above p' (or ^>") is the vapour pressure of a two-phase mono- 
layer, but at temperatures well below the critical temperature IJ. we can 
obtain and use an alternative definition. Consider for example the tem- 
perature r = - wj^k, just half the critical temperature. The two monolayers 
in equilibrium have according to (1007, 10) and (9) compositions given by 
the two roots other than 0 = \ of the equation 

= (1008,13) 

\—u 

These roots are 0' = 0*021 and O'* = 0*979. At lower temperatures 0* is still 
nearer to zero and 0*' still nearer to unity. At each temperature well below 
3^, if the pressure of the vapour is gradually increased, there is then a definite 
pressure p* at which the equilibrium value of 6 jumps from a value 6* not 
much different from zero to a value 0** not much different from unity. 
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Conversely for a given pressure^ there will be some temperature T at which 
p'{T) .= p. For a slightly higher temperature we have p'(T) > p, and so the 
equilibrium value of 6 for the given p will be less than differing but 

slightly from zero. For a slightly lower temperature on the other hand we 
have p'(T) <p and so the equilibrium value of 0 for the given p will exceed 
6''(T), differing but slightly from unity. Thus for a given/; as the tempera- 
ture is lowered there will be a temperature at whic’h the equilibrium value 
of d jumps suddenly from a value near zero to a value near unity. 

§ 1009 . Comparison with experiment. There are no cquilibriuni 
measurements corresponding to the theory of two-phase localized mono- 
layers, but an indirect comparison of the theory with certain kinetic experi- 
ments can be made. In these experiments a stream of metal vapour falls 
on a plate at a given temperature, the metal atoms making a given number 
of impacts on unit area in unit time. It is found that at temperatures greater 
than a certain temperature depending on the rate of bombardment, 
the metal is not deposited, but that at temperat ures less than the metal is 
deposited in bulk. We may therefore call the temperature of deposition. 
What is observed has therefore nothing directly to do with the formation of 
an equilibrium monolayer to w hich the theory applies, but one can see that 
it can be related to the underlying equilibrium problem. The existence of a 
sharp deposition temperature has been discussed previously by Lang- 
rnuirf and by Frenkel J from a more kinetic standpoint than that adopted 
here. 

Under complete equilibrium (conditions between a two-phase monolayer 
and the vapour phase, the vapour pressure p' (or p'') is given approximately 
by (1008, 11). The number n of molecules from the vapour phase striking 
unit area in unit time is according to (334, 2) 

n=p'l{27rmkT)K (1009,1) 

Substituting from (1008, 1 1 ) into (1) we obtain 

_ ix. (1009, 2) 

Let us denote by w* the number of molecules striking unit area in unit time 
under the non -equilibrium conditions of the experiments mentioned above. 
We assume that the probability that a molecule hitting the surface becomes 
adsorbed either is almost unity or at least is almost independent of its 
velocity. Then the surface will at the most become covered to an extent 0^ 
at which the rate of evaporation of adsorbed molecules from unit area in 

t Langmuir, Proc. Nai. Acad. Set. 8, 141 (1917). 

J Fronkel, Zeit. Phya. 26, 117 (1924). 


28-2 
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unit time is equal to n*. For a given value of the temperature T of the 
surface, 6* will, as explained in the previous section, be only slightly greater 
than zero if n* < n and will be only slightly less than unity if »* > n. If then 
we gradually lower the temperature T, the surface will not become covered 
appreciably until the temperature reaches the value at which n = n*, 
when the surface will suddenly tend to be practically completely covered. 
Actually as soon as the temperature becomes lower than not only does 
the surface become covered with a monolayer but further layers of metal 
atoms deposit in bulk on top of the monolayer. This secondary occurrence 
need not however concern us. The deposition temperature for given n* 
is then according to (2) given by 

(1009, 3) 

The temperature dependence of the non-exponential factor in (3) is un- 
important compared with that of the exponential factor. If follows that if 
logn* is plotted against 1/T^ one should obtain a practically straight line of 
slope extrapolated value of logn* for l/T^ = 0 

should be 2nm}^lkT ^ . 

Accurate experiments which can be compared with the theory on this 
basis have been recorded by Cockcroft, f His results for the condensation 
of cadmium on copper are shown in Fig. 2 in which log^Q w* is plotted against 
1 IT^. The observed relation approximates closely to 

iogion* = 22-76- 1250/7^. (1009, 4) 

Comparing this empirical relation with (3), we deduce that 
{Xo-w-kTa)lk = 2-303 x 1260 = 2880 deg. 


In the middle of the experimental temperature range 1/IJj = 0-007 deg."”^ 
and BO ,(Xo — '^'-k:T^)/kTa2:LO-007x2SSOc^20, The available data do not 
enable us to estimate Xo ^ separately. The theory, however, requires 
that =* —wj2k or —wlkT^p2, which is consistent with the data. 

We can also estimate v the average frequency of vibration of an adsorbed 
atom by comparing the empirical relation (4) with the theoretical formula 
(3). We thus find 

= 10**'^*A;7J|/27rm~ 10®®sec.“®, 


so that vd:! lO^^sec.-^. The corresponding characteristic temperature defined 
by 0 =s hvjk is approximately ^ deg. This low value is inconsistent with the 
assumed model of a localized monolayer. If an adsorbed atom were so loosely 


* Cockcroft, Proc. Boy, Soc. A, 119, 293 (1928). 
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bound to the surface, as such a low frequency implies, the monolayer would 
become a mobile one. The theory is therefore inadequate to explain the 
experimental data 



Fig. 2. Dependence of deposition temperature on »• 
the number of impsicts per om.* per sec. 


§1010. Refined treatment of localized monolayers. All the results 
which we have obtained for localized monolayers with interactions between 
the adsorbed molecules have been based on the assumption of an energy 
formula which can only be expected to hold for a random distribution of 
the adsorbed molecules among the surface sites. We have already men- 
tioned that this assumption leads to useful rough approximations, but it 
cannot be accurate, since evidently each configuration of low energy will 
occur more frequently than one of higher energy. We may expect, as in the 
analogous discussion of regular solutions in Chapter vni, to obtain more 
accurate results by replacing the equation ( 1007 , 4 ) by 

2^^{zNs-2zN^ + 2WrA) = (1010, 1) 

This formula is of the type of a quasi-chemical equilibrium, the extra factor 
g-iw/wtr corresponding to the increase of energy 2m>/z when a new pair of 
neighbours is formed among the adsorbed atoms. We postpone a detailed 
proof of equation (1) to the next section. We shall meanwhile assume (1) 
to be correct, and use it to investigate the degree of inaccuracy of the results 
obtained on the assumption of random distribution of configurations. It is 
convenient to define the dimensionless quantity x by 

* = 


( 1010 , 2 ) 
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We can then rewrite (1) as 

5(l-26> + x) = (1010,3) 

in which 6 denotes the fraction NJNg of sites occupied. Equation (3) is a 
quadratic in x with the solution 


^ (1 _ 4^(1 - (1 _ 1 

^ “ 2(1 


= d-, 


28(1-6) 


( 1010 , 4 ) 


{I - 4^{ 1 - e) (1 - -f- 1 ■ 

This formula takes the place of the crude approximation 

x = d^^d-e(\-0), ( 1010 , 6 ) 

corresponding to formula (1007, 5) of the crude treatment. 

Let us now compare the refined formula (4) with the crude formula (5). 
The discrepancy is greatest for ^ ^ for which (4) becomes 

X = J(l+e^/**^)-i. (1010,6) 

For attractions between the adsorbed molecules (w < 0) and for T = — wl2ky 
that is for the temperature which is critical according to the crude treatment. 


(6) becomes 


5 =i(l +€'*/*)-!. 


(1010,7) 


For 2 = 6 this gives x = 0*291 as compared with x = 0*250 given by (5). 
At lower temperatures the error in S for 0 = J would be greater, but such 
values of 0 become unstable. For stable values of 0 the error in x due to 
using (6) instead of (4) never exceeds 20 % for attractions (w < 0) between 
the adsorbed molecules. We thus see that the crude approximation is by 
no means accurate, but in some cases the inaccuracy will be small enough 
for the approximation to be useful. 

The greater inaccuracy of the crude approximation for monolayers as 
compared with the analogous approximation for regular solutions is 
entirely due to the smaller value of 2 , which is only 6 for a close-packed 
two-dimensional lattice but 12 for a close-packed three-dimensional lattice. 
We may note that if we make 2 -> oo keeping w constant, formula (4) reduces 
to (5) and the difference between the crude and the refined formulae dis- 
appears; but values of 2 greater than those mentioned above have no 
obvious physical importance. 


§1011. Grand partition function for localized monolayers. In 

the previous section we assumed the quasi-chemical equilibrium condition 
(1010, 1), and this still awaits proof. We can conveniently derive this con- 
dition, and in fact all the equilibrium properties of localized monolayers, by 
the use of the grand partition function. We therefore proceed to construct 
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this and use it. Before, however, applying it to monolayers with interactions 
between the adsorbed molecules we shall apply it to ideal monolayers, and 
verify the relations already obtained for these. For the sake of brevity we 
confine ourselves to a single type A of adsorbed molecules. 

We recall that the ordinary partition function for a surface with Ng 
sites of which are occupied is given by (1006, 1). The corresponding 
formula for the grand partition function, when the absolute activity of the 
adsorbed molecules is A, is 

s = ( 1011 , 1 ) 

The coefficients g(N^,N^j) are not easily evaluated, but they must satisfy 
the relation ^ ^ 

= Xr X. W • (1011. 2) 


Owing to this relation the formula for H simplifies considerably for the special 
case of an ideal monolayer. 

For an ideal monolayer w vanishes by definition, and (1) reduces to 


“ = " {1 + Aa0(Tr,. (1011,3) 

The equilibrium (average) value of is then given by 

N - - N 0 - (101 1 4 ) 

aA ""^l+AaOCT)’ (1011,4) 


and so the equilibrium value for the fraction of sites occupied is 


Aa«(r) 

Ns l + Ao''(7’y 

This can be transformed to 




( 1011 , 6 ) 

( 1011 , 6 ) 


in agreement with (1004, 7). 

We now return to regular monolayers for which w is not zero. The grand 
partition function is given by (1), but it can be shown that we may with 
negligible error replace S by its largest term, S(^.) say, given by 


Sw) = 9(N*a, . (101 1 , 7) 

The average (equilibrium) values of N^, Nj^j^ are then given by 

( 1011 , 8 ) 

NZ^N*^^. (1011,9) 

We have already mentioned that the coefficients g{Nji, N^^) are not expres- 
sible in a simple form, and so we cannot evaluate either S or 5(Ar.) by any 
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direct method. We therefore uae the device described in §§ 608-610,t which 
for the reader’s convenience we set out again at length adapted to the 
notation of the present problem. For brevity we introduce the symbols 

and 7 ^^ defined by ^ Ao»(r), (1011, 10) 

7 ^^ = ( 1011 , 11 ) 

BO that (1011, 7) becomes 

( 1011 . 12 ) 

We further define rj, y by 

= (1011,13) 

^ (1011,14) 

= (1011,15) 


Thus i is the geometrical mean contribution of each site, empty or occupied, 
to the factor in S(^e); rj is the geometrical mean contribution of each 
pair of neighbouring sites to the factor in S(;v*)J 7 i® geometrical 
mean contribution of each site to the factor in S(^.). We can 

then write 2 ^^.^ ^ (1011,16) 

Finally we denote by the geometrical mean contribution of a pair of 
neighbouring sites, of which the first is occupied by a molecule A, to the 
factor in 5(^«). From these definitions we can write down various 


alternative expressions equal in mc^nitude to S, in particular the two 
following 


Si = + (1011,17) 

s, = {1 + 2^^771 + (1011, 18) 


It is naturally only an approximation to assume that S can be expressed 
in either of these forms. The form S| corresponds to regarding the assembly 
as a single site in a field due to the occupants of the remaining — 1 sites, 
while the form S, corresponds to regarding the assembly as a pair of neigh- 
bouring sites in a field due to the occupants of the remaining N — 2 sites. 
In the first factor in ( 17) the term unity is the contribution of the unoccupied 
site, and the term is the contribution of the occupied site. Hence the 
frequency of occupation of the given site, which is equal to the average 
fraction d of all sites occupied, is given by 


= (1011,19) 

We may argue more formally and say that d is the average number of occu- 


t The treatment given here is a variant of that of Peierle, Proe. Camb, Phil. Soc. 32, 471 
(1936). 
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pants ofthe chosen site, and therefore d = £^9/34^(logHj). This leads equally 
to (19). In the first factor in (18) the term unity is the contribution of the 
pair of empty sites; a term ^ contribution when the first site is 

full and the second empty; there is an equal contribution when the first 
site is empty and the second is full; the term (^^ Vaa ^ contribution 
of the pair of full sites. Hence the frequency of occupation of one of the sites, 
which is equal to the average fraction of all sites occupied, is given by 


^AVA-^-^(^AV7^)^VAA 


(1011,20) 


l-^HAti^^aAV‘A~^)^VAA 

Using the notation introduced at the beginning of § 1007, we see further 
from the first factor of (18) that 

jQ-.^0-^A'A=^-^AV‘A-^-{iAV‘l')*VAA. ( 1011 , 21 ) 


from which it follows that 


( 101 1 . 22) 

and this is precisely equivalent to (1010, 1), the equation of quasi-chemical 
equilibrium. 

§ 1012. Refined formulae for adsorption equilibrium. According 
to formulae (1010, 2) and (1010, 4) we can write for 




e{i-e) 


( 1012 , 1 ) 


where for brevity we have introduced a quantity p defined by 

P = {l-4^(l-(?)(l-e-»»'»*’’)}*. (1012,2) 

According to (1006,7) the contribution of the interaction energy to the 
total energy is ^ 




20 ( 1 - ( 9 ) 


(1012,3) 


The corresponding contribution to the free energy is derived from (3) by 
using (1006,4) and (1006,6). The algebra is exactly analogous to that in 
§ 819 and we need not give the steps. We eventually find 


r r . , ( A - 1 + 2^) ( 1 - . loK ~ -11. 

+ w r ^ ^ * (/?+ 1) (1 -«)J1 


7/?+ 1-20)0 


*(/?+i)(i 


(1012, 4) 
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Consequently for the firee energy of the monolayer we have instead of 
the crude approximation (1007, 7) the more accurate formula 


+ i* 


eiog 


(fi+i-2d)0 


+ log 


^+1-20 ] 
(/?+i)(i-0)r 


( 1012 , 6 ) 


For the absolute activity A and the partial potential /t of the aulsorbed 
molecules we derive, after rather long but straightforward algebra, 


log A - dNy)r,s, 

= iZTo ~ + j§i + i* log 


(/i-l + 2d){l-d) 

(/i+l- 2 e)d ’ 


( 1012 , 6 ) 


all other terms cancelling. A formula equivalent to (6) was first obtained by 
Lacher.* If we substitute for fi its value given by (2), expand in powers of 
wjzkT and neglect higher powers than the first, formula (5) reduces to the 
crude formula (1007, 7) and formula (6) reduces similarly to (1007, 8). 

For the equilibrium vapour pressure p(d) over a monolayer, with a fraction 
6 of the sites occupied, we deduce, using (1004, 8) for A in the gas phatse 


P(0) = P® 


(fi+i-2d)e 


( 1012 , 7 ) 


By using formula (2) we can rewrite (7) in the alternative forms 


P{d) = ( 1012 . 8 ) 

In particular for 0 J we have 

^ ^Oeir/fcr^ (IO12, 10) 

One can verify from any of the formulae (7), (8) or (9) that 

p(0)xp(l-^) = {p(i)}*. (1012,11) 

Hence y = log{p(d)/p(J)} = log{A(0)/A(J)} is an odd function of S — The 
corresponding curves therefore have a point of inflexion a,t(0 = i,y = 0) and 
thus resemble those in Fig. 1 given by the crude formula of § 1007. The curves 
have their greatest slope at the point of inflexion ^)* slope 

is negative the middle part of the curve represents unstable phases, and 
such a phase will split into two stable phases. By the same reasoning as in 


• Lacher. Proc. Comb. Phil Soe. 88, 618 (1937). 
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§ 1008 we can show that values of 0 for the two stable phases in equilibrium 
with each other are the two roots of the equation y = 0 other than 6 - \ and 
are equally distant from 6 = The critical temperature 7J., which is the 
maximum temperature at which splitting into two phases occurs, is deter- 
mined by the condition that dyjdd = 0 for 6^ = or alternatively dp{6)ldd = 0 
for ^ Appl 3 dng this condition to (9) we find 

er^lzkTc zl(z-2), ( 1012 , 12 ) 


or 


— w , z 


(1012,13) 


If we assume z = 6 corresponding to two-dimensional closest packing, this 
gives —wjkTc = 6log| = 2*43, whereas the crude treatment of § 1008 led 
to -^wjkT^ = 2, which agrees formally with (13) in the limit as 2->cx). We 
have already noted that for a given value of w the crude solution corre- 
sponds formally to the refined solution in the limit z->cx). 

To sum up we see that the refined treatment leads to results differing 
quantitatively from the crude treatment, but to nothing qualitatively new. 
There are no available experimental data of sufficient accuracy and com- 
pleteness to test the theory quantitatively and we shall not use it. 

We can use formula (6) for to calculate the spreading pressure. We 
have by definition 

Substituting from (6) into (14) we obtain after long but straightforward 
algebra AA , \ nnis 

all other terms cancelling. By comparing (5) with (6) and (15) we can verify 
the thermodynamically necessary equality 

= N^/i. (1012,16) 


§ 1013. Spreading pressure of ideal monolayers. The spreading 
pressure ^ of an adsorbed him of area A is related to the grand partition 
function by 


^ = -T-log=- 


(1013,1) 


For an ideal localized monolayer according to (101 1, 3) this becomes 

^ = :^/fcriog{l + Aa«(7’)}. (1013,2) 

A 

According to (1011, 6) we have 

1-0 = {l+Ao»(r)}-*, 


(1013, 3) 
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and substituting this into (2) we obtain 

^ = ^kT]og(^^. ( 1013 , 4 ) 

agreeing with formula (1012, 16) when u? = 0, so that fi ^ This formula 
for the spreading pressure of an ideal localized monolayer is not to be con- 
fused with that for the spreading pressure of an ideal mobile monolayer, 
which can be written according to (1003, 4) 

<l> = ^kT. ( 1013 , 6 ) 

From (4) and (5) we see that for a given number of adsorbed molecules 
per unit area the spreading pressure is directly proportional to the tem- 
perature for both kinds of ideal monolayers, localized and mobile. It has 
sometimes been inferred incorrectly that this proportionality implies that 
the monolayer is mobile. Actually the proportionality follows simply from 
the absence of mutual interaction between adsorbed molecules. 


§ 1014. Gibbs* adsorption formula. It is of interest to verify that 
Gibbs' adsorption formula in the form (1002, 8), usually obtained thermo- 
dynamically, can be derived directly from the properties of the grand 
partition function. We need not restrict ourselves to a single type of adsorbed 
molecule, and we denote the several types by .... Then the equi- 
librium number of adsorbed molecules of each type is given by relations of 
the form ^ „ 

= ( 1014 , 1 ) 

while the spreading pressure ip is related to £ by 

4>A=kTioga. ( 1014 , 2 ) 

By eliminating a from (1) and (2) we obtain 


d /^A\ 1 dp dp 

^ A AdXj\kT) jfcraiogA^ 

which is equivalent to (1002, 8). 


(1014,3) 


§ 1015. Energy of desorption. Having obtained formulae for the 
free energy of monolayers of various types, we can always derive formulae 
for the corresponding total energy by means of the relation 

= . ( 1016 , 1 ) 

We can insert into (1) any of the formulae obtained for F^, The resulting 
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formulae for wiD all contain a term such sjsN^k'nd \oga^{T)ldT, which 
we cannot evaluate accurately. To obtain results of interest we are compelled 
to use some kind of approximation. The simplest approximate assumption 
is that already used in § 1009, that the three translational degrees of froedom 
of an adsorbed molecule in a localized monolayer behave as classical 
harmonic oscillations and that the internal degrees of freedom are the same 
as in the gas phase. When we use these simple approximations, we obtain 
for the energy of desorption of molecules from an ideal localized 
monolayer NJx-\kT). (1016,2) 

Similarly for a monolayer with interaction between the adsorbed molecules 
we obtain an energy of desorption for the whole layer 

^ 2ti;/2. ( 1 01 6 , 3) 

According to the crude treatment of § 1 007 this simplifies to 

(1015.4) 

while according to the refined treatment (3) becomes 

(1015.5) 

with X given by (1010, 4). We can obtain the molecular energy of desorption 
by differentiating these formulae with respect to at constant iVg. In the 
absence of any independent estimate of Xo w we cannot as yet make any 
practical use of these formulae. 

As mentioned in § 1001 it is with respect to their isotherms that mono- 
layers are particularly tractable, but as regards the temperature dependence 
of their properties they are even more comf)licated than interfaces between 
two phases of a single component. We shall conclude the chapter with a 
brief consideration of such interfaces. 

§ 1016. Energy and free energy of adhesion between liquid and 
vapour. As an introduction to a discussion of the energy and free energy 
of a surface between a liquid and its vapour we shall derive formulae for the 
energy and free energy of adhesion of a column of the one phase to a column 
of the other, the two phases being divided by a plane surface. Since we can 
at the best obtain only rough formulae, we shall attempt to calculate only 
the contribution of the molecular attractions when each molecule is in an 
average position of minimum potential energy and shall entirely omit the 
contributions of the translations and internal degrees of freedom of the 
molecules. In other words we assume that the internal degrees of freedom 
and translational motion are the same for a molecule in the surface as in the 
interior of either bulk phase. This assumption is certainly not accurate, but 
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the inaccuracy thereby introduced is no worse than that due to various 
other approximations which we shall be unable to avoid. These several 
approximations are implicitly inherent in the classical discussions of 
Rayleigh* following those of Maxwell, Laplace and Young. The formulae 
which we shall derive are substantially those of Rayleigh in modern dress. 

Consider a particular molecule at a point P in the vapour phase, distant 
/ from a slab of uniform thickness df in the liquid phase parallel to the 
surface dividing the liquid and vapour. From this 
slab dissect out that ring whose boundaries on the 
face nearer P lie at distances r and r + dr from P. 

From Fig. 3 we see that the width of such a ring 
is dr/sin (9 and its radius is rsin^?. Its volume is 
therefore 2nrdrdf. If the average number of mole- 
cules per unit volume in this ring of slab is n, then 
the number of molecules in the slab is n^nrdrdf, ^ 

The value of «, when we know that there is a 
molecule at P, will in general be different from 
its value if P were a point chosen at random, and 
its value may therefore depend on r as well as /. 

If €(r) denotes the interaction energy of a pair of 
molecules distant r apart (averaged if necessary 
over all orientations), then the energy of interaction between the molecule 
at P and the molecules in the ring is 

n27Trc(r)drdf. (1016, 1) 

The corresponding average force attracting the molecule at P towards the 
plane of the ring is ^ 

7i27rr^ t-drdf (1016,2) 



The interaction energy between the molecule at P and the molecules in the 
whole slab is 

27rd/J ne{r)rdr, (1016,3) 

and the corresponding force of attraction 

(1016,4) 

The interaction energy between the molecule at P in the vapour and the 
molecules in a semi-infinite volume of liquid bounded by a plane surface 
distant j from P is 

27rJ df j ne(r)rdr, (1016,5) 

♦ Rayleigh, Scientific Papers^ 3, 397 (1890). 


447 


1016] Energy of Adhesion between Liquid and Vapour 

and the corresponding force of attraction 

r® r® 9e 

Ji (1016,6) 

For each slab in the liquid n now depends onj as well as on / and on r. 

Let us now replace the molecule at P by a slab of vapour of area Ay of 
thickness dj parallel to the surface of the liquid and at a distance j from it. 
If the number of molecules per unit volume in this slab of vapour is n', then 
the average interaction energy between this slab and the semi-infinite 
volume of liquid is /• « /• « 

2nAn'djj dfj ne(r)rdry (1016,7) 

and the corresponding force of attraction 

r® df 

27TAn'dj^ /d/J (1016,8) 

The interaction energy between all the molecules in a semi-infinite column 
of vapour, whose cross-section is of area A and whose flat base is distant z 
from the face of the semi-infinite volume of liquid, is 

27tA [^n'dj f°"d/ f'°ne(r)rdr, (1016, 9) 

Jt Jj Jf 

and the corresponding force of attraction 

r® r® r® 

27ri4j n'djj fdfj (1016,10) 

We can derive the total energy of adhesion between liquid and vapour 

across an area A by setting 2 = 0 in (9). We obtain 

^adh _ 2nA f n'dj f d/ f we(r)rdr. (1016, 11) 

Jo Jj Jf 

We can similarly derive the free energy of adhesion between liquid and 
vapour across an area A by multiplying (10) by dz and integrating from 
0 to CO, We thus obtain 

rao foD Too Too gg 

jadh ^ 27 rA\ dzj n'dj fdfj^ n^^-dr, (1016, 12) 

The zero of free energy is here taken as that for the liquid and vapour phases 
at infinite separation, each having a free surface A in contact with a vacuum. 
This zero is distinctly artificial but this does not matter, as the choice of 
zero always is eliminated when we compare the free energy of any two 
actually occurring states. 

Formulae (11) and (12) are equally accurate, even if not equally useful, 
provided care is taken to insert the correct values of n and n\ In applying 
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(11) to a liquid-vapour interface we may usually with sufficient accuracy 
ignore any dependence of n and n' on r, and regard n as a function only of 
/ — the distance of the element of liquid from the interface, and n' as a 
function only of the distance of the element of vapour from the interface 
between liquid and vapour. We therefore write 

= n'(j)djj^dfj^n{f-j)€(r)rdr. (1016,13) 


In (12) on the other hand n and n', as well as depending on/and will also 
depend on z, the distance between the free surface of the liquid and that of 
the vapour. We therefore write 



Fig. 4a. Fig. 46. 


The variables occurring in formulae (13) and (14) are shown in Figs. 4a and 
46 respectively. In each case equilibrium values of n and n' have to be used. 
The use of (14) therefore implies the presence of ideal walls to separate the 
liquid and vapour phases from the vacuum. These ideal walls must have no 
configurational interaction energy with the molecules and merely reverse 
the momentum of the molecules normal to the wall. It is considerably more 
difficult to estimate the dependence of n and n' on z (as well as on / and j ) 
in Fig. 46 than to estimate that of n and n* on / and j in Fig. 4a. Formula 
(13) is thus considerably easier to apply than (14). We shall therefore use 
(13) to estimate the total energy, but instead of using (14) shall determine 
by means of the thermodynamic relation 


d(F^IT) 


(1016,15) 


§ 1017. Surface energy of liquid-vapour interface. According to 
the definition of surface energy, we can compute the surface energy per 
area A of a liquid-vapour interface as the sum of the energy increases in 
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three processes: (i) breaking apart a column of liquid of cross-section 
(ii) breaking apart a similar column of vapour; (iii) putting together the 
two pairs of liquid-vapour columns. We use (1016, 13) for the energy of 
adhesion of vapour to liquid. For the energy of adhesion of liquid to liquid 
across an area A we have the analogous formula 

J”d/J”e(r)rdr, (1017, 1) 

where is the uniform value of n in the interior of the liquid. Similarly for 
the energy of adhesion of vapour to vapour across an area A we shall use 

27rAnQ^\ dj[ df ( e(r)rdr, (1017,2) 

Jo Jj Jf 

where is the uniform value of w' in the interior of the vapour. This ignores 
the dependence of n' on r in (1016, 11) in the vapour, but the term is small 
and we shall be content to ignore this refinement. The energies of adhesion 
given by (1), (2) and (1016, 13) are, like e:(r) for important values of r, all 
negative. Using these formulae we obtain for the surface energy for 
an area A of liquid-vapour interface, 

/* 00 /• 00 ^00 

— = djj^ dfj^ e(r)rdr 

^00 noo roo 

— nn*^\ dj \ df \ €{r)rdr 

Jo Jj Jf 

-f27rf n'(j)dj{ n(f-j)df( e{r)rdr. (1017,3) 

Jo Jj Jf 

As yet the problem of the molecular distribution in the neighbourhood of 
an interface has not been seriously attacked, much less solved. We are 
therefore compelled to make crude approximations concerning n{f—j) 
and n'(j ). The obvious approximation is to set 

Hf-j) = (1017,4) 

ny) = K, (1017,5) 

This corresponds to the assumption that the molecular density in the liquid 
and that in the vapour both remain constant right up to a geometrical 
plane, at which there is a sharp discontinuity. It is difficult to estimate 
the inaccuracy due to this approximation. Substituting from (4) and (5) 
into (3), we obtain 

r 00 r CO ^ CO 

e{r)rdr. (1017,6) 


FG 


29 
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If we integrate by parts twice we obtain the simpler formula 

^ = -(n'-n)* Jtt I* e(r)r*<ir, (1017,7) 

A Jo 

dropping the subscripts 0 which are no longer necessary. 


§ 1018. Surface tension near the critical point. Since at the critical 
temperature JJ. both and must vanish, we can write the thermo- 
dynamic relation 

(1018,1) 


dT 


in the integrated form 


JT* 

TeE^ 


- T 

” Jt r* 


dT. 


(1018,2) 


To use (2) we require to know 227^ as a function of T, whereas according to 
(1017, 7) we have as a function of (n* — n). However, it was pointed out 
in § 729 that in the immediate neighbourhood of the critical point one has the 
approximate functional relationship 

(n'-w)aoc7;-3r. (1018,3) 

We have therefore in the immediate neighbourhood of the critical point, 
according to (1017, 7) and (3) 

E^IA = a(n'-n)2 = b(T^-T), (1018,4) 


where 


a = - Jtt I e(r) r^dr > 0, 

Jo 


(1018,6) 


and b is another positive constant. Since (4) is correct only to the first order 
in JJ. — T, we replace (2) by the simpler approximation 

1 






E^dT, 


(1018, 6) 


which is also correct to the first order inT^—T. Substituting from (4) into 
(6) and performing the integration, we obtain for the surface tension y 

F^ 1 b 


2621 


(n' — n)*. 


(1018,7) 


It has been shown by Macleod* that the empirical relation 

yoc(n'-n)* (1018,8) 

represents with satisfactory accuracy the behaviour of the surface tension 


Maoleod, Trona. Fara. Soc. 19, 38 (1923). 
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of many substances over the whole experimental range from the critical 
point down to the freezing-point. That it has proved possible to derive a 
functional relation of the form (8) for the immediate, neighbourhood of the 
critical point is therefore satisfactory. As soon as we leave this region, 
however, both the approximations (4) and (6), required in the derivation 
of (7), become inaccurate. The validity of Macleod’s relation over a wider 
temperature range must therefore, at least for the present, be regarded as 
due to accidental compensation of several factors.* 

* For a more detailed diaciueion of the tbeoretioal baeu ot Macleod'e relation, see Fowler, 
Pm. Roy. 8oe. A. 16», 229 (1937). 



CHAPTER XI 


ELEMENTARY ELECTRON THEORY OF METALS 

§1100. Introduction. The modern elementary theory of a metal was 
originated by Sommerfcld,* who inserted the necessary quantal corrections 
into the classical theory of Drudef and Lorentz.} To a first approximation 
one may assume that the long-range eflects of the electronic charges in the 
metal are neutralized by the charges of the heavy atomic ions. In this 
approximation we entirely neglect the internal structure of the metal and 
regard it merely as a home for electrons, where they can move freely in a 
region of uniform potential energy. 

On this model the properties of the metal are defined by its temperature, 
its volume, the number N of free electrons, and the potential energy —Xo 
of a free electron, whose potential energy in free space just outside the metal 
is taken to be zero. The question immediately arises how many of the 
electrons are to be regarded as free. The answer is that, as the treatment of 
the free electrons as moving in a region of uniform potential is at the best 
only a crude approximation, the (jhoiee of how many of the electrons are 
to be treated as free is largely arbitrary. Evidently the more tightly an 
electron is bound the worse is the approximation of motion in a region of 
uniform potential. It would therefore be a bad ajiproximation to treat all 
the electrons as free. Since, however, all the atoms are on the same footing, 
we might expect a definite number of free electrons per atom. We can reason- 
ably assume either one electron per atom or all the normal valency electrons 
as effectively free. The choice made is not very important, as it has little 
effect on the final results; a deeper treatment removes this arbitrary feature 
and enables a rational choice to be made. The sim])le theory applies best to 
the alkali metals, and somewhat less well to the noble metals, assuming 
one free electron per atom. 

As already mentioned, the free electrons are assumed to move in a region 
of uniform potential energy — Xoj f^cir potential energy in free space just 
outside the metal being taken as zero. It is a fundamental assumption of 
Sommerfeld's treatment that Xo is independent of the temperature. We shall 
investigate the conclusions deducible from this assumption, and later in 
§1118 return t/O a discussion of its validity. Actually we are almost entirely 
ignorant of how^ Xq should depend theoretic^ally on the temperature. We may 

• Somnierfeld, Zeit. Phys. 47, 1 (1928). 

t Drude. Anti. d. Phys. 1, 566; 3, 369 (1900). 

X lAirentz, The Theory of Elecirone (Teubner, 1916), oapocially note 29. 
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hoj)e that the assumption of temperature independence may be a not too 
bad approximation, but at present it can be justified only by comparison 
between the predictions ot the theory and the results of experiment. 

Considerable ])rogre8s has been made in the analysis of the electronic 
levels in metals, taking into account the discrete atomic structure.* This 
confirms Sommerfeld’s treatment of free electrons as a useful first approxi- 
mation. We shall refer to the more refined theory only briefly in §§ 1108-1 1 10 
and shall otherwise confine ourselves entirely to Sommerfeld’s approxima- 
tion of free electrons. We give this in considerable detail as the best simple 
example of the use of Fermi- Dirac statisti(‘s. 


§1101. Statistics of electron gas. We recall that electrons obey 
strictly the Fermi-Dirac statistics, according to which, out of a total of N 
electrons, the number in the state r of energy and weight Wj. is given by 



(1101,1) 

where A is determined by the necessary condition 


= N. 

(1101,2) 

When it happens that the condition 


A 

(1101,3) 

is satisfied, (1) and (2) reduce to 



(1101,4) 

W XD 

We thus have ^ 

(1101,6) 


where /(T) is the ordinary partition function. Formula (5) is the funda- 
mental distribution law of classical statistics, while (3) is the general con- 
dition that either Fermi-Dirac or Bose-Einstein statistics should reduce to 
classical statistics. 

We recall that in Chapter ii we tentatively assumed (3) to be true, deduced 
the consequences including the evaluation of A and so could verify the 
correctness of our assumption. We found that the condition (3) is satisfied 
even for the least favourable case of a perfect gas of light molecules at low 
temperatures, such as helium gas at F’ K. Deviations would appear at high 
pressures, but these would be less important than the deviations from the 
ideal gas laws due to the intermolecular attractions. It was mentioned that 
the one important terrestrial example of the failure of the condition (3) 
is for free electrons in metals. Owing to the breakdown of (3), we may not 

* For a coraprohonsive dwcuBBion see Mott and Jones, Properties of Metals and Alloys (Oxford, 
1936) and S.M. Chapter xi. 
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use the approximation of classical statistics for free electrons in metals, but 
must apply the strict Fermi-Dirac formula (1). The failure of (3) is due to 
the mass of the electron being so much smaller than that of any atom or 
molecule. The failure of (3) is so extreme for free electrons in metals that we 
actually have the opposite condition, 

( 1101 , 6 ) 

obeyed even at temperatures as high as 2000° K. We shall assume (6) to 
be satisfied, shall deduce the consequences and evaluate A; we can then 
verify that the assumption was justified. 

We may mention here that the density of electrons in the vapour phase in 
equilibrium with a metal is so very small, that in spite of the low mass of the 
electron the condition (3) is fulfilled in the vapour phase. If then we take 
as zero the energy of an electron at rest in the vapour, we have in the vapour 
phase the usual formula for a perfect gas 


N P 
V2(inm^kT)^' 


( 1101 , 7 ) 


where is the mass of the electron, and the factor 2 in the denominator is 
the weight factor for the two possible directions of electron spin. When we 
have evaluated A for the electrons in the metal, the equilibrium concen- 
tration of electrons in the vapour phase will be given by equating the values 
of A in the metal and vapour. 


§ 1102. Detailed formulae for an electron gas. We have to deter- 
mine A so as to satisfy simultaneously (1101,1) and (1101,2). In other words 
we have to solve for A the equation 


N = 


Sr 


1 ^-e^rlkTjy 


( 1102 , 1 ) 


It is convenient initially to take as energy zero an electron at rest inside the 
metal. It is easy to transform to any other energy zero at a later stage. We 


shall initially assume 


( 1102 , 2 ) 


since Cq is now zero, an»^ shall have to verify this a posteriori. 

The first step is the enumeration of the energy values. On referring to 
§ 219 we recall that a point mass in a rectangular box with sides a, 6, c has 
quantum states characterized by quantum numbers 1, m, n which can each 
take all positive integral (non-zero) values. The energy values are given by 


%m.n - SwiAo*'*' ft* 


(1102,3) 


For point masses these states are non-degenerate, but for electrons each of 
these states has a weight i3T|im,n = owing to the electron spin. 
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It is now convenient to collect together all states of equal energy. All 
states of energy have values of Z, m, n lying on the surface of the pK)sitive 
octant of the ellipsoid p ^2 ^2 ^ 


o = 


(1102,4) 


and so all states with energy less than or equal to have values of Z, m, n 
inside the positive oct^^nt of this ellipsoid. But the number of points with 
integral coordinates Z, m, n within this octant is eflFectively equal to the 
volume of the octant, namely 


7T , n 


~~w ’ 


( 1102 , 6 ) 


where V is the volume of the enclosure. It has been proved that the validity 
of (5) is independent of the shape of the enclosure. The number of electronic 
states of energy less than or equal to is owing to the electron spin just 
double this, namely „ 


2 - 
6 


( 1102 , 6 ) 


To obtain the number of electronic states with energies in the range e,. to 
fc'y + de,. we differentiate (6) and obtain 


4 


(1102,7) 


If we treat all these states as a single degenerate state of energy e,., then 
the expression (7) becomes the appropriate weight Substituting this 
value for into (1) and rej)lacing the sum by an integral, we obtain 

4 ¥ l+e‘*^/A 

= ( 1102 , 8 ) 
^4 h* Jo l+e*/A ' 

It is convenient for the sake of brevity to introduce a characteristic energy 
e*. such that the number of states of energy not greater than e* is just 
equal to the total number N of free electrons. Using (6) we see that e* thus 


defined is given by 


N _ .wlSm^e*)* 
F " 6 A* ■ ’ 


,Uvl • 


(1102,9) 


( 1102 , 10 ) 


We note that e* is determined by the electron concentration N/V and is, 
for given NjV, independent of the temperature. 

Substituting from (9) into (8) we obtain 

\e*/ 2J0 l+e*/A' 


( 1102 , 11 ) 
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To obtain an expression for tlie average kinetic energy of the electrons 

we have to include an extra factor e in the integral of (9). We thus have 


= 2 


TT 

4 


-i:. 


p.^de 


{Hm^kT)* kT x'^dx 

^4 J 0 1 + e^/X ‘ 


Using the definition (9) of 6*, we can write this as 

p x*dx 

N U*/ * Jo l+e'/A’ 


( 1102 , 12 ) 


( 1102 , 13 ) 


If we can evaluate the integrals (11) and (13), either exactly! or approxi- 
mately, we shall obtain one relation between 6* and A and another relation 
between , e* and A. If we can eliminate A between these, we shall 

obtain E^^^jN as a function of e* that is to say of NjV. 


§ 1103. First approximation and numerical values for A. It is 

easy to obtain a first approximation to the integral 


/, 


x^dx 

1+e^/A’ 


(1103, 1) 


occurring in (1102,11). For we notice that for x^logA the integrand is 
effectively a;*, while for a: > log A the integrand becomes very small. We can 
therefore obtain a first approximation to the integral by using the approxi- 


mations 


1 + e^/A 

0 

l+e^/A“ 


~a:* (a: < log A) 


(a: > log A) 


(1103,2) 


This approximation appears at first sight extremely crude, but we shall 
actually find later that it is quite a good approximation, and actually suffi- 
cient for most purposes. At all events it is adequate for verifying (1102, 2). 
Using the approximation (2) the integral (1) reduces to 


/•log A 

x*</x = l(logA)*. 


( 1103 , 3 ) 


Substituting this approximation into (1102, 11) we obtain 

or log A = e^/fcT. 


( 1103 , 4 ) 
( 1103 , 6 ) 


t Accurate values of these integrals for all values of A have been calculated and tabulated by 
McDougaU and Stoner, PM, TmnB, Roy. Soc. 237, 67 (1938). 
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Inserting numerical values for A, k into (1102, 10), wc obtain 

€*/k = 4*2 X IbM p 1 fl^g- (iV/rinelectrons/A?). (1103, 6) 

For copper, whose density is S*9 and atomic weight 63, the atomic volume 
is about 12 A? Assuming one free electron })er atom, we obtain for (^op})er 

e*/il*-8x lOMeg. (1103,7) 

Using this value in (5) we see therefore that log A is still 80 at 1000'’ K. and 
40 at 2000° K., amply large enough for the use of the foregoing approxi- 
mations. For caesium, in which the atomic density has the lowest value 
known for a metal, N/V is less by a factor of 10 and log A by a factor of 5, 
but log A is still large enough for the application of these formulae at- any 
temperature below the melting-point of caesium. For any solid metal 
therefore we may normally expect (1102, 2) to be satisfied. 

The same approximation, which leads to the value (3) for the integral 
(1), gives us 

J„r+7^/A = J„ = 

Substituting (8) into ( 1 1 02, 1 3) and using (5), we obtain for the average kinetic 
energy of an electron in the metal 


^kln 

~N' 




= 


(1103,9) 


§ 1104. Second approximation for A. We shall now derive a better 
approximation to the integral 

p x^dx 

^ ■ Jo l +c-M' 

We first integrate by parts, obtaining 

/ = 2 J log( 1 + Ac--*') dx = ^j a: -* log( I + e^~^) dx, 

where /ff = logA. 

We now break the range of integration at x = y? and obtain 

x“*log(l -\-efi~^)dx 


(1104.1) 

(1104.2) 

(1104.3) 


2 / 


■/: 


= f X" * log( 1 + e^~^) dx -f 

Jo 

= x-*{fi-x)dx+ x-*\og{l +e^-^)dx+ x-*log(l +e^-®)rfa; 

= J -x)dx+ |*^ (yff - y)-* log( 1 + e-*') dy 

+ J ” (fi + y)-* log( 1 + e-v) dy. (1104, 4) 
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In the laet two integrals, the logarithms can be expanded, giving 

rfi * ^ 

2/ = I x-*{fi—x){lx+ 1 

Jo 1-1 * Jo 

+ £ f V«(^+y)-*dy. (1104, 6) 

« Jo 

This is exact. When is large the square roots in the last two integrands can 
both be replaced by /?“* to give the dominant terms. The range of the 
integrals of the first series can then be extended to infinity without sensible 
error. Thus approximately 

If® ® f — ^®-i r® 

- x-i(/9-x)dx+/J~i E -4— 

^Jo t-l S Jo 

= |y?‘ + ^ /?-* = t(log A)» + ^ (log A)-*. ( 1 104, 6) 

The method can be extended to show that the error term is 0(log A)“* or to 
give a general asymptotic expansion in powers of (log A)~*. 

Substituting (6) into (1102, 11), we obtain 

(S )* = + j 


We can solve (7) for log A by successive approximations. As a first approxi- 
mation, retaining only the first term on the right, we obtain 

log A = €*lkT, (1104,8) 

confirming (1103,6). Substituting this value of log A in the second order 
terms in (7), we obtain as the second approximation 



(1104,9) 


We have already seen that for copper €*lk = 8x 10* deg., so that at 
1000® K, the second term in the bracket is only about (1/80)*. We conclude 
that the first approximation (8) is remarkably accurate, and we shall hardly 
ever require to use the more exact formula (9). 

We can apply precisely the same method, which led to (6), to obtain an 
approximate evaluation of the integral occurring in (1102, 13). We thus 


obtain 




2 rfi ® f — )®-i f ® 

- x*(/?-a;)d*+3/?* S ~ e-^dy 

2Jo (-1 » Jo 


(1104, 10) 
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Using this in (1102, 13) we obtain for the average kinetic energy 

_gkti. 


N 


= (;!)* s^niog A)‘ j I + (log A)-a j . { 1 1 04, 1 1 ) 


If we substitute into (11) the value of logA given by (9), we obtain 


£’kiii 




_,n^lkT 

®12\e* 




1 + 


Sn^a-TY 




!;n = 


|e* 1 + 


5n^/kTY 
12 \ e*/ 

(1104, 12) 


neglecting higher powers of (lcT;t^). Formula (1103,9) is a good approxi- 
mation to (12). 


§ 1105. Distribution of velocities. According to (301,19), the range 
d\pj^\ of the magnitude of the ^-component of the momentum of a particle 
in a box corresponds to the range 2ad\p^\’h of the quantum number 1. 
Hence the element d\pj.\ d\py\ d\p^\ of momentum s])ace includes 

Sahcd\p^\ d\p.\lh^ = 8rrf|p^| d\pj[ d\p.\jh^ 
translational states or, taking account of electron spin, 

UV d\p^d\pJ\d\p,\|h^ 

quantum states in all. Now provided we do not try to define the position of 
an electron too exactly, we may legitimately regard lialf the electrons as 
having p^ positive and the othei half as having negative, and similarly 
Py^ Pz’ We therefore assign to the element dp^^dp^dp^ of momentum 
s})ace one-eighth as many quantum states as to the element d\pj\d\py\d\p^\, 
that is 2V dpj^dpydpjh^ in all. This might have been derived more simf)ly, 
but less convincingly, by classical reasoning and use of the limiting prin- 


ciple. Using then the value 


2V dp j^dpy dp Jh^ 

(1105,1) 

for the w eight factorin ( 1 1 02 , 1 ) , we obtain for the average number of electrons 
w ith momentum components in the element of momentum space dp^dpydp^ 

2V dpj^dpydp^ 

(1105,2) 

where e is the total kinetic energy given by 


€ = Upl+Pl+pDl'm,. 

(1105,3) 

According to the approximation (1 104, 8) for A, (2) becomes 


2V dp^dpydp. 

(1105,4) 


The factor (1 -f which is characteristic of Fermi-Dirac statistics, 

is shown plotted against (e — e*) for various values of T in Fig. 1. 
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For the number n(p^) dp^ of electrons, with momentum in the a;-direction 
in the range incident on unit area normal to the x-axis per unit time, 

2p /-f* r+» 1 

MP,)dp, - _,<¥.] ^dp. '• 


where e is given by (3). The double integral gives the number of such elec- 
trons per unit volume and pjm^ is their velocity of approach to the surface. 



-1 0 1 
(€-€*) electron- voltB 

Fig. 1. The Fermi-Dirac factor (1 as a function of e - e* for various values of T. 

If we substitute . «,2.„2 /imK a\ 

Pp = Pi+Pt> (1105,6) 


obtain 




^nm^kT p^dp^ 


\og(l+Xe-PV^^^'^). (1105, 7) 


If f denotes the kinetic energy in the x-direction, then 

= pI, = p^^dp^, ( 1105 , 8 ) 

and the number n(Qd^ of electrons incident from one side on unit area per 
unit time with normal kinetic energy in the range d^ is given by 

J ^ m m ^ ^ ^ % 


n(C)dS = dS- 


log(l + Ae-t/*^); 


(1105,9) 


if we use the first approximation (1 104, 8) to A, this becomes 


(1106,10) 
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Distribution Laws for Electron Gas 
This has the useful approximate form 

"" — ^J--c-<C-0/Arr (1105, 11) 

The function n(Q is shown plotted against (f — e*) for various temperatures 
in Fig 2. 



Fig. 2. Th« number n(^) of electrons per unit range of energy incident on the 
boundary per cm.* per bo<\ as a function of f and T. 


§ 1106. Thermodynamic functions of an electron gas. According 
to (224, 9) the partial potential is related to the absolute activity A by 

// = ikTlogA. (1100,1) 

Up to the present we have used as energy zero the state of an electron at 
rest inside the metal. This choice is of no significance as long as we confine 
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our attention to the inside of a single metal. If, however, we want to con- 
sider equilibria between a metal and the vapour phase, it becomes essential 
to use the same energy zero for both phases, and the most convenient zero 
is then the state of rest in the vapour. Changing to this zero, formula 
(1104, 9) for A becomes * 2 


+ I2e*- 


(1106,2) 


(1106, 3) 


Substituting (2) into ( 1 ) we obtain for the partial potential of the electrons 

J^22^2 

i“r = -Xo+«*-f2”7*-. (1106,3) 

with the useful first approximation 

= + (1106,4) 

This formula tells us that the partial potential of an electron is equal to 
the energy separating the almost full states from the almost empty states. 
(Cf. Fig. 1.) 

To obtain the free energy of the whole assembly of electrons we use the 

thermodynamic formula 


/igd^ (T, V constant). 


(1106, 6) 


Substituting from (3) into (6) we obtain 


rN ( jr2 ]AT2\ 

^e = Jo [ (T,F constant). (1106,6) 


(1106, 8) 


Since according to (1102, 10) ^ (1106, 7) 

integration of (6), treating independent of N/V, gives 

F 

+ (1106,8) 
For the total energy of the electrons we obtain 

(no.,., 

in agreement with (1104, 12). 

We can also derive a formula for i^, the pressure of the electrons. From 
(8) we deduce, using (7), 


dF. 2e*dF. N 


dV 3Vde* FP*'''6 e* T 


7r»k*T* 


(1106, 10) 


Comparing (10) with (9) we notice that 


P.F = t(Fe + iyrxo) = iJ&“", 


(1106,11) 
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where denotes the contribution of the kinetic energy to The relation 
(11) is in agreement with (603, 10) and confirms the virial theorem (706, 2). 

We emphasized in § 301 that the relations between the energy E of the 
assembly and the partial energy E of a, single system are always related by 


but that 




E 

N’ 


[dN) 


(1106,12) 


(1106,13) 


except in the special case of a classical perfect gas. As there has been con- 
fusion of this point, it is of interest to verify these relations for an electron 
gas. Since according to (10) is determined completely by T, K, e*, while 
€* is determined completely by 7, we may replace (12) by 


/dE\ 

Using (9) and (14) and treating Xo as constant, as assumed, we immediately 
verify that E = EjN, On the other hand, using (7), we obtain 



-Xo+e 


E 

N' 


( 1106 , 16 ) 


It follows from (16) that the temperature coefficients of (dEldN)rp^y and of 
EjN are also not equal. 


§ 1 107. Adaptation of formulae to metals. In the preceding section 
we have obtained a set of mutually consistent thermodynamic formulae 
for an electron gas in an enclosure of uniform potential energy — Xo> with 
— Xii treated as independent of T and of EjV. When we come to apply this 
model to the free electrons of a metal, we must be careful not to stretch the 
model beyond breaking -point. When we insert numerical values we find 
that Pf. in a metal at ordinary temperatures is about a million atmospheres, 
so that there is no sense in regarding as the contribution of the electrons 
to the real pressmre P, The paradox is due to our having assumed Xq ill- 
dependent of V, Actually P^ is merely the kinetic contribution of the elec- 
trons to P and this will be balanced by an opposite almost equal term 
N(dXol^V)i^ which has hitherto been assumed zero. It is therefore evident 
that the model is completely inadequate for explaining any phenomena 
connected with pressure or volume change. 

We can, however, obtain a set of completely consistent formulae by 
modifying the formulae of § 1 106 to take account of a dependence of on 
V or V/N. We retain formula (1106, 8) for the free energy. Since Xo* i*^ 
case, represents a rather crude average potential energy of a free electron 
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obtained by smoothing the attractions of the atomic ions, we may regard 
formula (1106,8) as defining Xo given T and given V. The essential 
assumption which we now n^ke is that Xo depends only on F, and that when 
T is varied the change in Xo is determined entirely by the change in F. We 
accordingly write (1106, 8) in the more precise form 

Te = N{-XoiV) + ie*(V)-^7T^k^T^le*(V)}. (1107, 1) 

We can now derive all the equilibrium properties by pure thermodynamics. 
In particular we obtain 

E, = ^T^d(FJT)ldT = iV{-XoW + |€*(F) + j7rWVe*(F)}, (1107,2) 

of the same lorm as (1106,9). For the pressure we obtain, however, 
instead of (1106, 10) . , ^2 

(1107,3) 

This is now the genuine total contribution of the free electrons to the total 
pressure exerted on or by the metal. It must represent the difference in the 
total pressure exerted under otherwise similar conditions by an assembly 
containing free electrons and an assembly without them. We may conclude 
that can be at most of the same order as the actual pressure P. We may 
regard (3) as determining P^ for given F, or alternatively as determining F 
for given P^. In particular at ordinary low pressures we may use the 
approximation . 

+ e* " (1107,4) 


and regard this equation as determining F. For the partial potential of 
an electron we derive from (1) 


/^e = 



= -Xo + vlf+e*- 


12 e* ' 


(1107,6) 


We can verify that formulae ( 1 ), (3) and (5) are consistent with the necessary 
equaUties G^ = F^+P^V = N/i^. (1107, 6) 


Substituting from (4) into (5) we obtain for ordinary low pressures the 
alternative form for 






(1107,7) 


Alternatively we could obtain (5) directly from (1) by noticing that at 
ordinary low pressures we have 


(1107,8) 
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We shall denote by x the average energy required to take a single electron 
at constant T, V from the interior* of the metal to rest outside the metal, 
leaving behind an equilibrium distribution. With this definition of Xj 
thermodynamic energy of evaporation is Using (2) we have 


X = 



(dE\ V (dEA 
\dN)r,y N^^\dV Jr, ^ 


= Xo-V 


^Xo 

dv 




12 f* * 


(1107,9) 


Using (4) we can rewrite (9) in the alternative form 


a : = Xo-b^ 


7T^ k^T^ 
+ - 

12 f;* 


( 1107 , 10 ) 


One further quantity which we shall require is the work ?/□ needed to 
take a single electron from rest inside the metal to rest outside the metal. 
This work is not merely because tlie removal of a single electron changes 
N/V^ and so the value of Xo Ibr the remaining elec'trons. This process of 
course does not leave behind an equilibrium distribution, siruie it leaves the 
lowest state empty. Acctording to the a[)proximations of the f)re8ent dis- 
cuHsion i/o is given by ^ 




dv ■ 


Substituting from (11) into (5) and into (!)), wo derive 


Vo = -/*<■ + «-*- 


12 €* 


= A: + e* + 


jt 2 

12 e* ’ 


(1107, 11) 


(1107, 12) 


In almost all applications the terms in 7'* arti negligible, and formulae 
(11) and (12) reduce to 

/'. = -X = - ^/o = -(y„- + (1 107, 13) 


§ 1108. Metals and insulators. In Sommerfeld's treatment of metals, 
which we have presented in the foregoing seidions, any jieriodic structure 
inside the metal is entirely ignored; except for the potential barrier at the 
surface the electrons arc treated as entirely free. This model must be modified 
to obtain an acceptable electronic theory of matter, for the model must at 
least provide naturally a means of discriminating between conductors and 
insulators — that is to say we must be able to specify what electrons are more 
or less “free ” and therefore able to conduct, and what electrons are “ bound “ 
and cannot. This discrimination becomes possible when the y>eriodic 
variations of potential inside the crystal (metal or insulator) are taken into 
account. 

F G 
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Considerable progress has been made in recent years in the more accurate 
treatment of electrons in metals and insulators.* It would require too much 
space to give an adequate account of this work and we shall not attempt to 
do so here. It is, however, of such importance that we consider it advisable 
to include a purely qualitative description of the theory. 

The motion of an electron in a triply periodic field of force can be studied 
by either of two methods of approximation, but Schrodinger's equation 
cannot be solved exactly except for the one-dimensional case. We may 
start with the atoms of the crystal in correct array but at large separations, 
use atomic eigen functions for the first approximation to the electronic 
states, and enquire how the atomic states are perturbed when the separation 
is decreased to the separation of the actual crystal. Alternatively we may 
start with the electrons moving freely in an enclosure of uniform potential 
and then examine how the electronic states are modified by small periodic 
variations in the potential, with a period equal to the lattice constant of the 
crystal. Both methods lead to the same general results, and one or other 
may give the better detailed picture according to circumstances — the atomic 
starting-point for the most tightly bound states, and the uniform potential 
starting-point for those least tightly bound. 

For our immediate purpose of describing the general nature and dis- 
tribution of electronic states in a crystal the atomic starting-point will 
prove satisfactory. Consider first a set of A similar nuclei in a regular cry- 
stalline array expanded to large separations. For each set of values of the 
three quantum numbers (spin excluded) each nucleus provides one state 
for each of the two directions of electron spin; thus the N nuclei provide 
2N similar states. At large separations these have all the same energy and 
form in fact one 2A-fold degenerate state. If now the scale of the nuclear 
array is reduced, this 2A-fold degenerate state is split by the interactions of 
the other nuclei into a group of states distributed in energy over a band of 
energies, whose width increases as the scale of the array diminishes, but 
remains independent of N at least when N is large. In general the band will 
contain N distinct energy levels in each of which the electron can have either 
spin. Such a band can accommodate just 2N electrons and no more. The 
energies of its states will be modified by the electronic charges as the later 
electrons are added, but, as always, these charges cannot modify the number 
and general properties of the states. Since the breadth B of the band is 
independent of the order of the separation between states of neigh- 
bouring energy will be BjN-, this is very small when N is large, and for a 

* There is now a great choice of literature to which the reader may refer for a more detailed 
general account of this field: in particular Brillouin, Z)ie QuanUnstatUtik (1931); Sommerfeld and 
Bethe, Handb. d, Phffsik^ Ed. 2, Blekironmtheorie der MetalU, 24, pt. 2, 333 (1933); Mott and Jones, 
Properties of Metals and AUoys (Oxford, 1936). 
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substantial crystal the set of states in the band forms practically a con- 
tinuum. It can be shown that each atomic eigen function, corresponding to 
a definite electron energy, is converted by the interaction in the crystal into 
a band of N states each cajiable ot accommodating two electrons of ofipositc 
spin. These energy bands belonging to diflcrent atomic eigen functions may 
or may not overlap; whether they do or not may make an essential difl’erence 
in the electronic properties of the lattice. 

At the absolute zero ol temjieratiire the electrons of the lattice will occupy 
the necessary number of states of lowest energy available. Even at high 
temperatures this remains approximately true. The lowest bands will all 
be completely full and the electrons in these bands may be called bound 
electrons. If the highest band or bands containing electrons are not com- 
pletely full, these electrons may be called free electrons. The free electrons 
will fill the lowest states (exactly at the absolute zero and approximately at 
finite temperatures) immediately above the bands already filled with the 
bound electrons. These states may all lie in one band, as in the case of t he 
alkali metals, or they may lie in two overlapping bands, as in t he case of the 
transition metals. We shall discuss these examples in the n(‘xt section. The 
electrical properties of the crystal will now be entirely different according 
as the highest band containing electrons at the absolute zero is partly or 
completely full, that is to say according as there are or are not any free 
electrons. 

We may now make a start by describing the very different properties of 
good and bad solid conductors of electricity, which show that a classification 
into good and bad is no mere trivial one. Good conductors (metals) have an 
electrical resistance which always rises with the temperature and with the 
presence of increasing amounts of impurities. Bad conductors have a 
resistance which falls rapidly as the temperature rises (until the temperature 
passes a definite limit) and generally falls as the impurity content rises. 
Bad conductors with these properties are called semi-conductors, or in- 
sulators when very bad. There is no such sharp line of demarcation between 
semi-conductors and insulators, as there is in general between these sub- 
stances and metals. 

The quantum theory of electrons in a periodic field f)rovides a theoretical 
basis for this classification. If the highest band of allowed states, containing 
any electrons at low temperatures, is only partly full of electrons, then at all 
temperatures there are electrons available at the top of the full levels, in 
number nearly independent of the temperature, which are free to make 
transitions to neighbouring empty states, and the substance is a good 
conductor, a metal. If on the other hand the highest band containing any 
electrons at low temperatures is exactly full of electrons, and separated from 
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the next higher band by a distinct gap of disallowed energies, there are no 
electrons at low temperatures free to make any transitions, and the sub- 
stance is an insulator. At higher temperatures the electrons will not be all 
in the liighest normally occupied band, but a few will be thermally excited 
to the higher empty band. The general result must be that there will at 
higher temperatures be an increasing number of free electrons in the almost 
empty band, and therefore also of free holes which function as free positive 
electrons in the almost full band, both of which can make transitions to 
neighbouring states, and so the substance will conduct more and more freely 
as the temperature rises. Without going into any details it is already clear 
that we have the necessary basis for distinction between metals and in- 
sulators. 

It is at j)resent not possible to carry through the actual calculations neces- 
sary to decide in all cases whether a set of N atoms (or molecules) of a given 
tyj)e, when they combine to form a crystal latti(‘c, will form a metal or an 
insulator. We shall merely describe what does in fact happen in a few special 
cases. An alkali atom has a single valency electron in an s state, well separ- 
ated in energy from the states of the other core electrons. In the crystal 
formed from N atoms there is an s band capable of accommodating 2A 
electrons, and there are only N electrons present to go into it. The solid 
alkalis are therefore metals. We might go further and try to argue that any 
atom of odd valency (or molecule of odd residual valency such as NO or 
TiN) must also form a metal in the solid state. This, however, is not always 
correct, as can be seen most clearly by considering the halogens. A halogen 
atom has an incomplete outer shell containing seven valency electrons 
instead of eight. If the atoms could form an atomic lattice, the four atomic 
eigen functions of the outer shell would form a band or bands of states 
capable of holding SiV electrons; only IN would be present and a metal 
would result. But in fact this is not what occurs: the halogen atoms from 
energy considerations prefer first to form molecules of two atoms rather than 
crystal lattices, and the lattices are built up from these molecules, not from 
atoms. The molecular electronic states are all fully occupied by two electrons 
each, and can form bands of crystal states which are all comy)letely full (or 
completely empty) so that the solid is an insulator. In the same way, while 
TiN forms a typical metal, NO does not. Presumably the molecules first 
polymerize to NgOg, in which all the molecular electronic states are fully 
occupied, and give rise to fully occupied lattice bands. The converse can 
also hapf)en. Atoms with electronic states all full in the free state need not 
necessarily give rise to insulators, for if there are other atomic states not far 
removed in energy from the ground state, the corresponding bands may 
overlap and the lattice have the properties of a metal. The alkaline earth 
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metals provide an example. The free atom has two s electrons filling the last 
8 group, but in the crystal the s and p bands overlap and the crystal is a 
metal. It is at present therefore still necessary to discuss the electrical 
properties of each crystalline solid on the basis of explicit assumptions as to 
the nature and arrangement of the electronic bands, the assumptions being 
chosen in each case to accord with the known properties of the substance, 
whether those of a metal or those of an insulator. The theory provides a 
natural place for both types of substance. 

§ 1109. Energy bands in actual metals. We described in the preceding 
section how the complete set of crystalline electronic states is composed of 
a series of bands which may or may not overlap. It will be convenient to 
use the expression group of bands to refer to several bands that mutually 
overlap, but which do not overlap the bands in other groups. The properties 
of a metal, which depend on the electrons, will be determined by the dis- 
tribution of energy levels in a band and by the extent to which several 
bands form groups of overlapping bands. The structure and relative posi- 
tions of the partly filled bands, that is to say the bands containing the free 
electrons, are particularly important. 

It is convenient to describe the distribution of electronic energy states by 
a function g(€), such that in a metal of volume V the number of states with 
energy in the range e, e -f de is equal to 

Vg(e)de, (1109,1) 

each such state being capable of accommodating two electrons, one with 
each direction of spin. Some values of the energy will be (confined to a single 
band, others to two overlapping bands. In an energy range where two bands 
1 and 2 overlap, g{(i) will be of the form 

g(^) + (1109,2) 

where ^i(e), g^if^ are the distribution functions for the states in the two 
overlapping bands. The form of g(€), or of gfi(e) and will depend not 
only on the nature of the atoms of which the metal consists but also on their 
arrangement in the crystal. The two most important structures are the 
face-centred cubic and the body -centred cubic. The determination oig{e) for 
a metal of atoms of a given kind with a given crystalline structure is a 
problem in quantum theory, which like so many other problems is soluble in 
principle but extremely complicated in practice. In spite of its difficulty 
considerable progress has been made* in the theoretical calculation of < 7 ( 6 ) 
for certain metals with cubic lattices, and these calculations, so far as they 
go, have been corroborated by experimental data on the absorption of ultra 

• See for example Mott and Jones, Proptriits of Metals and AUoya (Oxford, 1936). 
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soft X-rays. We can here only describe extremely briefly a few of the most 
important results of such calculations. 

We shall first describe the general form of g{e) for a single band. At the 
bottom of the band g{€) is of the form 

g(€)cc{€+%)^, (1109,3) 

where — 17^ is the energy at the bottom of the band. At the top of the band 
g{e) has the form ^ (-%-e)*, (1109,4) 

where denotes the energy at the top of the band. When g(€) is plotted 
against 6 -f the curve obtained begins with the form (3), then rises above 
the curve (3) ; there will somewhere be a discontinuity of slope, and the curve 
will fall and cut the curve (3). There may be other sudden breaks, deter- 
mined by the crystal structure, before the curve finally ends with the 
form (4). 

When several bands overlap, the resultant g(e) for the group is con- 
structed from those of the constituent bands according to formula (2). As 
a simple illustration we show in Fig. 3 the approximate form of g(e) according 
to Jones and Mott* for the first two overlapping bands formed from the 
8 and p states of atoms in a crystal with body-centred cubic structure. The 
curve OABCE represents the lower band; the curve FDO the beginning 
of the upper band; the curve OABCDO the resultant g{€) for the pair of 
bands. The curve OBO is a parabola corresponding to formula (3). Fig. 4 
is a similar diagram due to Slaterf for the overlapping bands formed from 
the 3d and 4s atomic states in nickel. We shall discuss this figure further in 
the next section. 

It should be observed that on Sommerfeld’s theory we have, by (1102, 7), 

i7(e) = 2;r(^*)*(e + %)*. (]109,6) 

and this may be regarded as a special case of (3), if we identify tJq with rf^. 
In general the numerical coefficient of {e -f will be greater, and sometimes 
considerably greater, than the coefficient of (e + 7o)* (^)* of 

the alkali metals, for special reasons the coefficient will be. approximately 
given by formula (5). Moreover, these metals have only one free electron 
per atom and so the s band containing these electrons will be just half full. 
The highest energy level that is full will be approximately at A in Fig. 3. 

In the next section we shall discuss briefly the bearing of g(€) on the heat 
capacities of metals. For discussing the thermionic properties of metals 
it is not necessary to know the form of g(€). It is sufficient to use the 
approximation, which is accurate at the absolute zero, that all the N elec- 
* Jones and Mott, Proc. Roy. Soc. A, 162, 49 (1937). f Slater, Phys. Rev. 49, 537 (1936). 



1109 ] Example of Actvud Energy Bands 471 

trons occupy the lowest states, two in each state. If the work required 
to remove an electron from the highest occupied state and take it to rest in 
the gas is denoted by we may continue to use the formulae 

M = -X< (1109,6) 

X = e.-xikT^ (1109,7) 



Fig. 3. Distribution of energy levels in bands formed from atomic s and p states. 
for free electrons; individual bands; total g{t). 



Fig. 4. Distribution of energy levels for copper and approximately for nickel. The and 4^ bands 
are shown separately. Vertical lines indic^ite the portion of the bands tilled by 1, 2, ...» 12 
electrons per atom respectively 


already derived in § 1107 for Sommerfeld’s model. To establish (6) or (7) 
we have merely to observe that, whatever the form of g{e), we have for a 
partly filled group of bands containing N (free) electrons 





2y(€)de_ 


(1109,8) 
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where — a/j,, —Tfi denote the energy levels of the bottom and top of the band 
respectively. We now use the same approximation as in § 1103, namely 




(1109,9) 


Formula (8) now reduces to 

N = 


Fp 2g{€)de. 

J 


(1109,10) 


But, if we denote by — x energy of the highest states that are com- 
pletely filled at the absolute zero, we have 


N = 


rf 2g(e)de. 

J - Vh 


(1109,11) 


Comparing (10) with (11) we deduce (6). To the same approximation the 
electronic free energy and the energy are given by 


= A/, = + r f " 2g(e) edt=^^Nri,+ v[ "" 2g(e) (e + Vt) 

J J - Vb 

(1109, 12) 


If we vary iV in (12) and (11) and divide the one by the other, we obtain 

(dFldN)y = ^X^ (1109,13) 

One cum also obtain more accurate formulae corresponding to the degree 
of approximation of § 1 104. We shall not give derivations,* but will quote 
the results: 

F, = -Nri^+V { ^2g(€){f. + ‘i^^)de-\n^k^TWg(~x), (1109,14) 

J -Vb 

K, = -N%+V ( ^2g{e)(e + ri^)de+\n^k*TWg{-x), (1109,15) 

J -Vb 

S, = ln^k^Tg{ - x), 

^ * !1(-a:) be/. 

with X defined by (1 1). 


(1109. 16) 

(1109.17) 


€=-X 


§1110. Electronic contribution to heat capacities. In Chapter iv 
we were able to give a generally satisfactory account of the heat capacities 
of metals and other solids, in which we entirely ignored any contribution 
that might be made by the free electrons of a metal. We can now verify 
that such a contribution will in fact usually be negligible except at very low 
temperatures. 


* These are given, fcr example, by Mott and Jones, Properties of Metals and AUoys, pp. 176-179. 
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We can begin by using Sommerfeld’s model. The energy of the electrons 
is then given by formula (1107,2), and so the contribution of each free 
electron to the heat capacity at constant volume will be given by 

In §1104 we calculated that for copper e*/* = 8 xl 0 « deg. so that 
^e/k = 6 X 10 * 7 , which is negligible at all ordinary temperatures. We are 
thus free to apply the idea of a gas of free electrons to thermionic, photo- 
electric, thermoelectric and conductivity problems, without upsetting 
earlier conclusions based on the theory of crystals. 

Actually Sommerfeld’s formula ( 1 ) is probably applicable only to the 
alkali metals and then only for special reasons. Generally we must use 
instead formula (1 109, 1.*)) for the energy. We then obtain for the electronic 
contribution to the atomic heat capacity 

> - Sifaf),,, - 

where V is the atomic volume, and we have writUm <j* insUmd of g( — x) 
the value of the distribution function ^(e) at the energy — x of the highest 
occupied state at the absolute zero. Tho absolut/e value of is thus deter- 
mined by Vg*, Even without knowing the jirecise value of < 7 * we can draw 
several interesting conclusions from formula ( 2 ). 

Whatever the value of g*, it follows from (2) that 

C\ocT, (1110,3) 

For the contribution of the acoustical modes to the heat (‘ai>acity we 
found in Chapter rv that in the limit of low temj)eratures 

(^^ocT^. (II 10,4) 

Hence, however small may be in absolute? value, it will become the 
dominant term in the heat capacity if the temperature is sufficiently low. 
When numericial values are inserted it is found that, according to the 
Sommerfeld model, becomes comparable to in the region of a few 
degrees K. When g* is appreciably greater than the value corresponding to 
Sommerfeld’s model, is correspondingly more important. The formula (3) 
has in fact been confirmed experimentallyt by Keesom and Kok for silver 
and zinc. They measured the heat capacity between 1*7 and 4°K. and 
found it to be greater than that given by extrapolation of Debye’s T^daw. 
The excess heat capacity could be represented by a relation of the form (3). 
The proportionality constant for silver is approximately that given by 


I For references see Table I . 
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Sommeifeld’s formula (1), if one assumes one free electron per atom. For 
zinc the proportionality constant is rather smaller but has not been deter- 
mined accurately. Similar results have been obtained more recently for 
copper, the proportionality constant being somewhat greater than for 
silver. 

It thus appears that Sommerfeld’s model, crude as it is, is able to give 
the value of the electronic heat capacities in silver, copper and zinc within 
a factor of about 2. The model may perhaps apply still better to the alkali 
metals, t but experimental data for the heat capacities at temperatures 
around 1°K. are not available. For several metals among the transition 
elements the relation (3) has also been verified, but the proportionality 
constants are several times greater than those corresponding to Sommer- 
feld’s model. The proportionality factors for the several metals are collected 
in Table 1. 

Table 1 

Heat capacities of metals at temperatures in 
neighbourhood o/ 1° K., where C^oc T 


Metal 

lO*rJkT 

(deg.-i) 

References 

Ag 

0-8 

Keesom and Kok, Physica^ 1, 770 (1934) 

Cu 

0-9 

Kok and Keesom, Physica, 3, 1035 (1936) 

Ni 

8-8 

Keesorn and Clark, Physica^ 2, 513 (1935) 

Pd 

16 

Pickard, Nature, 138,.123 (1936) 

Pt 

81 

Kok and Keesom, Physica, 3, 1035 (1936) 

Fe 

60 

Duycke^erts, Physica, 6, 401 (1939) 


We shall not discuss these values in detail. J The most important point is 
that a high coefficient must mean a high value of g*. The reason why g* has 
a relatively high value for a transition metal can be made clear by a com- 
parison of nickel and copper. The electron bands shown in Fig. 4 are (;on- 
structed from the 3d states and the 48 states of free Cu atoms. It is con- 
venient to refer to the lower band as the 3d band and to the higher band as 
the 4s band, though this is not an accurate description of the nature of the 
bands. In nickel the form of g{€) will not be exactly the same as in copper, 
but the general shape will be similar and we can use the same diagram to 
describe the electronic distribution in nickel. In copper the highest occupied 
level is at the place marked 1 1 , and so in a crystal of copper containing N 
atoms there are lOiV electrons in the 3d band and N in the 4^ band. In 

t See, in particular. Slater, Phys. Rev. 45, 794 (1934). 

I For such a disciiBBion see S.M. p. 391, or Mott and Jones, Propertiea of Metals and AHoys^ 
p. 192. An instructive elementary review of this field has been given by Sommerfeld, Ann. d. Phys. 
2S, 1 (1937). 
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nickel, on the other hand, the highest occupied level is at the place marked 
10, and so in a crystal of N atoms there are about 9*4 JV electrons in the 3d 
band and about O-OiNT electrons in the 4s band. It is now immediately evident 
from the diagram that g*, and consequently is much greater for nickel 
than for copper. For similar reasons the values of g* for palladium, platinum 
and iron will be high as compared to copper, zinc and silver. 


§1111. Elementary theory of an electron atmosphere. Let us now 
consider an assembly consisting of the metal and the vapour phase. Since 
the evaporated electron density will prove to be very small, its space charge 
can, as a first approximation, be neglected, and the number of electrons in 
the metal can be assumed to be normal ; actually any deficiency of electrons 
in the metal would always be replaced by conduction. 

In the vapour phase (denoted by the superscript (i) the electron density 
is so low that the classical formula (1 101, 7) is appUcable. We have therefore 
for the absolute activity of electrons in the vapour 


^ 2(27Tm,k7y^ 


( 1111 , 1 ) 


where ( = N^jV^) denotes the number of electrons in unit volume in the 
vapour phase. For the electrons in the metal, we have with sufficient 
accuracy according to (1107, 13) 


= = + ( 1111 , 2 ) 


where the superscript M refers to the metal. The absolute activity of the 
electrons in the metal is therefore 


Af = (1111,3) 

As we saw in § 1 109, formula (3) is independent of the distribution of energy 
states provided x is correctly defined. 

The condition for equilibrium between vapour and metal is 

A? = Af. (1111,4) 


Substituting from (1) and (3) into (4), we obtain 

_ 2(27rm,iT)* 

p -- ^3 


( 1111 , 6 ) 


Apart from the factor 2 for electron spin, formulae substantially equivalent 
to ( 5) had been obtained before the development of modern quantum theory . f 


t The earliest derivation appears to be due to v. Laue, Ann, d. Phya. 58, 695 (1919). For 
other early references see O. W. Richardson, Th€ Emisaim of Electricity from Hot Bodies^ Ed. 2 
(Longmans, 1921); Schottky, Zeit.Phya. 34, 645 (1925). 
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§ 1 1 12. Vapour pressure constant of electrons. It is worth noticing 
that by applying the perfect gas equation to the electrons in the vapour, 
we can transform ( 1 1 1 1 , 5) to 

logp, = - + f log T + logl^^^l , (1 1 12. 1) 


where denotes the vapour pressure of the electrons in equilibrium with the 
metal. Thus the vapour pressure constant of the electron is 


i, = log 


2(27rm^)^ 


> 


( 1112 , 2 ) 


which is the normal value for a particle of mass with two possible orien- 
tations. This formula, apart from the factor 2 for electron spin, was obtained 
by Dushrnan.* 


§ 1113. Thermionic emission. The phenomena of the emission of 
electricity from hot bodies are well known. f We cannot here describe experi- 
mental details. It is sufficient to record that an incandescent metal emits 
electrons and to a less extent positive ions at a rate which is extremely 
sensitive to the temperature. The })henomena actually observed depend in 
general on these rates of emission, for the system studied experimentally 
is usually not in an equilibrium state. But since there must be an equi- 
librium state for the corresponding isolated system, we are led by these 
phenomena to believe that when equilibrium is set up between a metal and 
its surroundings (gas or vacuum), the metal is in equilibrium with a vapour 
of electrons and perhaps of positive ions as well. If we have chosen a suitable 
model, this equilibrium so far as it concerns electrons should be adequately 
described by the formulae of the preceding sections. 

It has not proved possible to observe the electron density given by ( 1 1 1 1 , 5) 
or the corresponding electron vapour pressure. The quantity observed is 
always a current — the maximum current that can be drawn from an in- 
(^andesc^ent wire by an external voltage large enough to sweep away the 
electrons as fast as they are emitted, but not large enough to produce a 
sensible potential gradient near the emitting surface. Such a saturation 
current measures the rate of emission of electrons by the hot solid. About 
such rates of emission neither thermodynamics nor the equilibrium theory 
of statistical mechanics have anything to say. We must appeal to some 
mechanism, which however, and here the equilibrium theory comes in, 

* Dushrnan, Fhys. Rev, 21, 625 (1923). 

t For a general account see O. W. Richardson, The Emission of Electricity from Hot Bodies^ 
Ed. 2 (Longmans, 1921); K. T. Compton ancf Langmuir, Reviews of Mod. Physics, 2, 123 (1930). 
A more recent account is Reimann. Thermionic Emission (Chapman and Hall, 1934) from which 
wo have taken the greater part of the numerical data. 
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must be consistent with the equilibrium state when allowed to act in a normal 
manner. It must be true, for example, that the rates of emission and return 
of electrons are equal in the equilibrium state. We now assume that, when 
the external voltage is applied and the saturation current measured, the 
rate of emission of electrons is unaltered. Since this rate is determined by 
the internal state of a conductor, and the voltages in (piestion are not large, 
this assumption may be accepted. 


§ 1114. Rate of evaporation of electrons. Now that we possess an 
adequate picture of the electronic state inside a metal, it is possible to 
calculate directly tlu^ raU^ of emission of electrons under ecjuilibriurn 
conditions. It is j)ossible, however, to arrive formally at the same result 
indirectly and more simply by calculating the rate of return of electrc)ns 
to the metal and we give this calculation first on account of its historical 
importance. 

The electrons in the vapour have the usual Maxwellian distribution in 
velocity and position, and therefore, by (334, 2), the total number of electrons 
striking unit area in unit time is 


\2n7nJ 


( 1114 , 1 ) 


Substituting from (1111, 5) into (1), we obtain for the number of gaseous 
electrons striking unit area of the metal surface per unit time in the equi- 
librium state 




-XikT 


(1114,2) 


If a fraction r of these is reflected again, the number of electrons condensing 
per unit area of the metal per unit time is 


(1-r) 




( 1114 , 3 ) 


In the equilibrium state the rates of evaporation and of condensation must 
be equal. Hence (3) gives also the rate of evajioration of electrons per unit 
area per unit time in the equilibrium state. 

We have given the simplest and oldest derivation of (3) for the rate of 
evaporation, but it is of intere*st to confirm (3) by a direct derivation. Only 
those electrons can get out whose kinetic energy f perpendicular to the 
surface exceeds the energy ijq defined at the end of § 1 107. It is assumed that 
the motion normal to the surface is unaffected by the other velocity com- 
ponents, which is correct when the atomic variations of the potential are 
neglected. If n{^)d^ is the number of electrons incident on unit area of 
surface from the inside per unit time with normal kinetic energy in the range 
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and D(Q is the chance that such an electron wiU emerge, then the number 
of electrons emerging from unit area per unit time is 

n{0I)(0d^, (1114,4) 


/■ 


or 


D rn(Od^, 

J Vm 


(1114,6) 


where Z) is a mean transmission coefficient. But it is a w^ell-known quantal 
theorem that transmission coefficients over any barrier are necessarily the 
same in both directionst for electrons of each energy group. Hence D must 
be the same as (1 -r), and (5) becomes 


(!-»■) f 

J V 

Substituting for n{Q from (1 105, 11), we obtain 

^ 00 

(!-»•) 

J V^ 




Performing the integration, we obtain 


(1114, 6) 


(1114,7) 


(1114,8) 


and using (1 1 1 1, 2) we recover (3). 

It follows that the saturation current ~ 1 flowing from unit area of the 
hot body to the collecting electrode is given in electrostatic units by the 

4nm me\ 

/ = (l-r)--^^^r*e-At/*’’, (1114,9) 


where — \e\ denotes the electronic charge. This is the correct form of 
Richardson’s emission formula. The energy x is called the thermionic work 
fimction. The earliest version of this formula omitted the weight factor 2 for 
the electron spin, and also the reflection coefficient r. 


§1115. T ransmission coefficient . To make use of ( 1 1 1 4, 9 ) we require 
information about the transmission coefficient (1 ~ r). To obtain an accurate 
theoretical value for r we should require to know the exact form of the 
potential barrier separating the interior of the metal from the vapour. By 
assuming approximate forms for the potential barrier one can calculate 
approximate values for r. We shall not give these calculations here. It is 
sufficient to state that reasonably probable forms for the barrier for a clean 
metal surface lead to values of r much less than 1, so that 1 1. 


t For example see R. H. Fowler, Proc. Camh, PhiL Soc, 25. 193 (1920). 



479 


1116] Study of the Rate of Emission of Electrons 

The transmission coefficient D{Q is a function of f and the shaj^e of the 
potential barrier and is, of course, independent of the temperature. D or 
(1 — r), being an average for all is strictly a function of tem}>erature, 

but actually is almost independent of temperature and of magnitude com- 
parable with unity.* * * § 


§ 1116. Comparison of theory and experiment for clean metals. 

We can write the theoretical formula (1 114, 9) in the form 


/ - {\-r)Ar^e-xlkT^ ( 1116 , 1 ) 

where .4 = 120 amp. /cm.® deg. ^ We may expect that (1— r) is not greatly 
different from 1. When (1) is compared with the best experiments on care- 
fully cleaned tungsten, regarding (1 — r) and x adjustable constants, an 
excellent fit is obtained with a value of ( 1 — r) about ^ . Owing, however, to 
the dominance of the exponential factor, the observations are not capable of 
fixing A with a high accuracy. It is therefore probable, if not absolutely 
certain, that there is a real discrepancy of a factor 2 between the simple 
theory and experiment. Within a factor of 2 or 3 there is agreement between 
theory and experiment, not only for tungsten but for several other metals, 
provided they have been properly cleaned. If, however, the surface of the 
metal is coated with impurity, quite different values are obtained for 
(1 -r)^. The theory has been extended to cover the behaviour of a metal 
covered with a film, but we shall not discuss this extension. The com- 
parison between (1) and the experimental observations of Davisson and 
Germer on clean tungsten, recomputed by Dushman,! are shown in Fig. 6, 
where logjoZ/T® is plotted against l/T. The straight line drawn has a 
slope corresponding to {\—r)A — 60 amp. /cm.® deg.®, or to 1 — r = The 
broken line has a slope corresponding to (\-~r)A = 120 amp. /cm.® deg.®, 
or to r<^ 1. Later measurements by Dushman and his collaborators J com- 
pletely confirm the measurements of Davisson and Germer. 

In Table 2 we give the values of A and x considered most reliable by 
Reimann§ for various metals supposed to be clean. Abnormal values of 
(1 -r)^ differing greatly from 120, as in the case of nickel, may be due to 
films on the metal, but we shall not analyse the data further. || 

* For detailed discusBion of transmiBaion coefiScienta, see S.M . p. 349. 

t Davisson and Giermer, Phys. Rev. 20, 300 (1922); Dushman, Phya. Rev. 21, 623 (1923). 

X Dushman, Rowe, Ewald and Kidner, Phya. Rev. 25, 338 (1925). 

§ Reimann, Thermionic Emtaaum (Chapman and HaU, 1934), where fuU references to original 
■onroes are given. See also Dushman, Rev. Mod. Phya. 2. 381 (1930). 

II For more detailed discussion see S.M . p. 353. 
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Fig. 5. Thermionic eraisHion current of tungsten. The continuous line corresponds to r - 

the broken line to r - 0. 
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Table 2 

Thermionic emission constants for metals believed clean 


Data as critically selecUnl by Reiinanri 


Element 

1 X electron-volts ] 

amf)./cm.*deg. 

c:s 

1 81 

162 

Ba 

211 

60 

Zr 

412 

330 

Hf 

3 63 

14-5 

Th 

3 38 

70 

Ta 

4 1 

60 

Mo 

416 

65 

W 

4‘54 

60 -100 

Re 

61 

200 

Ni 

503 

1380 

Pd 

4-99 

60 

Pt» 

5*40 

170 


Where a value of 60 is given for A it usually iraplios that the observational value is not very 
clififeront from 60, differing from it perhaps by a factor loss than 2, but that the old theoretical 
vadue 60 has been assumed in the analysis. 

• The data for Pt are those of Van Velzer, Phys. Rev. 44, 831 (1933). Previous data are un- 
reliable owing to the metal surface not being clean. All other data in this table are as selected by 
Rcimann. 

§ 1117. The photoelectric effect. When light falls on a cold metal 
surface, electrons are emitted as soon as the frequency v of the incident light 
exceeds a certain threshold frequency Vq. This is known as the photocloctric 
effect. The model of a metal here in use accounts at once for the main 
features of this emission. For when T^O, there are no electrons in the metal 
with a kinetic energy greater than e*, and ])lenty with any energy less than 
e*. In order that an electron whose initial energy is e may emerge after 
absorbing a quantum of energy hv. it is necessary at the least that 

( 1117 , 1 ) 

The least possible value of v satisfying this inequality is 

hv = huQ = (1117,2) 

The photoelectric threshold frequency ^'o equal to x/^- Table 3 com- 

pares the observed values of and where both have been satisfactorily 

determined. The agreement is excellent. 

Experiments on the photoelectric effect are not habitually made at low 
temperatures, and it is necessary to consider the effect of temperature on 
the number of available electrons for light of given frequency u. It is at once 

31 


F G 
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evident that there can be no absolutely sharp threshold at temperatures 
other than zero, and this is borne out by observations now to be discussed.! 


Table 3 

Comparison for clean metals of experimental values in 
electron-volts of hv^ and of x 


Metal 

Cs 

Ta 

Mo 

W 

Re 

Ni 

Pd 

hv^ 

2^1-9 

411 

4-15 

4-64 

4-98 

601 

4-97 

X 

1-81 J 

4-12 


4-54 

61 

603 

4-99 


Data from Reimann, where authorities are quoted. 


In order that an electron may be emitted, it is necessary that the energy 
of its motion normal to the emitting surface should exceed Its other 
velocity components are to a first approximation irrelevant. The rate of 
emission of such electrons must therefore be expected to be proportional 
to the intensity of the light, the number of suitable electrons striking unit 
area of the surface in unit time, the chance that they will pick up the quan- 
tum hv in the proper velocity component, and the chance that they will then 
be transmitted through the boundary field. When the boundary field is well 
represented by an image field, as for a clean metal, this last chance hardly 
varies and may be taken to be unity. With the model here in use, in which 
the electrons are free inside the metal, the whole excitation takes place 
in the surface field of the metal. The chance of absorbing the quantum 
will vary with v as in other absorption phenomena, but this variation is not 
important near Thus a good approximation to the photoelectric yield 
per unit light intensity near the threshold frequenc}" is to take it simply 
proportional to the number of electrons incident per unit time for which 

+ (1117,3) 

where Pj. is the initial momentum of the electron normal to the surface. 

Equation (1105, 10) gives the number of such electrons as a function of 
p^. The photoelectric yield per unit light intensity is therefore proportional to 


J, 


dPx Iog{l + 

hv))^ ^ 


(1117,4) 


This can be rewritten as 

“ W 




t This was first established beyond reasonable doubt by the work of Mendenhall's laboratory ; 
see Morris, Phya. Rev. 37. 1263 (1931); Winch, Phya. Rev. 87, 1269 (1931); Cardwell, Phya. 
Rev. 38, 2041 (1931). 
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This function should give the photoelectric yield for a clean metal as a 
function of v and T for values of v near the threshold Vq — x/h- 

The integral in (5) cannot be evaluated in finite terms but can be com- 
puted from simple expansions.* The result can be expressed in the form 

+ (1117,6) 

where O is a known function and ^ is a constant. For each temperature we 
can then plot observed values of logj^fZ/T^) against hvIkT, and can plot 



-5 0 5 10 15 20 25 

h{v-v^)lkT-^ 

Fig. 6. Analysis of observed photoelectric yields for Pd. 


against x on the same scale. Observations for all temperatures should 
then be brought to lie on the C>(x) curve by suitable shifts of the origins. The 
shift in the origin of v determines accurately the true threshold x ” hv^. 
An alternative method of analysis has been used by Du Bridget employing 
sets of observations for various temperatures and a single frequency. In 
this method 4>(x) is plotted against logx and the observations are similarly 
treated. The results are in excellent agreement. The calculated function 
<^(x) and the analysis of the observations of Du Bridge and RoehrJ for 
palladium are shown in Fig. 6. Some such method as these must always be 

♦ See 8.M. p. 360. t Du Bridge, Phya. Rev. 43, 727 (1933). 

I Du Bridge and Roehr, Phys. Rev, 89, 99 (1932). 


31-2 
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used in determ ining the true photoelectric threshold, as empirical extra- 
polations of the photoelectric yield curve to zero are quite unreliable. t 
In addition to this analysis of the total photoelectric yield, Du Bridge has 
shown that the same methods may be used to analyse with almost equal 
success the normal velocity distribution and the total energy distribution of 
the photoelectrons emitted by a clean metal as a function of p and T. The 
agreement between experiment and theory is all that could be desired. 

§ 1118. Temperature dependence of x of Xo^ §111^ when 
we compared the experimental data with the theory we treated x 
dependent of temperature. Strictly we are not justified in treating x 
completely independent of temperature. We recall that x was defined by 
(1107,9), which at ordinary pressures could be replaced by (1107,10). 
Since, however, the last terms in both these formulae are, as we have seen, 
negligible, we may write 

X = Xo-y^-^* 

where V denotes the ratio of the volume V of the metal to the number iV^ of 
free electrons in the metal. This formula takes adequate account of the 
dependence of e* on NJV. Hitherto Xo X have been regarded as 

completely determined by F, that is by NJV, This is in fact the simplest 
assumption leading to a reasonable set of self-consistent thermodynamic 
formulae, but it is an over-simplification. For, according to the model 
corresponding to this assumption, one would obtain the same change in Xo 
either by removing one electron keeping the volume constant or by a mere 
expansion of the metal in the ratio (N^ — l):Ng and this is certainly not the 
case. We ought to regard Xo a function of both NJV and of NJV where N^ 
denotes the number of atomic nuclei. Since |iV^- <^N^ always, it would 
seem at first sight unnecessary to distinguish between N^ and N^. It is, 
however, necessary to distinguish between varying NJV by evaporation of 
electrons and varying NJV by expansion. Without a much deeper analysis 
it is not at all clear how our formulae ought to be amended. Incidentally 
it is not certain, even with our crude model, that the x occurring in the 
formula for the thermionic current is correctly given by (1). It might be 
argued that as each electron is removed by evaporation, it is replaced by 
another from the current at the other side of the metal. From this point of 
view, since V= V/N^ remains unaltered, the excess energy x required by the 
evaporating electron to enable it to escape will be given by 

X = Xo-^*> (1118,2) 

t For a general account see Du Bridge, JVeu; Theories of the Photoelectric Effect (Hermann, 
1935 ). 
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rather than by (1). In neither case are we entitled to assume that Xo 
independent of 

If we tentatively assume that x varies slowly with the volume and 
therefore with the temperature, then over a restricted temperature range 
we may express such variation in the empirical form 

X = X*(^-^^) (X*^ a constants). (1118,3) 

The factor in formula (1116,1) will then become On 

comparing formula (1116,1) with experiment, we should then find an 
apparent x equal to x* and the apparent value of ( 1 — r) ^4 would be increased 
by the factor For tungsten ^ 10^ deg. For the extra factor 

to be equal to 2 it is sufficient to take 

a = (log^2)/(5-3 X 10*) - 1-3 x 10 *deg. 

which is certainly small enough to be yiermissihle. 

The a priori calculation of is prohibitively difficult, and that of its 
temperature coefficient no easier. We shall briefly discuss the problem, 
chiefly with the object of explaining its intractability. 

We may regard Xo as consisting of two parts: 

(а) the work that would be required if the metallic nuclei in the surface 
were surrounded by the same symmetrical charge distribution as prevails 
in the interior, including the work due to the image force; 

(б) the work due to the electrical double layer in the surface. 

These two terms may be referred to loosely as the chemical and electric 
contributions to ;i^q. Any macroscopic experimental measurement of e.g. 
thermionic current, photoelectric emission, or contact potential, can give 
information concerning Xoy none concerning the two separate terms of 
Xo- Such information might be derived only from a detailed theory of the 
configuration of the electrons and nuclei in the interior and in the surface 
of the metal. Unfortunately such detailed information is almost entirely 
lacking. 

A refined treatment taking account of the detailed atomic structure 
inside the metal would allow in principle a computation of the chemical 
contribution to Xo^ ^ present only very crude approximations 

have been obtained.! If such computations could be carried out accurately, 
it would be possible, by performing them for different values of the lattice 
constant, to determine the dependence on temperature of the chemical 
term in Xo- 

A much more difficult problem is the determination of the electrical 
double layer. An attempt to evaluate its order of magnitude has been made 

t See, for example, Wigner and Bardeen, Phys. Rev. 4p8, 84 (1930). 
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by Bardeen.*^ He estimates the double layer at the surface of metallic 
sodium to be about half an electron-volt. His procedure is to determine 
approximately the average distribution of electrons assuming the dis- 
tribution of positive electric charges to be uniform right up to a plane and 
then drop discontinuously to zero. There is no obvious a prioTi reason for 
assuming that the spacing of positive nuclei in the surface layer is exactly 
the same as the spacing in the interior of the metal. It seems more likely 
that there will be some slight difference of spacing in the surface from that 
in the interior and that such a difference will vary with the temperature. In 
that case even the approximate estimation of how the double layer depends 
on the temperature is prohibitively difficult. 

We must reluctantly admit that we are still entirely ignorant of how Xo 
should theoretically depend on the temperature. We may hope that the 
assumption that Xo ^ independent of temperature is not too bad an approxi- 
mation. The comparison between the experimental data and the formulae 
obtained by assuming Xo independent of temperature indicates a real dis- 
crepancy of the order of a factor 2 in the formula for the thermionic current 
for tungsten, and this can be accounted for by a temperature coefficient of 
about 10“^ deg."^ in x- 

§ 1119. Volta potentials. Let us now consider two or more metals in 
simultaneous equilibrium with a vapour phase. For this purpose we must 
use a consistent energy zero. We shall use the superscript Ai to refer to the 
interior of the metaM , and the superscript i4e to refer to a point just outside 
the surface field of the metal A. We therefore take as the partial potential! 
of electrons just outside the metal A 

(1119. 1) 

Hitherto it wae possible to omit the term — |e| because we were not 

concerned with the distinction between and say. Because a metal 

is a conductor, every energy state of the electrons in the metal A will now 
be raised by the amount — |e| above the value assigned to it when the 
potential energy of an electron in the vapour phase was assigned the value 
zero. We must therefore replace formula (1 1 1 1, 3) by 

(1119.2) 

so that (1119,3) 

For equiUbrium of electrons between the metal A and the vapour we have, 

* BMdMn, Thgt. Bm. 49, 653 (1936). 

t We remind the reader that the partial potentiala used throughout this book indude all space- 
dependent potential energies. In this application they are eleotroohemioal potentials. 
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as usual, equality of jif* and Using (1 ) and (3) and denoting the number 

of electrons per unit volume by v, we obtain 


pAe 




(1119,4) 


equivalent to ( 1 1 1 1 , 5). 

We shall now obtain the equilibrium condition for electrons just outside 
the metal A and just outside the metal B. We have to equate given 
by (1), with given by a similar expression. We obtain 


^ (1119,5) 

which is the usual distribution law of Boltzmann for the electrons in the 
vapour phase. 

Finally we can obtain the condition for equilibrium between the electrons 
in the interiors of metals A and B by equating the expression (3) for 
with a similar expression for . We obtain 

^ _|^| (^Ae_^Br) (1119,6) 

Even if there is no vapour phase present, but the metals are in contact, 
equilibrium between their electrons must be maintained, which requires 
equation (6) to hold. This relation can be verified experimentally sincje 
determined for each metal from the photoelectric effect, while 
the Volta potential difference (0"^'’ - 0^'*), being a potential difference between 
two places in the vapour, can be measured directly. Volta })otential differ^ 
ences are difficult to measure, but, when experimental data are available, 
verification of (6) is satisfactory. The data for two pairs of metals are given 
as examples in Table 4. 

Table 4 


Metal 

Metal 

B 

(electron- 

volts) 

(electron- 

volts) 

x^-x^ 

(volts) 

jAuthorityl 

Ni 

Fe 

6 01 ± 0-02 

4-77 ± 0 02 

0-24 ±0 04 

0-21 ±001 

it) 

W 

Ba 

4-54 

211 

2 43 

213 ±0 06 

(2) 


BeJerencej* to Table 4 

(1) Glasoo, Phys. Rev. 38, 1490 (1931). 

(2) Anderson, Phya. Rev. 47 , 958 (1935). 

We would emphasize that the Volta potential difference 0^<'--0^'^ is the 
electrostatic potential difference between two places in the vapour, and this 
is the only precise meaning that one can attach to the so-called contact 
potential difference. None of our formulae involve the electrostatic potential 
difference between the interiors of the two metals, a quantity which is 
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inaccessible to measurement. This is an instructive example of the rule that 
potential differences are measurable only between two points in phases of 
the same (or almost the same) chemical composition.* 

If we ever have a sufficiently detailed knowledge of the configuration of 
the nuclei and electrons in the interior and surface of a metal, it may be 
possible to compute the electric moment per unit area at metal-metal or 
metal-vapour interfaces. This would give the electrostatic potential differ- 
ence between the interior of the two metals. At present we are completely 
ignorant not only of the magnitude but even of the sign of these electric 
double layers. 

* See Oibbe, CcUtOtd Works (Longmaiu, 1928), p. 429; Ooggenheim, J. Phys. Chtm. 88, 842 
(1929). 



CHAPTER XII 


CHEMICAL KINETICS 

§ 1200. Introduction. The subject of chemical kinetics strictly lies 
outside the province of this book. Equilibrium theory alone gives no in- 
formation as to hew equilibrium is attained. Nevertheless, equilibrium 
theory can be a useful tool for dealing with this problem, if combined with 
certain assumptions concerning the mechanisms involved. We therefore 
include a survey of such use of equilibrium theory, and shall lay particular 
stress on the assumptions involved, as these are too frequently ignored in 
discussions of reaction kinetics. We shall confine ourselves almost entirely 
to gaseous reactions. We shall exclude from consideration photochemical 
reactions, that is to say, reactions whose rate depends observably on 
radiation. We shall also exclude heterogeneous reactions, that is to say 
reactions occurring primarily at a solid or liquid surface. Though such 
surface catalysis by the walls of the container dominates many gaseous 
reactions, a considerable number of homogeneous gaseous reactions are 
known.* 

When the homogeneity of a reaction has been established, its rate is 
studied as a function of the temperature and the concentrations. When this 
rate, exprQssed in numbers of molecules per unit time, is compared with the 
number of collisions per unit time, two striking facts emerge. First the 
number of molecules reacting in unit time is extremely small compared 
with the number of collisions per unit time; the ratio is usually of the order 
10"“® or less, so that at most one collision in 10* loads to chemical reaction. 
We shall give a numerical example later. The other important fact is the 
strikingly large temperature variation of the reaction rates. Whereas the 
total number of collisions varies as T*, that is hardly at all over wide ranges 
of temperature, the reaction rate ordinarily doubles for a rise of tem- 
perature of only 10 deg. or less. These two facts suggest at once that the 
effective collisions are selected not from all collisions, but only from collisions 
with more than a certain large minimum of distributable energy. This 
theory is universally accepted. 

The fundamental problems of chemical kinetics reduce to the following: 

(1) What conditions, energetic or otherwise, must be satisfied by mole- 
cules so as to react? 

(2) How often are these conditions satisfied? 

• For a general account see Hinshelwood, The Kinetics of Chemical Change in Gaseous SysUms, 
Ed. 3 (Oxford, 1933); Kassel, Kinetics of H<mageneous Gas Reaciious{C\iomic»XCatslo%^ 1932). 
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The first is a problem of quantum theory, soluble in principle, but owing 
to its mathematical complexity insoluble in practice. At present we have to 
appeal to experiment for its answer. In other words, we guess the conditions 
necessary for reaction, try to calculate the frequency of their occurrence, 
and compare this with the observed rate of reaction. It is in the second 
problem that equilibrium theory is used to estimate the frequency of 
occurrence of the assumed conditions for chemical reaction. GreneraUy 
speaking, these conditions include the occurrence of collisions of specified 
types between pairs of molecules. The procedure is to derive a formula for 
the number of collisions of specified type between molecules of the reacting 
species at complete equilibrium, and to assume that this gives an adequate 
approximation to the number of such collisions when the reaction is actually 
taking place. This approximation will be adequate provided that the 
reaction proceeds sufficiently slowly. The necessity for this condition was 
pointed out long ago by Marcelin.* 

Let us examine more closely what we mean by ‘‘sufficiently slowly” for 
the chemical reaction not to disturb seriously the number of collisions of 
specified t5rpe calculated according to the equilibrium theory. All reactions 
of course proceed to their equilibrium point, at which all the considerations 
of the equilibrium theory must apply. But in chemical kinetics we are 
concerned with the speed of unbalanced reactions proceeding primarily in 
one direction, and it is these which we try to record by observation. In order 
to calculate such speeds from the equilibrium theory, we hava to assume 
that certain types of collisions are effective, and that these types occur (in 
spite of the one-sided reaction) with a frequency corresponding to that 
which would be deduced from the properties of an equilibrium state. Now 
we shall find that the types of collisions that are of importance are those 
between pairs of molecules, at least one of which has considerably more 
energy than the average molecule. The essential condition for the usefulness 
of the procedure adopted is therefore that the equilibrium between those 
molecules of the reacting species with average energy and those with a 
considerable excess of energy should be effectively maintained in spite of the 
chemical reaction which tends to deplete the number of highly energetic 
molecules of the reacting species. In other words it is required that processes 

of the type Average molecules5±energetic molecules 

should be considerably faster than the process 

Energetic molecule >> products of chemical reaction. 

More detailed discussion of this requirement must be postponed until a 
later section. The experimental evidence indicates that it is usually satisfied 
* Marcelin, Ann, PhyHfue, 8, 164 (1915). 
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at least fairly well for those chemical reactions which are slow enough to be 
studied under normal conditions. We shall therefore provisionally assume 
the condition to be satisfied, and shall later try, with only limited success, 
to examine whether it should be so theoretically. 

As a preliminary step we shall derive formulae for the number of collisions 
of specified types at complete equilibrium. At the ordinary low pressures 
used in the study of homogeneous gaseous reactions, we may apply classical 
statistics. 

§ 1201. Collisions classed according to translational motion. We 

begin by calculating the frequency of collisions of specified type, classed 
entirely according to the translational motion of the molecules. At this stage 
we ignore the internal degrees of freedom of the molecules, and for con- 
venience treat the molecules as rigid spheres. 

Let us examine the chances of collision between two molecules having 
masses wij and diameters enclosed in a container of unit volume. 

At the instant of contact the centre of the second molecule will evidently 
have to lie on the surface of a sphere of radius + ^ 2 )* with centre 

at the centre of the first molecule. We now consider especially collisions in 
which the relative velocity has a given magnitude F, and the angle between 
this relative velocity and the line of centres at the instant of contact lies 
between 6 and 0 -f dO. For a given relative velocity, the centre of the second 
molecule will then have to lie on a ring of area 2nD\2, sin Odd on the surface 
of the sphere of radius D^ 2 ' component relative velocity parallel 

to the line of centres and hence perpendicular to the surface of this ring is 
V cos^; consequently the condition for such a collision to occur within the 
time interval dt is that the centre of the second molecule should lie within 
a specified volume 2 nD\ 2 ^\TiOdO . V cos 0dt. But the fraction of time that 
the centre of a molecule will occupy this element of volume is equal to the 
ratio of this volume to the whole available volume, in this case unity. Hence 
the chance for such collisions per unit time is 2 nD\ 2 V sin 6 cos Odd for any 
pair of molecules moving with a relative velocity of given magnitude V. 
This result is independent of the direction in space of the relative velocity. 

We now consider an assembly of unspecified volume containing 
molecules of types 1, 2 respectively per unit volume. Then the number of 
molecules per unit volume of type 1 with velocity components in the ranges 
UyU-{^du\VyV-\-dv\w,w-{-dw is by (303, 3) 

where c, is the magnitude of the resultant velocity of the molecule 1 , so that 

cf = Mf + vf + M;». (1201,2) 
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Similar formulae hold for the molecules of type 2. The number of pairs of 
molecules of types 1 and 2 per unit volume is *^ 2 / 0 * 12 , where the symmetry 
number cTu is 2 if the types of the two molecules are the same and is unity 
otherwise. Hence, using (1) and a similar formula for the molecules of 
type 2, the number of pairs of molecules with velocity components in the 
ranges + v^,v^->rdv^\ w^,w^-\-dw^ and + ^ 2»^2 + ^^ 2 i 

W 2 -f dw^^ respectively is 

*^2 (^ 1 ^) ^ <kniyC\^^km^*^lkr ( 1201 , 3 ) 

^12 (2^ a! -I 


Each such pair has a relative velocity V given by 


1^2=, (1201,4) 


and makes a number of collisions per unit time equal to 2ttD\2V sin 6 cos Odd. 
The total number of collisions per unit volume and per unit time with velo- 
city components in the 8i)ecificd ranges, and the angle between V and the 
line of centres at imi)act lying in the range 0^6 -k- dO, is therefore 


<T,2 (27tkTf 


e ^niy^^V sin^ cof^O duidv^dw^du^dv^dw^dO . 


(1201,5) 

\Vc now introduce new variables u, v, w, a, /?, y defined by 


^ + (1201, fi) 


= y = W^2-^'l’ 


(1201,7) 


80 that u, V. IV are the velocity components of the centre of mass of the two 
molecules, and a, y are the components of their relative velocity. If we 
denote by c the magnitude of the resultant velocity of the centre of mass 
and by V the magnitude of the resultant relative velocity, we have 


c2 = (1201,8) 

= + (1201,9) 

It may then be verified that 

77?-|Cf -hmgcj = {ni.i-\-m2)c^ + /iV^, (1201, 10) 

where /^, called the reduced mass of the pair, is given by 


m, TWo 

jii = — . 

TTli -h 7^2 

It can also be shown that 


(1201,11) 


du^du 2 = dudoL, dvidv 2 = dvdfi, dw^dw 2 = dwdy. (1201,12) 
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Using (8)-(12) we can transform (3) to 

( 27 riT^ 2nDl2V sin G cos ddudvdwd(xdfidydO. 

(1201,13) 

We now wish to integrate dudvdw over all possible directions for the velocity 
c of the centre of mass, and to integrate d(td/}dy over all possible directions 
for the relative velocity F. To do so we first transform to spherical polar 
coordinates so that dudvdw becomes c^dcdLl and dotd/idy becomes V^dV d(Oj 
where and o) denote solid angles. The angle 0 between V and the line of 
centres at impact is variable independently of the directions of both c and 
V. We can therefore immediately integrate over all directions of c and of V. 
Integrations with respect to dQ and d(o over all directions independently 
each give a factor 47T. We find therefore that the number of collisions per 
unit volume and per unit time, such that the velocity of the centre of mass 
lies in the range c,c-hdc, the relative velocity lies in the range K, V + 
while the angle between the relative velocity and the line of centres lies 
in the range d,0-h dOy is 

— (1201,14) 

Integrating over all values of c from zero to infinity, we obtain for the 
number of collisions per unit volume and per unit time, in which the relative 
velocity lies in the range F, F-hdF, and the angle between the relative 
velocity and the line of centres at the instant of contact lies in the range 
6y0-{-d0y the expression 

I* sin 6 cos ddVde. ( 1 201 , 1 6) 

For the molecules to be approaching 6 must lie between 0 and Jtt. If then 
we integrate (15) over 0 from 0 to we obtain for the number of collisions 
per unit volume and per unit time, in which the magnitude of the relative 
velocity lies in the range F, F + dF, 

(1201, 16) 

cr^2 \27rA:y / 

Alternatively the number of collisions per unit volume and per unit time, 
with relative translational energy e = \fiV^ in the range e, e + de, is given by 


Tjj \2nkT 
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The total number Z of collisions per unit volume and per 
obtained by integration of (1 7) from 0 to oo. We find 


Z = 2^-^D\, 

(Tv 


'12 




1 


unit time is 

(1201,18) 


Similarly for the number of collisions per unit volume and per unit time, 
in which the energy of relative motion exceeds a specified value e*, we obtain 
by integration of (17) from e* to oo 


v^V2l27ikT^ 

/ 






(1201,19) 


For applications to reaction rates we shall require also the number of 
collisions in which the translational energy in the direction of the line of 
centres at the moment of impact exceeds a specified value. Let us denote 
by R the component V cos d of V along the line of centres. Then for R to 
exceed a specified value R* we must have for all values of V and 0 

l^GOBd^R*IV, V^R*. ( 1201 , 20 ) 

To obtain the number of collisions per unit volume and per unit time for 
which R exceeds iZ*, we therefore integrate (15) over values of cos^ from 
1 to R*IV and then over V from R^ to oo. The first integration affects only 
the factor cos 0 sin 0d0 and gives 

rR*ir 1 / 

C08<?dC08(9= 

The remaining integration is then 


0-12 \ “ 

= ( 1201 , 21 ) 

Alternatively the number of collisions per unit volume and per unit time, 
in which the relative translational energy along the line of centres at the 
instant of contact exceeds a specified value e*, is given by 

( 1201 , 22 ) 

and by differentiation we find that the number in the energy range e, e + de is 


(1201,23) 
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§ 1202. Energy of internal vibrations. We shall now give an elemen- 
tary discussion of the distribution of energy in the internal vibrations of 
molecules and shall derive approximate formulae. We assume that each 
internal vibration behaves as a linear harmonic oscillator with a character- 
istic frequency v. Then the fraction of time that a given oscillator has an 
energy nhv relative to the energy of the lowest state is 


( 1202 , 1 ) 

Let us first consider oscillators for which hv'pkT. These will be com- 
pletely unexcited in the sense of § 306. We may ignore the existence of the 
excited vibrational states, and consequently the })roblem of distribution of 
vibrational energy does not arise. 

We consider next oscillators for which hv<^kT. In the terminology of 
§ 306 these are classical, and (1 ) reduces with sufficient accuracy to 



—nhvIkT 


( 1202 , 2 ) 


Alternatively we may say that the fraction of time such an oscillator has 
energy, relative to the normal state, in the range nhv to (n-{-dn)hv is 

^-Ke-nMkTdn, (1202,3) 

kT 

or in the energy range e, e + eie , 

(1202,4) 


There will be a third class of oscillator for which hvjkT is comparable 
with unity. Simplified formulae cannot be derived for such oscillators. We 
must therefore as a crude approximation treat such an oscillator as belonging 
to the first class if hv > kT, and to the second if hv < kT. We thus treat a 
polyatomic molecule as having a definite number of classical vibrational 
modes, and a definite number of unexcited vibrational modes, their sum 
being equal to three times the number of atoms in the molecule less six 
(five for a linear molecule). As long as there are not too many frequencies 
comparable with kTjh, such an approximate treatment can be useful. 

The most important quantity to be calculated is the fraction of time 
during which s specified classical oscillators have between them an energy 
exceeding a given value e*. By combined application of formulae such as 
(4) to each of the s oscillators we obtain for the fraction of time during which 
their combined energy lies between e and e + de 

(itr)~* ••• 


( 1202 , 6 ) 
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the integral being (^ — 1) times multiple. Since a further integration of de 
from 0 to 00 must give unity, we may replace (5) by 


J. . • ^ d6'i de2 . . . d€g 

(8 l) 

I f f dc 

J. . . de^de^ ... de^ 


(1202, 6) 


the integral in the numerator being (.9—1) times multiple, that in the 
denominator s times multifde. To calculate (6) we make the substitutions 

6i - l\e, tg = lie, 6^ = /Je, (1202, 7) 

subject to + = 1. (1202,8) 

We may therefore regard /j, ^ 2 » • ••> direction cosines in an ^-dimensional 
space. The integral in the numerator of (6) then extends over an (« — 1)- 
dimensional hyperspherical shell of radius e* and thickness d(e*), while the 
integral in the denominator extends over the whole 5-dimensional space. 
When we transform de^de^ ...de^ we obtain a product containing e* ^de as 
one factor, the other factor depending only on the /’s and dVs. We need not 
write down this factor, because it will be the same in the denominator and 
the numerator, and when we integrate over all directions the resultant 
quantities will be the same in the denominator and the numerator and so 
may be cancelled. We need therefore retain in (6) only the factors dependent 
on E and indej^endent of the Ts. We thus obtain 


^ ^ 1 / ^ V 


8 1 /T/:' 

e-e/kT 


kT' 


(1202,9) 


The fraction of time during which the energy of the s oscillators exceeds 
a specified value e* is therefore 


r* ® y ^e-tikT^. (1202 10) 

J,.(5-1):UW kT- (1-uz, lu; 


We can evaluate (10) by successive integration by parts and obtain 

s i 1 /e* \r 

• (^202,11) 


We note that in (11) the ratio of any term to the previous term is e'^jrkT. 
Consequently provided €*p8kT we may reject all terms of (11) except the 
last and obtain the approximation 


J 

(5-1)! 



e-c*/fcr 


{€*>8kT), ( 1202 , 12 ) 
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The condition for this approximation is sometimes given as e*^kT. Jn 
applications s may be U) or more, and the approximation would then be bad 
if €* Cir lOkT . It is therelbre safer to write the condition as 6* ^skT. 


§ 1203. Collisions involving internal energy. We can now combine 
the results of the two ])revious sec*tioiis to classify collisions ac(‘ording to 
the internal vibrational energies as well as the translational energies of the 
molecules involved. Let us first derive the number of collisions classitied 
according to the sum of the relative kinetic energy nlotnj th(^ Unc of canlrcs 
at the instant of (‘ontact and the energy ot s specified internal vilirations. 
By combining (1201,22) and (I2t)2,0) we find for the number of collisions 
per unit volume and per unit t ime, in which the ndativ (‘ kinetic energy along 
the line of ctintriis lies in tlie range j. while the energy in x specified 

vibrations belonging to one or both of the molecules lies in the range 

62, 62 + 6^62, 




dt^ I 
kr{s~ 



1 

c 


• jk'i 


. dt^ 
kT 


(1203, I) 


where Z is given by (1201, IS) and is consecpiently indepf iuhnit of Cy, 
We now make the substitutions 


t, f 62 ---c, C 2 - //, (1203,2) 

and obtain (s - I ) ! (a*V) tl’t-T' :i) 

If we integrate (3) with respect to rj from 0 to t, we obtain lor the number ol 
collisions per unit volume and per unit time, in which the sum of the 
relative kinetic energy along the line of centres and the energy in .s* specified 
internal vibrations lies in the range the e\pre\ssion 


Hence the number of collisions per unit volume and per unit time, in which 
the sum of the relative kinetic energy along the line of centres and the 
energy in s specified internal vibrations exceeds a given value t *, is given by 




by repeated integration by pai ts. Provided e* ^skT (the condition t* > kT 
is insufficient), we may replace (5) by its last term 


Ze 


■ 


(1203,6) 


PC 


32 
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We can similarly obtain formulae for the number of coUisions oLassified 
according to the sum of the total relative kinetic energy and the energy of s 
specified internal vibrations. For the number of collisions per unit volume 
and per unit time in which the total relative kinetic energy lies in the range 

61.61 + dfc, while the energy in s specified internal vibrations lies in the range 

62.62 + ^62, we obtain, by combining (1201, 17), (1201, 18) and (1202,9), the 
expression 

lcTkT(8-\)\\kT} kT' 


By using the substitutions (2) and integrating with respect to rj, from 0 
to 6, we obtain for the number of collisions per unit volume and per unit time, 
in which the sum of the total relative translational energy and the energy of 
a specified internal vibrations lies in the range e, e + de, 


Zer^l^T 


de 

kf 


f«_i_ 


/e-^W 7 ! 
\kT)\kT) kT 




1 

^+T)'! 


/ 6 dc 
kT' 


(1203,8) 


For the number of collisions per unit volume and per unit time, in which 
the sum of the total relative translational energy and the energy in a 
specified internal vibrations exceeds a given value 6*, we have 




by repeated integration by parts. Provided e^pakT (the condition e*^kT 
is insufficient), we may replace (9) by its last term, and obtain the approxi- 
mation 


1 /e*\»+i 

- l-~l 

(6+1)!\A:^/ 


(1203,10) 


A comparison of (8), (9) with (4), (6) respectively shows that we have the 
same distribution laws for either the sum of the relative translational energy 
aUmg the line of centres and a vibrations or for the sum of the total relative 
translational energy and (s — 1) vibrations. The reason for this is that, as 
the vibrational degrees of freedom are effectively classical, each contributes 
two square terms to the energy, while each of the two transverse relative 
translations, having only kinetic energy associated with it, contributes one 
square term to the energy. Thus as regards partition of energy the two 
transverse translational degrees of freedom together make the same con- 
tribution as a single classical internal vibration. 
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We can, if we wish, extend our formulae to include classical rotational 
degrees of freedom. Each pair of rotational degrees of freedom will con- 
tribute two square terms to the energy and is in this respect analogous to one 
classical vibrational degree of freedom. If we denote by t the total number 
of square terms contributing to the energy e*, then, if t is even, the number 
of collisions per unit volume and per unit time, in which the sum of the trans- 
lational energy along the line of centres and the energy in t sf^ecified square 
terms exceeds a given value 6*, is 


Formula (11) is a mere transcription of (5). When t is odd, one obtains 
instead of (5) 




I ... 1 _ 


(' 203 . 12 ) 


and the terms of order {e'^jkT)-^ are usually negligible in applications. 


§1204. Classification of reactions. Chemical reactions which proceed 
sufficiently slowly for their rates to be measured can be classed in three 
distinct ways which must not be confused. 

(a) According to the number of reactant molecules in the stoichiometric 
formula describing the reaction. 

{h) According to the number of concentrations of gaseous components, to 
the product of which the rate is proportional. 

(c) According to the number of molecules taking part in each elementary 
mechanism leading to chemical change. 

The first classification is useful in discussing the equilibrium between 
balanced reactions, but has in general no simple or obvious connection with 
the rate of either reaction. 

By the second classification we define a reaction as being of the nth order 
if its rate is directly proportional to the product of n concentrations. Thus 
suppose the rate of decomposition of molecules A is given by 

('204. 1) 

where n^-f n^-f ... = n, (1204,2) 

and depends on the temperature but is independent of the concentrations, 
then the reaction is said to be of nth order (n^th order with respect to A, 
n^th order with respect to B and so on), and k^ is called the nth order rate 
constant. It is often found that n is a small integer, but sometimes n is 


32*2 
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fractional, and sometimes the rate cannot be expressed in the form ( 1 ) at all . 
For a first order reaction ^ 

^ = (1204,3) 

the rate constant is a frequency. For a second order reaction 

or (1204,4) 

the rate constant has the dimensions frequency/concentration. 

In respect of the third classification we can define the two following 
important types of mechanism of chemical processes: 

Bimolecular mechanism. A normal molecule A, by collision or otherwise, 
acquires a considerable excess of energy. We shall denote such a molecule 
by A' and refer to it as an energetic molecule. The energetic molecule A' 
collides with an average molecule B or an energetic molecule B' (of the same 
or of a different chemical nature). If the collision is favourable with respect 
to the energies and relative configurations of the two molecules, the molecule 
A' on collision with B or B' decomposes. The other molecule B or B' may 
or may not also decompose. The combined pair of molecules A' and B or 
A' and B\ at the instant that is on the point of decomposing, we (‘all the 
reacting complex, and we denote it by ^4 J3*. 

Unimolecular mechanism. A normal molecule by collision or otherwise, 
is converted to an energetic molecule .4'. The energetic molecule A\ pro- 
vided it is left long enough undisturbed by collision or other external in- 
fluence, spontaneously decomposes. The molecule at the instant it is on the 
point of decomposing we call the reacting molecule, and we denote it by A ♦ . 

In general there is no simple connection between the moUcularity of the 
mechanism (unimolecular or bimolecular) and the order of the reaction 
(first, second, etc.). This can be illustrated by three familiar examples: 

(1) The reaction 2N0-l-02->2N02 is of the third order (second order in 
NO and first order in Og), but the mechanism is probably bimolecular 
between N 2 O 2 and Og. 

(2) The balanced reactions H 2 + D27^2HD are each of the order f, but 
the mechanism is bimolecular between one of the molecules Hg, Dg, HD and 
one of the atoms H, D. 

(3) The decomposition of several ethers is first order at ordinary pres- 
sures but becomes second order at very low pressures, while the mechanism 
is believed to be unimolecular. 

It is generaUy, if not universally, agreed that all those gaseous reactions 
whose rate has been measured can be accounted for by bimolecular and 
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unimolecular mechanisms. Many reactions are complicated, taking place 
in several steps, but each step either is a rapidly attained equilibrium or, 
if slow, is itself a bimolecular or a unimolecular mechanism. Often one 
particular step is much slower than all the others and in this case the rate 
of the reaction is determined by the rate of this step, all the remaining steps 
being treated as equilibria. In this case the reaction will be of a simple, but 
not necessarily integral, order. If on the other hand there is no single step 
so much slower than all the others as to be the only rate determining step, 
it will usually not be possible to describe the rate by a formula of the type 
(1). It would take us too far to discuss how the resultant rate of such a 
complicated reaction depends on the rates of the component steps. Our 
primary interest is in the rate of the component slow processes and we may 
therefore for the present suppose that the reaction is simple and that only 
one such slow mechanism is involved. We shall now proceed to discuss 
separately bimolecular and unimolecular mechanisms. 


§ 1205. Bimolecular reactions of second order. For the sake of 
simplicity we shaU consider a reaction involving only one step, this being 
a bimolecular mechanism. The best studied examples are 

H2 + l2~^2HI, 

and the converse reaction 

2HI-^H2 + l2. 

At the present stage we assume that the collisions which lead to reaction do 
not appreciably diminish the number of energetic molecules which are 
required to form a reacting complex. This assumption will be discussed in 
§1211. Subject to this assumption the rate is obtained by calculating the 
number of collisions of each type according to the equilibrium formulae, 
multiplying by a probability factor for reaction, and integrating over all 
types of collision. We shall first write down the most general formulae 
without specifying the value of the probability factor for each type of 
collision, and shall then derive more specialized formulae de{)ending on the 
values assigned to these probability factors. In doing this it is more con- 
venient to start with a more general formulation than we used in § 1202. 

It is physically obvious that the probability for reaction of two molecules 
on colliding is determined by the energy of their relative translational 
motion and their internal (including rotational) energies, whereas the 
translational energy of their centre of mass is irrelevant. Now the number of 
collisions per unit volume and per unit time, in which the relative velocity 
lies in the range F, F + dF, and the angle between the relative velocities 
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and the line of centres at the instant of contact lies in the range 6,6 d6, is 
given by formula (1201, 16), which can be written in the alternative form 

"i 41 )*^ sin e cos Ode ^ , (1205, 1 ) 

where = \/^V^ (1205, 2) 

is the relative translational kinetic energy of the two molecules. The number 
of these collisions in which the molecule 1 is in its gth internal state of energy 
and the molecule 2 in its rth internal state of energy (degenerate states 
being counted multiply), is therefore 


0'i2 





kT kT 


(1205,3) 


If K denotes the probability that a collision of this type results in chemical 
reaction, k being a function of ^ the internal states of both 

molecules, the number of collisions per unit volume and per unit time 
resulting in reaction is obtained by multiplying (3) by k and integrating 
over all types of collisions; we obtain 


cob(9c-<*»+’«+W/*^ 

(1205,4) 

Since the number of reactive collisions per unit volume and per unit time is 
proportional to Vj the reaction is of the second order and the second order 
rate constant k^ is given by 


2:,e-V*^S,c-W*T 

(1205,5) 

In omitting the symmetry number we have assumed either that the two 
(colliding molecules are of different chemical species or, if they are of the 
same chemical species, that both react. In the exceptional case that they 
are of the same chemical species but only one of them decomposes (auto- 
catalysis), there will be an extra factor 

Formula (5) is of general validity, but does not predict anything definite 
as long as the form of k is left unspecified. We can, however, derive from (5) 
an interesting relation for the temperature dependence of the rate constant 
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ij. If we take logarithms and differentiate with respect to T, we obtain 

.Slogifcj + + 

Jcjjdcjj Sj K sin 0 cos 0 e-<‘u+»»+Cr)/*7’ 

(1205,6) 


kT^- 


dT 


_|3 

ijA-i -r -t- V g-c,*r 


2,^ 


Now the first term on the right of (6) is the average for all reacting complexes 
of the sum of the relative translational energy and the two internal energies ; 
if we add another jk7\ it becomes the average for all reacting complexes of 
the total energy, translational and internal. If we add similarly ^kT to the 
first term inside the brackets, we obtain 3k T which is the average of the 
sum of the kinetic energies of any pair of molecules. The second and third 
terms inside the brackets are the average values of the internal energies for 
all molecules of each type. We can therefore express (6) in the form 


iT2 


0 log k^ 
dT 


= (average total energy of reacting complexes) 

— (average total energy for all pairs of molecules, one of type 1 
and the other of type 2). (1205, 7) 

This striking result is due to Tolman,* who, however, gave it in a different 
but equivalent form 


kT^ 


dlogk^ 


dT 


^ — \kT = (average total energy of reacting complexes) 

— (average total energy for all pairs of colliding mole- 
cules). (1205,8) 

To establish the equivalence of (7) and (8) it is sufficient to show that the 
average total translational energy f)er pair of colliding molecules exceeds 
twice the average kinetic energy per molecule by ^kT. This requires us to 
show that the average relative translational energy per i)air of colliding 
molecules is 2kT. The reason for this excess is, of course, that fast mole- 
cules collide more often than slow ones. Now the number of collisions with 
relative translational energy in the range €,e + de is according to (1201, 17) 
proportional to ede^ and consequently the average value for the 

relative translational energy of colliding molecules is 


i: 

/: 




= 2kT. 


(1205, 9) 




This establishes the equivalence of (7) and (8). 

* Tolman, J. Am. Chem. Soc. 42, 2506 (1020). 
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The term activation energy’* (or “heat of activation”) for bimolecular 
processes is used sometimes to denote each side of equation (7), and at 
others to denote each side of equation (8). As long as there is no agree- 
ment as to its meaning, it is best to avoid using the term for bimolecular 
processes. 

If it is assumed empirically that each side of equation (7) is independent 
of temperature, we can integrate (7) and obtain ' 

= Pe-O/fci’ (P, Q independent of T), (1206, 10) 

where either side of equation (7) is equal to Q. This is the semi-empirical 
equation of Arrhenius. All experimental data on gaseous bimolecular 
reactions can be fitted by a formula of this type by assigning suitable values 
to the constants P, Q. Owing, however, to the shortness of the temperature 
range over which any one reaction can be conveniently studied, the data 
can l>e fitted equaUy well by a formula of the form 

^2 = (PyTy Q independent of T), (1205, 11) 

with an arbitrary small jjositive or negative value assigned to r. In par- 
ticular they can be fitted by the equation 

fcg = PT^e (P, Q independent of T), (1205, 12) 

which is obtained by integration of (8), assuming empirically that each side 
of (8) is indej)endent of the temperature and equal to Q. 

There is no a priori reason for assuming either that the two sides of (7) 
are independent of temj)erature or that the two sides of (8) are independent 
of temperature, and consequently neither formula (10) nor formula (12) is 
a priori more fundamental than the more general formula (11). Actually we 
can derive theoretically various formulae approximating to the form (11) 
with various values of r by making various assumptions concerning the 
number of degrees of freedom contributing to the excess energy required 
for reaction to take place. 

Ijet us first arbitrarily make the assumption concerning /c, the pro- 
bability for reaction occurring in (5), that k has a constant value a when the 
sum of the total relative translational energy and the internal energy in a 
specified vibrational modes of one or both molecules exceeds a specified 
value e* and is otherwise zero; this implies, of course, that k is independent 
of 6. This assumption enables us to perform the integrations in (5). We need 
not go through the details, as we have already derived formula (1203,9) 
for the number of collisions per unit volume and per unit time in which 
the sum of the total relative translational energy and the energy in a 
specified internal vibrations exceeds a given value e*. Hence by com- 
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parison of (1201, 18) and (1203,9) we find that our assumption leads to a 
second order rate constant given by 


^2 


2aZ)2 


(T)‘ 




•-I-1 I 



(1205, 13) 


where we now write D instead of Z)j 2 for the mean collision diameter. 
Provided e^pskT (the condition €*pkT is insufficient) we may replace 
(13) by the approximation 




e-^VkT (1205, 14) 


which is of the form (11) with Q = e* and r = - (« + J). 

If we now make the alternative assumption concerning k, the probability 
for reaction, that k has a constant value a provided the sum of the trans- 
lational kinetic energy in the direction of the line of centres and the internal 
energy in s specified vibrational modes of one or both molecules exceeds a 
specified value e*, we obtain a slightly different result. We have now to use 
formula (1203, 5) instead of (1203, 9) and we obtain 

(27rkT\^ 


= 2a/)2| 


(27TkT\^ _ „ * l/fi*\'' 

("7 )' 


Provided e*pskT (the condition t*pkT is insufficient) we 
(15) by the approximation 




may replace 
(1205, 16) 


which is also of the form (11) with Q — e* and r —■ - (« -- i). 

In this discussion we have tacitly ignored rotational degrees of freedom. 
It is possible that these may also contribute to e*. In a simple collision 
between two non-linear molecules there are six rotational degrees of freedom 
altogether. But owing to the conservation of angular momentum only 
three could contribute to e* without restriction. If this happens the number 
of squared terms contributing to e* will be odd and the formulae of this 
section should be revised. It does not, however, seem worth while doing 
this, since we have already used the crude approximation of treating each 
vibrational freedom contributing to e*** as completely classical and con- 
sequently 8 is in any case an ill-defined number. 


§ 1206. Simple collision theories. We have so far left unspecified 
the numbers of classical internal vibrations contributing to k 2 . The simplest 
possible assumption is that none of them contribute. The formulae of the 
preceding section then simplify as follows. 

First simple collision theory. If we assume that k the probability of 
reaction is equal to a constant a when the total relative translational energy 
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has a specified value greater than e* and is otherwise zero, we obtain in 

place of (1205, 13) / 2 nkT\^ / c* \ 

k, = l) (1206, 1) 

If AT we may replace this by the approximation 



(1206,2) 

of the form (1205, 11) with Q = and r = — For 

coefficient of we deduce 

the temperature 

dT ^ \2 kT/e* + lj’ 

(1206, 3) 

or provided e*pkT kT^ - ~ c* - \kT. 

(1206,4) 


Second simple collision theory. If we assume alternatively that k, the 
probability of reaction, is equal to a constanta when the relative translational 
energy along the line of centres exceeds a specified value e*, and is otherwise 
zero, then we obtain in place of (1205, 15) 

ifcj = (1206, 5) 

which is of the form (1205, 11) with r = i, or in other words of the form 
(1205, 12). For the temperature coefficient of ^2 we deduce 

kT^ 1^1** = e* + \kT. (1206, 6) 

§ 1207. Comparison of simple collision theories with experiment. 

To compare either of tlie simple collision theories with experiment one 
requires measurements of the rate constant over a range of temperatures. 
The tein[)erature coefficient determines e* by ( 1 206, 4) or ( 1 206, 6), according 
to which of the two theories we wish to compare with experiment. The 
absolute values of the rate constants then give experimental values for the 
product aZ)2. The product may be regarded as the effective target 

area for a reactive collision, and neither of the factors a and ttD^ is precisely 
defined alone. There is, however, some virtue in not amalgamating them. 
One can suppose ideally that nD^ has been determined approximately by 
viscosity measurements, when it will have the physical meaning of the 
effective target area for momentum exchange in an encounter. By using 
this value for nD^ we can obtain a value for a. 

Let us take the specific example 
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studied in detail by Bodenstein and again recently by Kistiakowsky, and 
shown to be homogeneous and of second order from to 789^' K.t 

Over this range the rate can within the experimental accuracy be exj)ressed 
empirically by any of the formulae 

^2 = 8 X e 22 , 000 /r cm.®/molecule sec. , ( 1 207 , I ) 

/'a = 2 X l()‘9r-*e 22.000/r cni.3/molecule sec., (1207, 2) 

X'o = 3 X 1 ^- 22 , 000 /r oni.^/molecule sec. , ( 1 207 , 3) 

so that we may take e*lk = 22,000 deg. In the experimental temperature 
range e^jkT 22,000/700 ^ 3(>, so that we may use the af)proximate formulae 
valid for €*p^k7\ If we insert the numerical values = 22,000 deg., 
/^ = i X 128 X 1-65 X 10-2^g., and D - 3*5 x 10 «cni. into formulae (1206, 2) 
and (1206, 5) in turn, we obtain 

A-g = 1 -5 x 10' ’a 7^"* ^- 22 , 000 /r cm.®/inolecule sec., (1 207, 4) 

/fca = 7 X 10-i2aT* e- 22 .ooo/r cm.^/molecmlo sec. (1207, 5) 

By comparison of (4) with (2) we find that the first theory leads to a ::5: 1/75, 
while by comparison of (5) with (3) we find that the second theory leads to 
a 0*5. 

The exact value assumed for D will of course affect the values found for a, 
but will not alter their order of magnitude. By choosing for D the value 
2*5 X 10~3 cm., we can make the value of a given by the second theory exactly 
unity. It is not possible to decide whether a is actually unity or merely of 
the order of magnitude unity, but it is certainly striking that the absolute 
value of the rate can be calculated at least within a factor of about 3 by 
using the second theory, and the value of ttD^ deduced from viscosity mea- 
surements for olijD^. This agreement has led to the following tentative 
theory: those collisions and only those collisions lead to reaction, in which the 
relative translational energy along the. line of centres exceeds a specified value 
€* called the activation energy. This theory leads to the formula 

k, = (1207, 6) 

To test this theory for other reactions, one determines the activation 
energy e* from the temperature coefficient of k^, and then from the absolute 
value of k 2 one calculates the value of D which fits formula (6). If the value 
found for D is of the order of a few Angstroms, the theory is at least not 
impossible. For reactions between two complicated molecules it will 
probably be necessary for the right parts of the two molecules to come into 
contact, and consequently such molecules should have an effective collision 

t For detailed referenoee eee Hinshelwood, The Ktnelics of Chemical Change in Oaeeoue Syeteme, 
Ed. 3 (Oxford, 1933). 
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diameter D no greater than smaller and simpler molecules have. The theory 
has been tested in this way by Hinshelwood* for the reactions 

Hj -h I* ^ 2HI, NOgCl + NOgCl 2NO, + Cl*, 

N^O + NgO 2N2 + O2, C2H4 + Ha CaHe; 

Cl20 + Cla0->2Cla + 02, 

in every case agreement is obtainable with formula (6) with a value of D 
of the order of a few Angstroms. All the above-mentioned reactions are 
bimolecular and second order. 

The stoichiometric reactions such as 

Ha + D2^2HD 

are of the order and can be explained by assuming that the equilibria 

D25±2D, HD;j±H + D 
are exactly maintained, while the bimolecular processes 

H + Da ->HD + D, D + Ha ^HD + H, 

H + HD->H 2 + D, D + HD->Da + H 

are slow and determine the rates. The rates of these bimolecular processes 
can be deduced from the experimental data of Farkas and Farka8,t and 
they too are in agreement with formula (6), with an assumed value of 
1-2 X 10 cm. for /I. It thus appears that this very simple theory leads to 
absolute values of the rate correct to within a factor of about 3. Since 
empirically, if the theory were wrong, one might obtain values of D wrong 
by many powers of 10, the test is quite a severe one. 

It is perhaps worth mentioning that there are reactions for which values 
of Z> of a few Angstrom units lead to a value of a small compared with unity, 
usually about 10 but the reason is obvious as will be clear from an 
examjde. The reaction 



and several similar reactions have been studied, | and give values of a of 
the order 10'^. These reactions are examples of ring closure, in which a new 
ring is formed, and it is obvious that for reaction to occur the two reacting 
molecules must make contact at two distinct specified places. This geo- 

* Hinshelwood, loc, cit. p.489. t Farkas and Farkas, Proc. Roy. Soc. A, lfi2, 124 (1936). 

I See Wassermann, Trans. Fara. Soc. 34 , 128 (1938). 
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metrical requirement is sufficient to account for the extra factor. Such 
exceptional cases do not affect the usefulness of the simple theory for simple 
reactions. 

§ 1208. A refined formulation of bimolecular reaction rates. It 

has recently been shown by Eyring and others* that a reformulation of bi- 
molecular reaction rates can be made, which depends on equilibrium theory 
to just the same extent as the previous formulation in terms of collisions, but 
which goes deeper and is more illuminating than the older formulation. At 
present the results obtainable by the two treatments are much the same, 
but the newer treatment should prove more useful in the future for the 
a priori calculation of reaction rates from purely atomic data. 

The ideas underlying the new formulation are as follows. The forces 
between the atoms of the molecules in reaction are due to the motion and 
distribution of their electrons and the charges on their own nuclei. These 
forces can in i)rinciple be calculated by quantum theory, and even in the 
most violent collisions, at least for many reactions, the relative motions of 
the nuclei are slow and the forces are those corresponding to the same static 
configuration of the nuclei. This means of course that we may assume that 
the action is quasi -static, and that no electronic; transitions occur with any 
appreciable probability. In the configuration space of the reacting complex 
we can therefore set up a potential energy function, whicdi defines the con- 
figurational energy of the complex at every stage of any collision. In this 
potential energy field the relative motion of the various nuclei must be 
treated by quantum theory when necessary; there may be vibrations of too 
high a frequency for a classical approximation, but in general all tunnelling 
effects may be neglected, and the treatment of the nuclear states of motion 
may at least be taken to be quasi-classical. It is, however, a definite assump- 
tion that the potential energy function is unique, and that no electronic 
transitions occur. When such transitions occur reaction rates of a different 
order of magnitude may be found. We shall not consider such reactions here. 
If the number of atoms concerned in any reaction is q, q is at least 3, and the 
configuration space is of 3q dimensions. But since the position of the centre 
of mass of the complex is irrelevant, and since the potential energy function 
is also independent of the rotation of the complex as a whole, the con- 
figuration space required for the representation of the potential energy 
function, and the essential details of the relative motion, reduces to 3g — 6 
dimensions, or 3^ — 6 if the complex is linear. 

Let us now consider the nature of the potential energy function more 

* See for example Eyring, J. Chem. Phys. 8, 107 (1935); Hirschfelder, E 3 rring and Topley, 
J. Chem. Phys. 4 , 170 (1936), where further referencee will be found. 
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closely. For certain configurations the potential energy will be low. These 
regions correspond to the separation of the reactants or products to great 
distances. These regions will be separated by a potential energy mountain 
range, and, owing to the factor affecting the probability of occurrence 
of any configuration, the lowest pass in this range will be the route by which 
the reaction occurs. When the combined pair of reactants is in a con- 
figuration near the pass, and in a state of motion in which its representative 
point in configuration space can cross the pass, the combined pair may be 
called an activated complex. The calculation of reaction rates by application 
of equilibrium theory proceeds by calculating the equilibrium number of 
activated complexes present in the gas at any temperature, and the rate at 
which any activated complex gives rise to an effective reaction. The method 
will be explained more precisely in a moment. The whole method is therefore 
still based on the assumption that the reaction rate is not fast enough to 
upset the equilibrium calculation of the number of activated complexes. 
This assumption is just as essential a part of the refined theory as it was of 
the cruder collision theory. 

The lowest pass mentioned above may be a simple pass, but need not be 
so. If it is not simple, it leads first from the region of separated reactants 
to a limited high level basin in configuration space, points in which corre- 
spond to the formation of an associated complex. There must then be a second 
lowest pass in the rim of the high level basin leading from the basin to the 
region of separated products. When there is no high level basin, the rate of 
reaction is merely the rate at which activated complexes reach the pass in 
such a direction that (regarded as classical particles) they can pass over and 
through it. When there is a high level basin, then this rate is merely the rate 
of entry to the basin, and the rate of reaction is this rate of entry multiplied 
by the probability that the associated complex breaks down by exit over 
the second pass and not by return over the pass of entry. 

It is now possible to give the equilibrium calculation of the number of 
activated complexes, and hence the rate at which the representative points 
of the complexes cross the pass of entry, for a volume V of the reacting gas 
in which there are and molecules of the two reactants respectively. 
Every pair of molecules (1, 2) is a complex for which the complete partition 
function to a sufficient approximation is the separate factors 

being the usual partition functions for the two reactants. There are 
such complexes in all. We now require the fraction of such complexes which 
are activated, that is to say the fraction in the neck of the pass, whose 
position and momentum in a suitable coordinate x* corresponding to 
motion across the pass lie in the range dx*dp%y all other coordinates and 
momenta having any values whatever consistent with these. This fraction 
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will be calculable, if we can construct the partial partition function for such 
activated configurations. Let us now consider the nature of the potential 
energy for the complex in this region. By definition of the pass the potential 
energy in this region will be a minimum for variations of any other con- 
figurational coordinate, excei)t the special one corresponding to passage 
across the range, for which it is a maximum. We shall assume this maximum 
to be so flat that motion across the pass is practically a free translation. We 
can therefore set up a partition function for the activated com})lex by in- 
tegrating or summing over all types of motion of the complex in the other 
variables, consistent with the specified values of x* and pj, thus con- 
structing a quasi partition function fr(T) in — 1 configurational variables 
and their corresponding momenta, and multiplying it by the partition 
function corresponding to the possession of the specified values of x* and 
p 5 themselves. This latter factor is 


e-^*i^^dx*dp*lh, 

where c* is the energy in this coordinate, which must satisfy e* ^ €q, Cq being 
the height of the pass. The equilibrium number of these activated complexes 
is therefore fr{T) 


0-12 UT)UT) 


(1208, 1) 


The energy zero for the calculation of f^{T) is now taken at the top of the 
pass. 

Representative points corresponding to these activated complexes cross 
the pass at a rate obtained by replacing da?* in (1) by for if p* is the 

efiective mass of the complex for relative motion in this coordinate, pj/p* 
is then the velocity of approach of the representative point to the pass. The 
total number of crossings of the pass in unit time in volume V is therefore 


^3 :^2 / t(^) f “ T 

>12 MT)MT)J.. fi*h ' 

If, as will usually be accurate enough, we put 


(1208,2) 


€’*‘ = eo + ipr//^*, (1208,3) 

where Cq height of the pass, then this rate of crossing reduces to 


^12 /l(^)/2(^) ^ 


(1208,4) 


If K is the fraction of these crossings which result in reaction, then the 
number of reactions taking place per unit volume and per unit time is 


KN, MT) kT 

v A(T)MT) h 


(1208,6) 
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In omitting we have assumed that if the two molecules 1 and 2 are of 
the same type they are both destroyed by the reaction. If we introduce 
^(T) to denote a partition function with the volume factor removed, so that 

/(T)= F0(T), (1208,6) 

we obtain for the second order rate constant 


^2 


'^uTmT) h 


(1208,7) 


In certain simple reactions k may be assumed to be unity, or at least a 
fraction of the order of magnitude of unity, and the usefulness of the method 
then depends on ability to evaluate 

Without going into details for any particular reaction the general nature 
of the factors in (pr(^) can be made evident. From the potential energy 
function in 3q — 5 or 3^ — 6 variables, assumed known, the configuration of 
the atoms hen the representative point is in the neck of the pass can be 
derived. This configuration being fixed, the complex as a whole has a mass 
(Wj-hwig) and its translational motion will contribute to (f>j(T) a factor 

A^(T) = (27r[mi-f m2J (1208, S) 

The complex is also free to rotate as a whole. This rotation will contribute 
to 4>r{T) the factor r,{T)l<r^ = Sn^A.kTItr^h^ (1208, 9) 

if the configuration is linear, and the factor 

r,(T)l(r, = HnXZnkT)^ [A,B,C,)^/(T,h^ (1208, 10) 

if the configuration is non-linear; denote moments of inertia, and 

(Ty the symmetry number of the complex. The coordinates x*yp* have already 
been allowed for. The configuration is stable in the remaining 3^-6 or 
3g — 7 freedoms, and they may be taken each to supply a normal mode of 
definite frequency with a corresponding vibrational factor in (j)j(T)y com- 
pletely determined by the potential energy surface. In this way (l>r{T) may 
be formally constructed, and the reaction rate (7) calculated a priori, so far 
as equilibrium considerations allow. 


§ 1209. l^^elationship of the refined theory to the simple collision 
theory. It is instructive to compare the calculation of a reaction rate by 
the refined theory and by the simple collision theory in the simplest possible 
case, and then to see how the difficulties increase as we pass from the simplest 
to the more complex cases, f The simplest conceivable case is the union of 

t This discussion is based on Hinshelwood, J, Chtm. Soe. p. 635 (1937). Compare also Eyring, 
J. C5sm. Phy§, 8, 114 (1935). 
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two atoms of different types 1 and 2. Actually this is not a type of collision 
that leads to reaction, as it possesses no means of getting rid of the excess 
internal energy of the molecule so formed. This means that in practice k 
would be zero or nearly zero. Nevertheless this practical limitation does 
not affect the suitability of the example for illustrative purposes. For the 
free atoms of masses and we have the partition functions, with the 
vol«m,f.olor omitted lh\ (1209,1) 

<1>^(T) = {2mn^kT)^lh^. (1209, 2) 


The activated complex in this simple case resembles a diatomic molecule in 
having only two rotational degrees of freedom, and no other internal degrees 
of freedom apart from the reaction coordinate which may be taken as the 
distance between the two atoms. Hence the quasi partition function of the 
activated complex for all degrees of freedom other than that of the reaction 
coordinate and with the volume factor removed is 


<Pr = 


(27r[mi + wigj kT)^ Hn^A kT 

1^3 };2 


(1209, 3) 


Here A denotes the principal moment of inertia of the activated complex 
and the energy zero is taken at the top of the pass. Substituting (1), (2) and 
(3) into (1208, 7), we obtain for the rate constant 


^2 


(27r[OTi + m,] kT)\ (8n^A kT) ,rp 
{2nm-^kT)^ (2nm^kT)^ 


(1209,4) 


the h's cancelling. Let us now redefine the collision diameter D as the 
distance apart of the two atomic nuclei in the neck of the pass, so that 


d4=— (1209,5) 

Wlj TW-2 

Substituting (5) into (4), and introducing the reduced mass 

/i = TOim,/(mi + »n,), 

( 2'nk'r\^ 

— - — j (1209,6) 

which is of exactly the same form as (1206, 5), if we identify e^, the energy 
at the top of the pass, with the minimum relative translational energy 
required for reaction in the simple collision theory, and a with k. For this 
very simple case of reaction between two atoms we see then that the refined 
theory is exactly equivalent to the second simple collision theory. The 
collision diameter in the latter theory is the distance apart of the nuclei in 
the neck of the pass of the former theory. A probability coefficient #c or a 


PC 


33 
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occurs in an exactly similar way in both theories, and in both its value has 
to be estimated to lead to definite results. 

As soon as we pass over to actual bimolecular reactions more than two 
atoms are involved, and the activated complex has other degrees of freedom, 
most of them vibrational. One then has two alternatives. Either one assumes 
that the partition functions for these vibrational degrees of freedom just 
cancel the vibrational partition functions of the free reacting molecules; 
the theory then reduces to a paraphrase of the simple collision theory and 
leads no further than the latter. The other alternative is to determine the 
structure and so the normal modes of the activated complex. This is a 
problem in pure quantum theory. Like most such problems it is in principle 
soluble, but in practice insoluble except by making drastic approximations. 
We shall review very briefly the attacks that have been made in this 
direction. 

§ 1210. Application of refined theory. The problem of determining 
a priori the structure, and in particular the energy, of the activated complex 
was first attacked by London,* who indicated how for a very simple process 
a crude solution could be obtained by rather drastic approximations. His 
method was developed by Pelzer and Wigner.t The approximations used 
have been analysed and severely criticized by Coolidge and James, J and 
the formulae dependent on them must be regarded as semi-empirical. Such 
formulae have been used by Polanyi, Eyring and others.§ The extent of 
their usefulness is admirably assessed in a paper by Hirschfelder, Eyring 
and Topley.ll The position can be summed up as follows: Not even for the 
8 im])lest bimolecular process is it j)08sible to calculate the interaction 
between tw^o molecules with an accuracy adequate to give even a useful 
approximation to the energy of activation. If, however, the empirical value 
of the energy of activation is assumed, it is possible for the very simplest 
processes between an atom and a diatomic molecule to obtain a useful 
semi-quantitative estimate of the interaction energy for all important 
relative configurations and in particular for the activated complex. When 
we remember the immense labour required to calculate the interaction of 
even two H atoms to form an molecule, there seems little hoj)e in the 
near future of computing the interaction between two molecules or between 

* London, Probleme der Modemen Physik, p. 104 (Sommerfeld- Festschrift, Leipzig, 1928). 

t Pelzer and Wigner, Zeii. Phyaikal. Chem. B, 15, 445 (1932); Wigner, Zeit. Phyaikal. Chem. 
B, 19, 203 (1932). 

t Coolidge and James, J, Chem. Phya. 2, 811 (1934). 

§ ICyringand Voiu^yi, ZeU. PhyaiktU. Chem. B, 12, 279 (1931); Eyring, J. Am. Chem. Soc. 53, 
2537 ( 1931) ; Farkas and Wigner, Trane. Fara. Soc. 32, 708 (1936) ; Hirschfelder, Eyring and Topley, 
J. Chem. Phya. 4, 170 (1936). 

’ II Hirschfelder, Eyring and Topley, J. Chem. Phya. 4 , 170 (1936), first two pages. 
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a molecule and an atom with sufficient accuracy to be useful. The real 
interest of calculations of this type is that they lead to a qualitative picture 
of the part of phase space corresponding to the activated complex. Probably 
the most striking achievement of these semi-quantitative computations is 
their use by Eyring* to obtain values of energies of activation, which while 
extremely rough are nevertheless adequate to explain why the reaction 
between hydrogen and iodine proceeds by the mechanism 

whereas that between hydrogen and chlorine proceeds by the mechanisms 

CI 2 2C1. Ha + Cl - HCl + H, H + Cl* ^ H Cl + Cl. 

The calculations are insufficiently accurate to predict without ambiguity 
which will be the mechanism for the reaction between hydrogen and 
bromine, but indicate that it may well involve bromine atoms, as in fact 
it does. 

Whereas, owing to the mathematical complexity of the problem, it is not 
yet possible to determine the configuration of the activated complex with 
sufficient accuracy to predict the activation energy, it is, however, possible 
by taking the experimental value of the activation energy to deduce at 
least j)lausible configurations in phase space for the path traversed by a 
pair of molecules when they react. Considerable progress in this direction 
has been made in the processes of the type 

D-f + + 

We shall describe briefly the results obtained by Hirschfelder, Eyring 
and Topleyl for processes of this type. All the reaction rates observed can 
be successfully interpreted in terms of a single semi-empirical potential 
energy surface. For the reactants H 2 + H (or the corresponding sets in 
which any number of H’s are replaced by D’s) the activated complex is 
linear. The potential energy can therefore be represented in a configuration 
space of 3 X 3 — 5 = 4 variables, but the representation is simplified by the 
symmetry of the surface. If the distance apart of the H nuclei is fixed at 
any value, then the equipotential surfaces are surfaces of revolution about 
the line of the H nuclei. Fig. 1 shows a section of them when two H nuclei 
are fixed at their ordinary equilibrium separation. These curves, combined 
with the curves of Fig. 2 showing the equipotential surfaces for the straight 
configuration and variable nuclear distances, are sufficient to enable all 
the features essential to the calculation of reaction rates to be deduced. 

* Eyring, J. Am. Chem. Soc. 58, 2537 (1931). 
t Hirachfeldor, Eyring and Toploy, J. Chem. Phys. 4, 170 (1936). 
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Fig. 2. Showing equipotential surfaceB for the linear configurations of Hg 4- H as functions of the 
two intemuclear distances and r^. The motion of the representative point for a linear vibra- 
tional disturbance of the complex is shown. (Energies in Kcal./mole., distances in A.) 
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The trajectory shown in Fig. 2 is of some importance. Its considerable 
complication, combined with the fact that the passes of entry and exit to 
the high level basin are in this case of identical level and form, shows that 
we may safely assume that exit from either is equally likely. Thus for any 
reaction of the form H 2 4- D -> HD + H, /c This estimate must be modified 
when the passes are different, or the activated complex has a different 
residual energy in the two passes — refinements which we shall not pause to 
describe. For the ortho para transformation by Hj + H -> H + Hj however, 
we must take ic = or for para ortho = | ; the conversion can only occur 
if the representative point emerges from the other pass than that of entry, 
and even if it does so, at these temperatures ortho and para molecules will 
be formed in the ratio 3:1. 


§ 1211. Applicability of equilibrium theory to bimolecular pro- 
cesses. For two molecules A and B to react according to the bimolecular 
mechanism, they have to pass through the stages 

A->’A\ A'4- JB'->Afi*-->-product8, 

where A\ B' denote molecules with sufficient excess energy above that of 
average molecules for the formation of a reacting complex AB*. According 
to the crude collision theory, the formation of AB* from A' and B' is deter- 
mined by the single condition that A' and B' should meet with sufficient 
relative kinetic energy in the direction of the line of centres. According to 
a more general formulation due to MarceUnf, the reacting complex AB* is 
defined by the condition that the representative point in phase space 
should cross a certain critical surface. Eyring’s formulation improves on 
Marcelin’s only in its inclusion of a formal description of the part of phase 
space corresponding to the reacting complex. In all three formulations the 
rate of the reaction is determined by the formation of AB* from A' and B\ 
In all three formulations it is justifiably assumed that the rate of formation 
of A 5* from A' and B' is given in terms of the concentrations of A' and B* 
by the formula which holds for complete equilibrium. What is required is, 
however, a formula for the rate of formation of A B* in terms of the con- 
centrations of average molecules A and B. To obtain this it is further assumed 
in all three formulations that the concentrations of energetic molecules 
A\ B' are related to the concentrations of average molecules. A, Bhy the 
formula for complete equilibrium. It is important to realize that this is an 
additional assumption common to all versions which apply equilibrium 
theory to calculate the rate of reaction. It is apparently sometimes assumed 


t Maroelin, Ann, Physique, 8, 168 (1916). 
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without justification that this condition is obviously fulfilled. In other cases 
there appears to be some confusion between the two distinct questions: 

(o) Is the formation of AB* from A' and B' governed by the same law 
as under equilibrium conditions? 

(6) Are the concentrations of A\ B' related to those of A, B by the 
equilibrium formulae? 

It is the latter assumption that is difficult to justify theoretically. The 
energetic molecules A\ B' can be formed from average molecules A, B only 
by a series of fortuitously propitious collisions with other molecules or by 
collision with the wall. Whether the concentrations of A\ B' are maintained 
effectively at their equilibrium concentrations relative to those oi A, B 
depends entirely on the efficiency of the collision mechanism. The strongest 
evidence, that the supply of energetic molecules is, in fact, maintained, is 
the success of the crude collision theory, but this is a posteriori evidence. 
To establish the validity of the assumption on theoretical grounds would 
require a detailed consideration of the effectiveness of collisions in producing 
energetic molecules. U}) to the present such a calculation has proved 
intractable, and we shall try to indicate the difficulties it meets with, by fur- 
ther discussion of the simplest case in which the molecules A , B are of equal 
mass and no important excitation of internal vibrations need be considered. 

It can be shown that, in order that the energetic molecules may be main- 
tained at their equilibrium concentration, it is necessary and sufficient that 
the number of energetic molecules reacting in unit time shall be a small 
fraction of the number of energetic molecules reduced to normal by ordinary 
collisions. It is hardly necessary to set out the argument formally. For the 
equilibrium relations between the energetic molecules A', B\ and the normal 
molecules A, B are maintained by a balance of the rates of creation and 
destruction of the A', B* molecules by collisions, and if the rate of destruc- 
tion is only slightly altered by the introduction of a new lethal process, the 
new equilibrium concentrations of A' and B' will only fall slightly below the 
old values before a new' balance is set up. Now the reaction rates can, as 
we have seen, be successfully calculated by assuming that reaction occurs 
whenever the head-on relative velocity of the pair of molecules along the 
line of centres corresponds to an energy which is a rather large multiple of 
kT. Such collisions if not reactive would, apart from conversion of relative 
kinetic energy into vibrational energy, merely reverse the head-on relative 
velocity. This reversal redistributes the total kinetic energy between A' 
and B', in a manner which depends on the relative directions of the relative 
velocity and the velocity of the centre of mass of the pair. Such a redistri- 
bution will generally reduce the kinetic energy of the more energetic mole- 
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cule of the pair, and thus reduce the number of energetic molecules, but it 
will not always do this. There are, however, a large number of other collisions 
of type A\ B\ in which the head-on relative velocity has lower values, so 
that no reaction will occur on this theory. We cannot, however, be sure that 
a large number of these collisions will normalize the more active molecule, 
for again all the collisions can do is to reverse the head-on component of the 
relative velocity; and when this component is small the collision is ineffec- 
tive. This feature of the persistence of a high velocity in a single molecule 
over several collisions is well known in other branches of kinetic theory, it 
may well be that the reactive collisions are actually a small fraction of all 
the normalizing collisions, but the most that can fairly be claimed in this 
simple way is that this fraction is definitely less than unity and possibly, 
though not certainly, small. This conclusion is not really as unsatisfactory 
as it appears at first siglit. J\)r it assures us that, though the usual calculations 
do not certainly yield a rigorous formula for the reaction rate, they will be 
most unlikely to be in error by more than a numeric^al factor of the order of 
2 or 3, which is of the order of the uncertainty in the other factors such as 
the collision diameter used in the calculation. 

The best independent check on this conclusion is provided by the (dassical 
theory of transport phenomena in gases, where a very similar situation 
arises; in this problem, however, both an approximate solution, similar to 
that used here, and the exact solution are known. If one attempts to 
calculate the viscosity and thermal conductivity of a gas by assuming that 
the distribution laws are everywhere locally those of the equilibrium state, 
merely altered by local variations of mass motion or temperature, one finds 
results that may be in error at times by factors of the order 2 or 3. These 
factors here are accurately known because the approximate equilibrium 
solution of the problem can be compared with the exa(;t result of solving 
Boltzmann’s integro -differential equation* for the non-equilibrium distri- 
bution law, set up in each volume element by the balance between the effects 
of molecular collisions there, which attempt to restore the usual form, and 
the distorting effects of molecules arriving from other volume elements in 
which the regime is different. 

§1212. Unimolecular processes. The existence of unimolecular pro- 
cesses remained for many years a puzzle. Its solution was given indepen- 
dently and almost simultaneously by Christiansen and by Lindemann.t 
According to this theory an isolated molecule A with average energy cannot 

• For example: Chapman, Phil. Trans. Roy. Soc. 211, 433 (1911); 216, 279 (1916), 217, 
115 (1917). 

t Christianeen, iJeaiWioTwifcine/wifce (Copenhagen. August 1921), pp. 50~5\. Lmdemann. 

Trans. Fara. Soc. 17. 599 (1922). 
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react, but an active molecule, that is a molecule with more than a certain 
specified amount of energy distributed over a number of specified internal 
degrees of freedom, has a definite probability of reacting in unit time, and 
any such molecule, to be denoted by A\ will eventually react if left long 
enov^h undisturbed. Actually active molecules A' are continually losing 
their excess energy through collisions, and being reconverted to molecules 
A with insufficient energy to react, this process being known as deactivation. 
Thus the life of an active molecule can be terminated either by deactivation 
or by spontaneous decomposition. The resultant order of the reaction rate 
will depend on the relative probabilities of these two events. If spontaneous 
decomposition is much less probable than deactivation, then the equi- 
librium concentration of active molecules will be practically unaffected 
by the decomposition. This concentration will therefore be proportional to 
the total concentration and the reaction rate will be first order. If, on the 
contrary, spontaneous decomposition of an active molecule is much more 
probable than deactivation by collision, then the rate of reaction will be 
determined by the rate of production of active molecules and so will be 
second order. It is easily shown that at sufficiently high pressures the rate 
will be first order, while at sufficiently low pressures it will be second order. 

Let the number of molecules A per unit volume be v. Let Aj denote the 
fraction of inert molecules A that are converted in unit time to active 
molecules A\ A_i the fraction of active molecules that are deactivated in 
unit time, and A^ the fraction of active molecules that spontaneously 
decompose in unit time. Then provided the number of active molecules is 
always small compared with the number of inert molecules, a condition 
always fulfilled in practice, it can be shown that the number of decom- 
positions per unit volume and per unit time is 

Aq is a molecular constant, while Aj, A_i will depend on the composition and 
concentrations; for given composition A^, A.^ will both be proportional to 
the concentration or pressure. Hence for sufficiently great pressures (1) 
reduces to 3 ,; i 

( 1212 , 2 ) 

But is independent of the concentration (or pressure) and so (2) 

represents a first order reaction with rate constant 

*1 =x AjAo/A^i. (1212,3) 

For sufficiently low pressures on the other hand (1) reduces to 


(1212,4) 
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and as Aj is proportional to the concentration this represents a second order 
rate. The transition from first order to second order rate will occur at 
pressures such that Ao/A_i 1. (1212, 5) 

Under equilibrium conditions the concentration v' of active molecules 
i8 given by p’ = (1212.6) 

since there is no need to distinguish between the concentration of inert 
molecules and the total concentration of A molecules. If we compare (6) 
with (3) we see that at sufficiently high pressures for the reaction to be first 
order the rate constant is equal to the product of A^, and the fraction of 
molecules that are active. If we assume that the condition that a molecule 
should be active is that it should have energy exceeding e* distributed over 
8 internal vibrations, then according to (1202, 11) the fraction ot molecules 
that are active is 


-t*lkT 


rhr\\kT) ' 

and consequently the first order constant is given by 

k = X y I - 1 . 

^%r\\kT) 

lie^^akT (the condition €*pkT is insufficient) we may replace (8) by the 
approximation 


( 1212 , 7 ) 


( 1212 , 8 ) 


^1“ Aq 


(« 


1 

--l)\\kT) 


(>-tVkT 


( 1212 , 9 ) 


We have assumed that all active molecules have the same probability Aq of 
decomposing in unit time, whatever their energy (provided it exceeds e*), 
and however it be distributed amongst the s specified degrees of freedom. 
If this is not the case, Aq must be regarded as an average value for all types 
of active molecules. 


§ 1213. Temperature coefficient of unimolecular reactions. We 

shall now derive a formula, due to Tolman, for the temperature coefficient of 
a unimolecular rate constant. The formula is of general validity and can be 
derived equally readily according to classical theory or according to quan- 
tum theory. We shaU here give the quantal derivation. Let x, denote the 
probability of spontaneous decomposition in unit time of a molecule in the 
internal state r with an energy Thus defined, is a molecular property 
and may depend in an arbitrary manner on the internal state r of the 
molecule. Now the equilibrium fraction of molecules with this configura- 
tion is (1213, 1) 

degenerate states being counted multiply in the summation. Hence, 
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assuming the applicability of equilibrium theory, the first order constant 
hi for the unimolecular decomposition is obtained by multiplying (1) by 
and summing over all states. We thus obtain 

*1 = ( 1213 , 2 ) 


If we differentiate (2) logarithmically with respect to T, we obtain 




( 1213 , 3 ) 


But the first term on the right is clearly the average internal energy of all 
molecules that react in unit time, while the second term is the average 
internal energy of all molecules. We may therefore express (3) in the form 


kT^ 


d log 
~dT^ 


(Average internal energy of reacting molecules) 


— (Average internal energy of all molecules). (1213, 4) 


This striking result, recalling the analogous (1205, 7) for bimolecular pro- 
cesses, is also due to Tolman,t and in this form is perfectly general. 

On the special theory that the condition for a molecule to be active is 
that it possesses energy exceeding e* distributed over s given degrees of 
freedom and that all «uch active molecules have the same probability Aq of 
decomposing spontaneously in unit time, we derived formula (1212, 8) for 
the rate constant. If we now differentiate this with respect to T, we obtain 


kT^ 


aiogii 

dT 


= e*- 


kT ( 
r^j(r-l)!l 

0 


( €* 
[M 

)’ 


(1213,5) 


Provided e^pskT (the condition €*pkT is insufficient), w^e may replace 
(5) by the approximation 


kT^ 


d log Atj 




€*-(8-l)kT. 


(1213, 6) 


Comparing this with Tolman’s formula (4) and remembering that the 
average energy of s internal vibrations for all molecules is skT, we find that 
the average energy of all decomposing molecules is approximately e* + kTy 
thus exceeding the minimum energy required for decomposition by kT. 


§ 1214. The reverse process of unimolecular decompositions. In 
order to explain unimolecular reactions we have assumed a mechanism of 
which one stage consists of the spontaneous explosion of an activated 
molecule into two or more parts. If the number of such parts is two, then 


t Tolman, J. Am. Chem. Soc. 42, 2506 (1920). 
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the reverse process consists of a collision between two particles leading to 
a transition which unites them into one. There is no difficulty in supposing 
that such processes can occur with the necessary frequency for complicated 
molecules, unlike the case of atomic collisions considered in § 1209. One is 
tempted to argue that they can practically never occur because the relative 
kinetic energy will never be adjusted exactly to fit any possible value of the 
quantized internal energy of the united system, and no third body is con- 
cerned in the process to carry away the excess energy. This objection, 
however, overlooks the fact that, just because the combined system is 
unstable and able to explode, its levels cannot be perfectly sharp, and the 
breadths of its levels will exactly enable the reverse recombinations to occur 
at the proper rate. 

§1215. Methodof comparison of theory with experiment. Formula 
(1212,8) for the first order rate constant contains three adjustable 
parameters, e*, s and Ag. We therefore require three pieces of experimental 
data to determine these. Two such are the tem|)erature coefficient of the 
rate and the absolute value of the rate. A third is not available as long as 
the reaction remains first order throughout the experimental pressure 
range. If, however, by reducing the pressure, one can make the rate decrease 
and cease to be purely first order, Ag should be of the same order of magnitude 
as A„i for the pressure range in which this change takes place. Under these 
circumstances we thus have a method of estimating at least the order of 
magnitude of Ag, provided we are able to calculate A Now when an active 
molecule collides with any other molecule, it is far more likely to lose energy 
than to gain yet more energy. Moreover, we found in § 1 21 3 that the average 
energy of all molecules that decompose is €*~^kT. It is therefore almost 
obvious, owing to the exponential factor that the vast majority of 

active molecules will have an energy between e* and €*-h2kT. We shall 
find that in all the unirnolecular reactions studied e^jkT > 50. Consequently 
if an active molecule loses only about 4 % of its energy in a collision, it will 
usually cease to be active. It follows that the majority of collisions suffered 
by active molecules are deactivating collisions. Hence we can obtain an 
estimate of at least the order of magnitude of A_j, the probability of de- 
activation in unit time, by taking the number of collisions suffered by the 
active molecule in unit time. This will not differ seriously from the average 
number of collisions in unit time of any molecule. Hence according to 
(1201, 18) we may set 

\_,^c:L2vD^(27jkTI/i)^2i2vD\^nkTlm)^, (1215, 1) 

if all the molecules have the same mass m. The symmetry number cr occurs 
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only in the formula for the total number of collisions, but not in the formula 
for the number of collisions of a given molecule, f 

The theory may then be tested as follows. We try to select values for €*, s 
and Aq such that the first order rate constant is correctly given by formula 
( 1212 , 8 ) over the whole experimental temperature range, and A© is approxi- 
mately equal to A_i given by ( 1 ) for that value of the concentration v at 
which the rate ceases to be first order. There are a priori no restrictions on the 
values that may be assigned to €* or Aq, but the number of classical internal 
vibrations a postulated must be consistent with the experimental heat 
capacity of the molecule. Thus the crucial test of the theory is whether one 
can make formula ( 1212 , 8 ) fit the experimental facts with a reasonable 
value for a. 

§ 1216. Numerical examples. We shall now illustrate this method of 
comparison by a few examples. As we can at the best only hope to fix a 
correct to about ± 1, while the value of Aq depends on the value assigned to 
5, and as further there is no sharply defined value of A^/A^^ at which the 
departure from first order rate becomes detectable, we are interested only 
in the orders of magnitude of A^ and A.j. We may therefore with sufficient 
accuracy provisionally set i) = 10 A. = 10 “’ cm. for all the (large) molecules 
concerned. 

We shall find in all cases that 50, but in the most unfavourable 

case e^jakT is only about 3, and it is therefore not accurate to assume 
€*pakT, Nevertheless, as we are here interested only in the order of magni- 
tude of Aq, we may stiU replace ( 1212 , 8 ) by the approximation 

as the error introduced will only be a factor of the order 1*5 in the most 
unfavourable case. 

( 1 ) Decompoaition of gaseovs diethyl ether. This reaction} proceeds at a 
convenient rate between 700-860® K., and is homogeneous and first order 
down to pressures of 200 mm. Hg. Below that pressure of the reactant the 
reaction proceeds more slowly and approaches the second order type. The 
final result of the reaction is roughly 

C.H 5 . 0 . C^U^^CO -h 2 CH 4 + iC*H 4 , 

though of course this does not represent the primary process which is 
probably the formation of CO and two unstable hydrocarbons. Sufficient 
admixture of Hj, for example a partial pressure of 300 mm. Hg at 800® K., 

t In S.M. the formula at the bottom of p. 701 is wrong by including a factor |. 

{ References for this and other reactions are given below table 1. 
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will preserve the unimolecular rate unaltered down to a pressure of 40 mm. 
Hg of the reactant. He, N2 and the reaction products have no marked 
effects. The first order rate constant can be represented empirically by 

or equally well by ^ ’ 


ki = 6-9 X 10*.^ 


sec.‘ 


corresponding to the choicer = 4andAo = 6-9 x lO^^sec.-^. For the number of 
deactivating collisions per unit time using (1215, 1) and setting* D = 10~’, 
T = 800, m = 74 X 1*65 X 10~®^, we obtain A_i 6-7 x 10~^® v. For a pressure 
of 200 mm. Hg at 800° K. we have = 2*4 x 10^® so that at this pressure 
1*6 X 10* 8ec.“^ about double A^. With the values of e*, A^, s chosen 
we should thus expect the rate to fall off at pressures of the order 200 mm. Hg 
in agreement with the facts. 

(2) Decomposition of gaseous dimethyl ether. This is very similar. The final 
result of the reaction is 

CH3 . 0 . CH3 -> CH4 + H2 + CO, 

proceeding at a convenient rate in the range 700-825° K.; it is first order 
down to a pressure of 400 mm. Hg. A pressure of 400 mm. Hg of admixed 
Hj at 775° K. will preserve the first order rate to a pressure of 30 mm. Hg 
of the reactant. Ng, He, CO and COj have no such effect. The first order rate 
constant can be represented empirically by the approximate equation 


or equally well by 


ki = 1*5 X 10^®c~^»^*®/^sec.“^, 


fc, = 1-7 X 10*. 


corresponding to a choice 5 = 6 and Aq = 1*7 x 10® sec.~^. For the number of 
deactivating collisions per unit time at 800° K. and 400 mm. Hg using 
(1215, 1) and setting = 10~’, T = 800, m = 46 x 1-65 x 10~*^ v = 4*8 x 10^®, 
we obtain A_i 4-0 x 10® sec."^ so that at this pressure Ao/A_i 0-4. With the 
chosen values of Aq, s the theory thus predicts a falling off of the rate at 
pressures somewhat below 400 mm. Hg in agreement with the facts. 

Both these examples are entirely satisfactory, as are nearly a dozen others 
given in Table 1. We shall now give an example where the theory is less 
satisfactory. 

(3) Decomposition of nitrogen pentoxide. This, the best known and most 
exhaustively investigated homogeneous unimolecular reaction, shows no 
signs of deviation from the unimolecular law down to pressures of 0*06 mm. 
Hg, but at about this pressure it has been shown that a distinct falling off in 

* In the following calculations the values of D are in cm., of T in °K., of m in g., of v in 
molecules cm.”* and of A®, A_i in sec.”^. 
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the rate sets in. The convenient temperature range is from 273^ K. to 340*^ K. 
No effect of any diluent in maintaining the rate at pressures below 0-06 mm. 
Hg has been recorded. Admixtures of numerous gases have been shown to 
be without effect on the rate of the reaction. The result of the reaction is 

but of course this does not represent the actual mechanism. The first order 
rate constant can be expressed empirically by the equation 

Aj = 4-1 X 10^^e“^*'®®®/^sec.“^ 
or with equal accuracy by 

= 1*8 X 

corresponding to a choice of 5 = 15 and Aq = 1 • 8 x 10® sec. We have to com- 
pare this with the rate of deactivation at 300*^ K. and 0-06 mm. Hg. Using 
formula (1215, I) and setting D = 10~^, T = 300, m = 108 x 1-65 x 10~*®, 
V 1-3 X 10^®, we obtain A.jCii 1-4 x 10® sec."'. Thus the values chosen for 
Aq and a correspond to a falling off from the first order rate at pressures 
of the order 0 06 mm. Hg in agreement with experiment. No smaller value 
of 8 will suffice to give this agreement, and it is rather disturbing that such 
a large value for a is required. Apparently the only way of avoiding such a 
large value for a is the use of a larger value for Z>, the effective diameter for 
deactivating collisions, or an equivalent assumption. 

§ 1217. Improved theory. Hitherto we have assumed the same pro- 
bability Aq of decomposition in unit time for all active molecules whatever 
the energy in the a internal vibrations provided it exceeds e*. Alternatively 
Aq may be thought of as an average value for all types of active molecules. 
This approximation is sufficient to predict approximately at what pressure 
the rate will cease to be first order, but a more accurate approximation is 
required to account for the details of the rate in the pressure range w here 
the rate is changing from first order to second order. Such a theory has been 
developed by Rice and Ram8perger,t and independently by Kassel.J It is 
reasonable to suppose that for decomposition to occur it is necessary for a 
certain minimum energy to become concentrated in one particular internal 
vibration, and it is almost certain that this has a better chance of occurring 
the greater the energy distributed amongst a internal vibrations including 
this particular one. Certain plausible assumptions about the redistribution 
of energy among the a degrees of freedom lead to a probability for decom- 
position in unit time for molecules of energy e proportional to (1 
Ramsperger tested this theory on all the then known unimolecular reactions. 

t Rice and Ramsperger, J, Am. Chem. Soc. 49, 1617 (1927). 

X Kassel, J. Phya. Chem. 82. 225 (1928). 
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We cannot give details,* but will merely mention that for all such reactions, 
as have been studied in the pressure range where the rate is changing from 
first order to second order, Ramsperger is able to account for the rates 
observed by assuming not unreasonable values for s, the number of classical 
vibrations that contribute to the energy of activation. Table 1 summarizes 
the most reliable data for unimolecular reactions. The first column gives 
the substance which decomposes by a unimolecular mechanism. The second 
and third give the temperature and pressure ranges over which the rate 
has been studied. The fourth and fifth columns give the parameters P, Q 
in the empirical formula for the first order rate constant 

( 1217 , 1 ) 

The sixth column gives the approximate values of a estimated by the theory 
outlined above. There is no apparent connection between these values 
and the structure of the decomposing molecule. 

Since the compilation of Table 1, it has been shown by Hinshelwoodf and 
others that some of tlie tabulated reactions can take place by two alter- 
native mechanisms, (1) direct rearrangement to stable products, and (2) 
the production of free radicals which may cause further decomposition by a 
chain process. The relative importance of the two mechanisms has been 
studied by the addition of traces of nitric oxide, which destroys the free 
radicals and so breaks the chains. The recognition of the part played by 
radicals does not necessitate any fundamental change of view about the 
nature of unimolecular reactions. It is, however, necessary to repeat the 
whole numerical analysis for the chain free process when the effects of the 
chains have been eliminated. Staveley and Hinshelwood have done this 
and find for the unimolecular decompositions of various ethers the values 
given in Table 2. These revised values of a certainly vary with the com- 

Table 2 


Reviaed data for unimolecular decompoaitiona of ethers 


Reactant 

Q/k for chain - 
free reaction 
deg. 

Number a 
of classical 
vibrations 


31,000 

5 

CH 3 — 0— C,H5 

31,000 

5 

C.Hs— 0— CjHj 

33,500 

9 

C,H,— 0— C,HT(n) 

30,250 

9 

C,H,--(>~C,H,(i) 

32,750 

1 >12 


* For details and complete references see Ramspei^^er, Chem. Rev. 10 , 27 (1932), or Kassel, 
KineiicH of Ilomogefieoua Qaa Reactions, Chapters v, x. 

t Staveley and Hinshelwood, J. Chem. Soc. p. 1568 (1937). 
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plexity of the ether in a more reasonable way than the earlier computed 
values. In particular the revised value of s for CH, — O — CH3 is less than 
that for C2H5 — O — C2H5. Other unimolecular reactions may require 
similar revision. 


§ 1218 . Absolute values of unimolecular rates. The probability of 
decomposition in unit time of an active molecule, which we have denoted 
by A3, has the dimensions of a frequency. It is clear that Aq is not the 
frequency of any normal mode, but is rather a frequency of interchange of 
energy between normal modes. The calculation a priori of A3 therefore 
requires a detailed consideration of interaction between the various normal 
modes. This is a problem in quantum theory and evidently a complicated 
one. A satisfactory solution of it can hardly be expected at present. 

What can be said with confidence at the present time is more or less as 
follows. For a molecule to dissociate it is necessary that sufficient energy 
shall accumulate into one particular bond or perhaps two bonds in the 
molecule, the bonds in question being those which are broken in the normal 
process of decomposition. If for example the primary process in the decom- 
position of dimethyl ether is 


H 




CH4+CH.0 


then it is one C — O bond and one C — H bond that have to be stretched 
sufficiently for the H atom to ‘‘collide^’ with and become attached to the 
CH3 radical. It is alternatively possible, though less probable, that the 
primary process is the simple splitting of the bond between the CH3 and the 
O — CH3 radicals. The energy required for the latter mechanism will probably 
be greater than that required for the former one and consequently the former 
mechanism seems the more likely. Nevertheless, for the sake of simplicity, 
we shall discuss the case where only one bond is involved. 

The internal motion of a complicated molecule can be resolved into a 
number of normal modes, which are approximately harmonic oscillations of 
(in general) incommensurable frequencies. All the usual coordinates which 
might be used to define the configuration of the molecule can be expressed 
in terms of the normal coordinates which correspond to the normal modes, 
and the variation of any such coordinate can be expressed in terms of a 
number of harmonic terms one from each normal mode. In general, con- 
tributions from every normal mode wall enter into the variation of any one 
ordinary geometrical coordinate, and so the energy in every normal mode 
can contribute to the energy necessary to overcome the potential hill. The 

34 
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problem of calculating how soon on the average a molecule with more than 
enough energy will dissociate is the problem, therefore, of calculating how 
soon on the average the vital coordinate will exceed a given value, when it 
is the resultant of a number of approximately harmonic terms with in- 
commensurable frequencies, whose amplitudes are controlled by the total 
energy allowed to the molecule and whose relative phases have all possible 
values. This is a classical description, but the quantal description may be 
made to correspond closely. The details of such a calculation are far from 
clear, even for the simple classical model, but some progress based on general 
principles has been made recently by Slater,t who has used this model to 
calculate upper and lower bounds for the dissociation rate per molecule with 
sufficient total energy. The formulae obtained for these bounds are not 
simple, but one strikingly simple approximate result emerges. If we denote 
by €* the minimum total vibrational energy the molecule must have to be 
able to dissociate, then the first order rate constant ky^ will be roughly 
given by Jfcj ~ (1218,1) 

where A has the dimensions of a frequency and is of the order of magnitude 
of the frequencies of the normal modes. This A is not independent of tem- 
perature, and so c* is not equal to the energy of activation; however e* will 
probably not differ greatly from the energy of activation. It is therefore 
interesting to note that when the rates of various unimolecular reactions 
are expressed in the empirical form (1217, 1) the majority of values of P in 
fact lie in the range 10^* to 10^* sec.”' (see examples in § 1216), which coin- 
cides closely with the range of frequencies of the normal modes. More 
accurate absolute theoretical estimates of unimolecular rates are at j>resent 
beyond practical reach. 

§ 1219. Reactions in solution. Reactions in solution naturally pre- 
sent a far more formidable problem than reactions in a gas, which may 
normally be assumed to be almost perfect. None the less the recent develop- 
ments in the theory of liquids, outlined in Chapter vra, have been sufficiently 
successful to enable tentative advances to be made in the theory of reactions 
in dilute solutions, based on a model and approximations which, though 
crude, are not so crude as to be unreliable. 

We base the discussion therefore on the model of a liquid in which we 
assume that each molecule is in thermal agitation in a cage or cell formed by 
its nearest neighbours in a more or less (locally) regular way. In the simplest 
liquids the average number of neighbours may be expected to be twelve. 
For the sake of simplicity we shall use the smoothed potential model of 
§ 802. We accordingly assume that, for the purposes of this discussion, the 

t N. B. Slater, Proc. Comb. PhU, Soc, S5, 66 (1939). 
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cell in which the centre of any molecule may move ia a region of constant 
potential energy, and that the molecules themselves are rigid spheres of 
diameter /)q. This diameter will be assumed to be approximately that 
attributed to similar molecules in the gas phase. If the liquid molecules are 
arranged more or less in a close packed (irregular) way, and the mean separa- 
tion of nearest neighbours is Z), then it may be shown that the relationship 
between D and v the total number of molecules per unit volume is 

= (1219,1) 

The separation D will be greater than Z>q and will depend on the tem- 
perature. A rough approximation will be to write 

= + (1219,2) 

and take a for the radius of the cell to ^diich any particular molecule is in 
general confined . It will be clear from Chapter viu that, though we are 
thus using a very crude simplification of the successful model there intro- 
duced, we have retained its essential features, and may expect to find that 
it is a rough but reliable tool for a preliminary study of collision numbers 
and reaction rates in solutions. In using it in this way, however, we must 
recognize that we must assume that the solute molecules fit without much 
distortion into the same general pattern as those of the pure solvent, and 
that it will be necessary to treat the motion of every molecule in its cell as 
classical. The cells concerned are small, and it may be show n that classical 
methods are barely good enough and may introduce some errors, though 
probably not serious ones.* We thus assign to the molecules in their cells 
a classical distribution both in position and in velocity. Then the average 
fraction of a molecule per unit volume of each cell of radius a, moving with 
velocity in the range F, F 4- dF in a direction lying within the solid angle 

d(t)y is by (303, 7) / m \* 

( 2 ^) (1219,3) 

Now consider a molecule moving towards the wall at an angle with the 
normal between 6 and d-\-d6. Such a molecule will hit the wall wdthin a 
time di provided that at the beginning of this interval it lies within a dis- 
tance F cos 0dt of the wall, that is within a shell of volume 47ra^ cos 6Vdt. 
The corresponding value of dcj is 27rsin^d^. Hence the average number of 
coUisions of a given molecule with the cell wall per unit time, at velocity 
between F and F-hdF, making an angle with the normal between 6 and 

e + de.JB I _m y y»^y 2 „ Bin ddd *7Ta*V cos 0/W 

\2nkTj 






^-kmv^ikT v^dV2nATie cosOde. (1219, 4) 


* Fowler and Slater, Trans, Fora. 8oc. S4, 81 (1938). 


34‘2 



582 


Chemical KineHes 


[1319 

Altematiyely we may say that the number of ooUiaions of a given mdeoule 
with the cell wall per unit time with totcJ kinetio energy between e and 
e+de and with angle of inddenoe between 6 and d+d6 ia 

a \ nm ^ 


kTkT 


(1219,6) 


The total number of ooUidone per unit time of a given molecule with the 
cell waD is therefore given by 

Performing the integrations, we thus obtain for the total number of 
collisions per unit time of a given molecule with the cell wall 


3 ptrj* 


(1219,7) 


2a\ Trm ^ 

In an ideal mixture containing per unit volume altogether v molecules, 
of which Vi are of type 1 , 1^2 expect that of aU the 

collisions of a given molecule the fraction that strikes some molecule of a 
given type say 2 will be vjv. We deduce from (7) that the number 
collisions per unit volume and per unit time in which a molecule of type 1 
hits a molecule of type 2 will be given by 


2 i -^2 — 


(1219, 8) 


2a\7rmi/ 

In making this calculation we have assumed that the molecules of type 1 
are moving in their cages and hit molecules of type 2 forming part of the 
stationary walls. If on the other hand we had considered the molecules of 
type 2 as moving in their cages and the molecules of type 1 as forming part 
of the walls, we should have obtained instead of (8) 


Zj-*.! — 


3 /2Jfc!r 


V 




(1219, 9) 


2a\7rm2 

Actually, of course, both suppositions are wrong, since the two types of 
molecule should be treated similarly, and the true formula should be sym- 
metrical with respect to the species 1 and 2. One could obtain such a sym- 
metrical formula by taking the sum of (8) and (9). We should thus obtain 
for the total number of collisions per unit volume and per unit time 
between a molecule of type 1 and a molecule of type 2 


- ^(2kTY 1 _iv 


(1219, 10) 


where the symmetry number (Tu is introduced as usual to prevent counting 
each collision twice over when the two molecules considered are of the same 
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species. An sltemative formula, also symmetrical mth respect to the species 
1 and 2, is 

tr„p2a\ n / mj 


ViV^ 3 /24r\* 
(ri^p2a\ n/i ) 


(1219,11) 


where /i = is the reduced mass. Neither (10) nor (11) has 

any exact sound basis, but either may be accepted as a reasonable approxi- 
mation. We can safely use either (10) or (11) as giving the correct order of 
magnitude of the collision number z„. As a matter of convenience we 
shall use (11). Using the relation (1) for a close packed liquid, we can 
rewrite (11) as 

' ' „ _ (2kT\^ 

o-jj 2*a \n/i) 

l2nkT\^ 


2*7ra 




(1219,12) 


Comparing (12) with the corresponding formula (1201,18) for collisions 
in the gas phase, we see that the gas formula may be applied to the liquid 
phase, provided we use an effective collision diameter Den defined by 

3 D« 


7)2 _ 


(1219,13) 


so that Deff is of the same order of magnitude as D, In fact would be 
equal to D if {D-Dq)ID = ajD = Actually afD is probably some- 

what less than this, and so Den ^ probably somewhat greater than D. In 
any case we may safely assume that the ratio of the collision number in the 
liquid to that in the gas is not seriously different from unity. 

A more important quantity for reaction rate theory is presumably the 
number of collisions with the cell wall per unit time in which the kinetic 
energy in the normal motion exceeds a given value e*. Such collisions are 

specified by 1 > cos » ^ (e*/®)* (e>e*). (1219,14) 


For each molecule this number is then given according to (5) by 

3/^y C« r 

a\ nm } J,. kTkTJ, 

The integrations are straightforward and lead to 


e de 

' sin^oos^dd. (1219,16) 

0080-1 


3 /2kTy 
2a\nm) ' 


.-^/kT 


(1219,16) 


If we denote by the total number per unit volutne and per unit time 

of collisions between two molecules of types 1 and 2, and the number of 
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these with energy in the normal direction! exceeding e* by com- 

parison of ( 1 6) with (7) shows that 

Zia(e*) = (1219,17) 

This has the same form as (1201, 22) for collisions in the gas. 

We do not propose here to give further details,! but shall content our- 
selves with a qualitative discussion. It is desirable, however, to stait as we 
have done by making quite clear the exact type of model of a liquid, on 
which even a qualitative discussion is based. 

In this model any molecule and its neighbours must not be thought of as 
permanently fixed in the relationship of “neighbourliness”. The central 
molecule will occasionally escape from its cell by exchanging with a molecule 
on the cell wall, and the molecules on the cell wall will not be permanent but 
will occasionally be replaced by others by the process of diffusion or self- 
diffusion. If we denote by a collision between two molecules, particularly 
two solute molecules, any event in which one of them approaches and 
rebounds from the other, which is then necessarily a member of its cell wall, 
it may be verified by calculation — ^and is indeed almost obvious — that in 
general one f)air of such molecules will make many collisions while they 
remain neighbours before they are divorced by the natural processes of 
diffusion. This is a feature of collisions in dilute solution which is foreign to 
collisions in gases. In general, in gases a collision between a given pair of 
molecules is hardly ever immediately repeated and such repetitions as do 
occur are always and rightly neglected. In studying collisions in dilute 
solutions it may therefore sometimes be necessary to distinguish between 
fresh collisions and repetitive collisions between a single pair. We shall call 
the w hole group of collisions, which occur between a single pair of molecules 
after they become neighbours and before they separate again, an encounter. 

We have seen that it is possible to obtain rough but reliable estimates for 
the total number of collisions per unit volume and per unit time between two 
molecules of given types, and also for the number of such collisions in 
which the kinetic energy along the line of centres exceeds a given value e*. 
We found that these numbers differ only slightly from those in a gas for 
the same concentrations. We conclude that the rate of bimolecular reaction 
in dilute solutions may be expected in general to be about the same as that 
for the same molecules at the same concentration in a gas. Various provisos 
must, however, be satisfied for this conclusion to hold. In the first place the 

t According to the derivation given, this means normal to the cell wall of one of the molecules 
and it is not clear which. What is really wante<l is the direction along the line of centres at impact. 
The inaccuracy here introduced is probably not serious. 

X For a more detailed discussion see: Fowler and Slater, Trana. Fara. Soc. Si, 81 (1938). Com- 
pare Rabinowitch, Trana. Fata. Soc. 83, 1225 (1937), where a very similar discussion is presented. 
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arguments we have adduced do not apply to solute molecules of very different 
size and shape from the molecules of the solvent. The conclusion may well 
remain true in such a case, but we have given no theoretical grounds for 
expecting that it will. In the second place the conclusion may be upset if 
the, reacting solute molecules are intimately associated in any way (solvated) 
with the molecules of the solvent. Thirdly the reaction rate must not be so 
fast that, according to the equilibrium formula for collision numbers, more 
than one reactive collision should occur during a single encounter except 
very rarely. Once a reaction has occurred between a pair of molecules further 
collisions, which would otherwise have occurred between them during the 
same encounter, are necessarily futile, but they are counted in the estimate 
of the energetic collision rate, which is made up in solution of bunches of 
collisions provided by each encounter, instead of by the quite separate 
single collisions of the gas phase. In the extreme limit of reactions for which 
the rate is fast compared with the rate of the starting of encounters, one 
will reach a state of affairs in which every encounter leads to a reaction, and 
the reaction rate is then controlled by the encounter rate and the coefficient 
of diffusion, instead of by the energetic collision rate as in a gas. Rates of 
reaction usually studied are not so fast as this, and conform rather to the 
other limit in which the likelihood of reaction during each encounter is low. 
The reaction rate is then, the other provisos being also satisfied, correctly 
given by the energetic collision rate, which is substantially the same as for 
a gas at the same concentrations of the reactants. 

The same general conclusions can be drawn by following out the method 
of the activated complex applied to dilute solutions. Provided that neither 
the activated complex nor the separated solute molecules are intimately 
associated in any special way with the solvent molecules, we can assign 
partition functions to these molecules and the complex in the solution, using 
for each a suitable cell in the liquid; it is not now essential to the argument 
to assume that these cells are so closely similar to the cells of the solvent 
molecules themselves. The partition functions so assigned will differ from 
the partition functions for the same molecules or complex in the gas phase 
only by having a suitable free volume factor in place of the actual volume. 
To the accuracy of this formulation the concentration of activated com- 
plexes in the solution, and the rate at which they enter into reaction, and 
therefore the rate of the reaction itself, will be substantially the same as for 
the gas phase at the same concentrations of the reactants. To this approxi- 
mation the method of the activated complex is substantially equivalent to 
the collision method and leads to the same conclusions.* The method of 
the activated complex, however, presents opportunities of formally taking 
• Cf. Bell, Tran$, Fata, Soe. 86, 324 (1939). 
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account of the way in which the reaction rate may be affected by the 
presence of the solvent molecules in a manner which seems out of the ques- 
tion in the method of collisions. It is hardly fair to claim that much progress 
has yet been made in this direction, owing to our almost complete ignorance 
of the details of interaction between solute and solvent molecules. 

Although the application of the method of the activated complex to the 
calculation of absolute rates can as yet take us no further than the cruder 
collision theory, it can be useful in calculating the effect on the rate of small 
changes of environment. In particular the primary kinetic salt effects, 
discussed in detail in the following section, may be regarded as a par- 
ticularly fruitful special case. Actually this special application preceded the 
general formulation of the method by about twelve years. 

§ 1220 . Primary kinetic salt effects. Although it is not generally 
possible to predict the effect on a reaction rate of changing the solvent, there 
is one case where this can be done fairly accurately. For any reaction in- 
volving ions one can predict the effect on the reaction rate of adding an inert 
electrolyte; the word inert signifies that the added electrolyte does not 
itself take part in the reaction. It will suffice to confine ourselves to bi- 
molecular processes. Let the process be 

products, ( 1 220, 1 ) 

where at least one of the molecules A and B is an ion and AB* denotes 
the activated complex. Then, subject to certain restrictions discussed in 
§ 1211 and to which we shall not refer again, the rate is proportional to the 
concentration of the complex AB*, which in the absence of chemical 
reaction would be in equilibrium with the free molecules (or ions) A and B. 
This equilibrium will be affected by all the ions present according to the 
considerations of Chapter ix. By introducing the activity coefficients 
defined in § 903 we can express this equilibrium in the form 

5^51 = ( 1220 , 2 ) 

VaVs Jab- 

where v denotes a concentration of ions or molecules per unit volume, and 
y denotes an activity coefficient, while is an equilibrium constant 
depending on the solvent and the temperature but independent of the 
solute concentrations. But since the reaction rate is proportional to the 
equilibrium concentration the second order rate constant must be 
proportional to Hence by (2) the rate constant k wiU be given by 

k^lfiYArBlrAB^. (1220,3) 

where Ifi is determined by the temperature and solvent, but is independent 
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of the solute oonoentrations. Formula (3) is due to Bronstedf but the above 
derivation is essentiaUy that of Bjemim.t 
The utility of formula (3) is completely dependent on the possibility of 
evaluating the activity coefficient of the activated complex. If we 
confine ourselves to solutions so dilute that they would be ideal were it not 
for the interionic electrostatic forces, then we can apply the formulae of 
Chapter ix to the evaluation of well as y^ and y^. As we require 

the activity coefficients of several species in a mixed solution, it is most 
convenient to use the approximate theory of § 926. We assume the solvent 
to be water and the temperature to be between 15°C. and 25^ C. If then we 
denote by the valencies of the two reacting molecules or ions, we have 

logior. = + (1220,4) 

where I denotes the ionic strength and depends on the nature of the 
species A as well as the nature of all the other ions present, but remains 
constant if the solution as a whole is concentrated or diluted keeping the 
relative solute concentrations unaltered. Similarly for the species B 

-2 /* 

logio ri? = - (1220, 5) 

where Zjj is another specific constant. As regards the activated complex 
AB*, whatever its structure, its valency is equal to the algebraic sum 
(^A + ^b) of the valencies A and B. Hence we have the formula 

logior^B. = + (1220,6) 

where is another specific constant. Combining (4), (5) and (6), we derive 

where Z is a specific constant determined by the relative concentrations of 
the various ionic species. Substituting from (7) into (3), we obtain 

logioifc = logioi“+ + (1220,8) 

The dependence of k on the ionic strength was named by Bronsted the 
primary kinetic salt effect, to distinguish it from the secondary kinetic salt 
effect which will be described in the next section. 

The limiting form of (8) at very high dilutions is 

logic* = login *®+ 

t BrOnated, ZtU. Pkgsibd. Chem. 102, 100 (1022).. 
t Bjermin. Ztit. PkytibU. Chem. 100, 82 (1023). 


(1220, 9) 
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From this we see that in very dilute solutions the rate constant should 
increase ('positive kinetic salt effect) with increase of ionic strength for all 
reactions between two ions of the same sign and should decrease (negative 
kinetic salt effect) with increase of ionic strength for all reactions between 
ions of opposite sign. A plot of log k against the ionic strength gives a para- 
bola in both cases and such kinetic salt effects may therefore be referred to as 
parabolic. For processes involving only one ion ( 2 ^ or Zjj zero) formula (9) 
predicts zero kinetic salt effect. Actually the effect will not be zero, but 
will be determined by the term 11 in (8). For such reactions then logjol: is 
linear in the ionic strength and such an effect is caUed a linear kinetic salt 
effect. 


It is difficult to make accurate measurements at sufficiently high dilutions 
for (9) to be valid, but all the reliable data in dilute solutions show kinetic 
salt effects of the sign predicted by the theory, and a plot of log k against 
/* gives a curve with a slope at i = 0 equal, within the experimental error, 
to the predicted value 102 ^ 2 ^. This is shown in Fig. 3 for a number of 
reactions of various valency types.* 

It is perhaps of interest to derive formula (9) by more directly statistical 
reasoning. Let us suppose that the reaction rate is proportional to the 
number of pairs of molecules A and B in unit volume which approach each 
other within a distance r in unit time. With the usual qualifications for the 
applicability of equilibrium theory, this is proportional to the number of 
pairs of molecules A and £ at a distance between r and r -l- Ar in equilibrium 
with all the molecules A and B. Now according to Debye’s formula (911,8) 
the mean electrostatic potential at a distance r from the centre of a given 


ion A is 


" 'iv fTj; ' 


( 1220 , 10 ) 


where k is defined by (911,3), and a is the average closest distance of 
approach of the two ions. But if denotes the number per unit volume of 
ions of type B in the bulk of the solution, the number per unit volume at a 
distance r from a given ion A will according to Boltzmann’s formula (subject 
to the approximation of § 910) be equal to The rate of reaction 

will therefore be proportional to second order 

rate constant will be proportional to We may therefore write 

logi; = ~-Zb\^\ l^^(r)/ifcT + const. 


Drkf l-f#ca 


-f const. 


( 1220 , 11 ) 


* This figure is taken from a paper by Livingston, J. Chtm. Bduc. 1 (12), 2899 (1930). In the 
original paper the reaction showing no appreciable salt effect was labelled wrongly. The error has 
persisted in sfvcral other copies of this figure (private communication from the author). 
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The additive constant is determined by the value of k at infinite dilution 
(/f = 0); denoting this value by /:®, we obtain 



Fig. 3. The effect of ionic strength on the velocity of ionic reactions. 


If we expand in powers of k, we obtain 

log* - logf + I -"“i- ' + • (' w >3) 
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If ve negleot all terms of higher order than the first in k, we obtain 

logAi = (1220, 14) 

When numerical values are inserted for water at 20° C., this becomes 
formula (9). This derivation is due to Scatchard.* 

§ 1221. Secondary kinetic salt effects. Sometimes the concentration 
of one of the reacting species is itself determined by an equilibrium which is 
affected by the ionic concentration. The best known examples are processes 
in which one of the reacting species is a hydrogen ion, the controlling 
equilibrium being of the type 

Acid7£H''' + Base, (1221,1) 

for example H,POi'?tHPOi'“ + H+. (1221,2) 

Addition of an inert electFol 3 rte will shift the acid-base equilibrium and so 
indirectly affect the rate. This phenomenon was explained by Bronsted.f 
who called it a secondary kinetic salt effect to distinguish it from the 
primary effect discussed above. Since the effect is an equilibrium phe- 
nomenon, it obeys the laws of mass action modified by the interionic 
effects of Chapter ix, and there is no need to discuss it further. § 

* Scatchard, CAem. Rev. 10, 233 (1032). Compare Chrutianseii, Zeit. Physikal. Chem. 113, 
35 (1024). 

t BiOoBted, J. Chem. Soe. 110, 570 (1021). 

{ See for example Br5iisted and Teeter, J. Phya. Chem. 23, 570 (1024); BrOneted and King, 
J. Am. Chem. 8oc. 47, 2523 (1025). 



CHAPTER XIII 


LATTICE IMPERFECTIONS, ORDER-DISORDER TN CRYSTALS 

§ 1300. Introduction. In Chapter iv we have oonatruoted partition 
functions and therewith thermodynamic potentials for crystalline solids, 
both pure and simple mixed. In all that discussion, however, we have 
assumed that the arrangement of the atoms or molecules on the proper 
lattice points is perfect, as in fact, as a rule, it very nearly is at all possible 
temperatures. Tn the case of mixed crystals so far studied we have assumed 
that the two or more sorts of molecule present are arranged at random on the 
available lattice points, but still that the molecules occupy all the lattice 
points available and are found in no other positions. These assumptions, 

(а) of the absence of lattice imperfections in pure or mixed crystals, and 

(б) of the absence of order among the constituents of a mixed crystal, are the 
natural starting-point for any theoretical study of crystals, but they form 
a first approximation only, and the basis of the study must now be widened. 

It is, as we shall show, a priori necessary to expect that lattice imper- 
fections will occur at all temperatures. The rearrangement of molecules 
required, for example, to leave one lattice point inside a crystal vacant, or 
to insert a molecule in a gap between others properly located on lattice 
points, requires only a finite amount of energy, so that such configurations 
must be found to some degree in the equilibrium state. It will be our first 
purpose to calculate the equilibrium concentration of such imperfections 
more closely defined. Besides the theoretical necessity for such imper- 
fections there are numerous phenomena whose explanation may be said to 
require them. The difiFusion of one type of atom into a lattice of another t 3 rpe 
to form a lattice of the mixture is a well-attested phenomenon. This requires 
the eventual substitution of one atom on a lattice point by an atom of the 
second type. Such a substitution could ideally occur by two atoms on 
neighbouring lattice points changing places. From the simplest geometrical 
and energetic considerations it is impossible to believe that such an elemen- 
tary exchange can be anything but excessively rare, so rare that one cannot 
expect it to be of any importance in actual diffusion. There is energetically 
perhaps somewhat less objection to an elementary process in which 3, 4 or 
more atoms on a ring of lattice points simultaneously move so as to rotate 
the ring as a whole, but this is too far-fetched. The only reasonable explana- 
tion is that the primary process is the formation of lattice imperfections of 
some type, either holes or interlattioe atoms, which are maintained naturally 
at equilibrium concentrations. They at once provide a mechanism by which 
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diffusion can occur, by the further processes of the movement of an inter- 
lattice atom or of the filling of a hole; such processes are geometrically 
simple and do not require an exorbitant amount of energy. Diffusion 
moreover is not the only phenomenon which requires natural lattice im- 
perfections for its explanation. The electrolytic conduction of alkali halides 
and of silver halides must be explained in a similar way, and also many of 
their photoconductive properties. 

We start this chapter therefore with a study of the equilibrium con- 
centrations of lattice imperfections of certain simple types, first in crystals 
of a single component, and secondly in crystals of a typical salt. From this 
we proceed to imperfections which consist of the presence of extra atoms of 
one component. These ideas are readily extended to consider the presence 
of foreign atoms in a lattice present either on lattice points or in interlattice 
positions. From this one is led to the general study of the solubility of 
foreign atoms in crystalline solids, and we make a special study of the 
solubility of hydrogen in metals, particularly in palladium, a simple case, 
for which fairly complete calculations can be made and successfully com- 
pared with experiment.* 

A rather different class of irregularity remains to be considered. This is 
the absence of complete order in a mixed crystal, such as a metallic alloy, 
in which the two components may be substituted for each other on any 
lattice point without too gieat a change in the configurational energy. The 
question here is no longer one of the absence of atoms from certain regular 
lattice points or their presence in interlattice portions, but of the regular or 
irregular arrangement of the two sorts of atoms on a given set of lattice 
points. The degree of order simply attainable is most marked when the two 
components are present in stoichiometric proportions, determined by the 
nature of the lattice. A state of perfect order is then possible in which a 
perfect atomic pattern is regularly repeated through the lattice, but such 
an ordered state can be realized (even in ideal conditions) only at the 
absolute zero. At higher temperatures there must always be some degree of 
disorder due to atomic interchanges, and it is the degree of this disorder as 
a function of the temperature which is the subject of study in the long 
closing sections of this chapter. It is a subject which has recently assumed 
considerable importance under the name of order-disorder pheriomeria in 
metallic alloys. 

§ 1301. Lattice imperfections in a simple pure crystal. We shall 
start by considering the simplest possible case of lattice imperfections, that 

* The theory of lattice imperfections has been largely developed by Schottky and Wagner. 
A good account will be found in Jost, Diffusion u. chem. Reaktion infesten Stoffen (Dreeden, 1937). 
See alao Schottky, Zeit. EUktrochem. 46 , 33 (1939). 
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of a simple atomic or molecular lattice, in which there is only a single com- 
ponent, the atom or molecule associated with each lattice point. Since in 
general the component in such crystals is actually an atom or, in a metal, 
perhaps rather an atomic ion, we shall speak of the component simply as an 
atom, without thereby meaning to exclude atomic ions or molecules, which 
can behave in the same way. 

The imperfections are formed by the removal of an atom from the lattice 
point to which it belongs and the insertion of this atom either on a new 
lattice point or in an interlattice position. The former change forms an 
imperfection, only if the lattice point left vacant is one in the body of the 
lattice. The latter always forms an imperfection. There are thus two sorts 
of imperfections to consider even in this simplest case: (a) an unoccupied 
lattice point in the body of the crystal; (6) an interlatticje atom. The numbers 
of these two types of imperfections are practically entirely independent of 
each other. In any configuration of the actual crystal there will be a certain 
number of imperfections of each type, but in any configuration which is 
important to our calculations we shall assume that these numbers are small 
compared with the total number of atoms in the crystal. As a consequence 
of this we may assume further that all the imj)erfection8 are independent, 
and do not interact with one another. We shall use a notation which can be 
extended with the minimum of modification to the more complicated 
crystals to be considered in later sections. 

It is important to start with a precise specification of some standard state 
of the crystal to which all changes can be unambiguously referred. We have 
already constructed partition functions for perfect crystals in Chapter iv, 
and it is therefore natural and convenient here to use as the standard state 
the perfect crystal containing a given number of atoms N. This standard crystal 
will have a partition function K(T) ( = which can be constructed 

as in Chapter iv for any desired energy zero; we have here only to introduce 
the extra terms or factors that arise, when imperfections are taken into 
account. In doing this we shall make the approximation that any im- 
perfection, caused by displacing an atom in the crystal, alters the energy of 
all quantum states of the crystal by a constant amount, but has no effect 
on the number or vibration frequencies of such states. Each distinguishable 
imperfect configuration will then possess the same partition function as the 
perfect crystal except for the constant change of energy. Referred to the 
original energy zero, however chosen, the new configuration will therefore 
have the partition function 

where W is the amount by which the energy of the new configuration, for 



544 Lattice Imperfeetuma^ Order-Disorder in Crystals [ 1301 

example, in its lowest quantum state, exceeds the energy of the standard 
perfect configuration in its corresponding state. 

Let N be the number of atoms present, the number of unoccupied 
lattice points (holes) in the body of the lattice, and N* the number of atoms 
in interlattice positions in any particular example of the crystal. The crystal 
is pure, and only atoms of type A are present. The total number of lattice 
points available in the compact crystal will then he N say). 

We shall denote the number of possible interlattice positions by aNy where 
a is a constant, of the order of magnitude unity. Let be the energy 
required to remove an atom from an internal lattice point to a now surface 
lattice point, leaving an unoccupied lattice point or hole. Let ^ be the energy 
required to take an atom from a surface lattice point to an interlattice 
position. Then, if the various imperfections do not interfere with one 
another, the extra energy of any configuration in the specified example, 
with lattice points in the compact crystal, holes and interlattice 
atoms, is 

(1301,1) 

The total number of distinct configurations belonging to this example is 

laN^)\ 

N< 1((XN‘ - N*) I (1301,2) 

The first factor in (2) is the number of ways unoccupied lattice points 
can be chosen from a total of N^; the second factor is the number of 
ways interlattice atoms can be placed on the available olN^ interlattice 
sites. 

Since any degree of imperfection may be present, the complete partition 
function for the crystal with its actual imperfections will be K{T)r(T)y 
say, given by 

K(T)rm . y , iff 

= (1301,3) 

The result is obtained by summing over all possible con- 

figurations, perfect and imperfect. We repeat that K(T) is the partition 
function for the perfect crystal of N atoms. It is only the extra factor r( T), 
hitherto neglected, which we require to study here. 

It is not possible to sum the series for r(T) in (3) in finite terms. We may, 
however, proceed by the commonly used method, which can be rigorously 
justified, of determining the maximum term in the series for r(T) and 
replacing log r(T) by the logarithm of this maximum term. We recall that 

s: — and that N has a given fixed value. Substituting the 
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value of into (3), we have 


r//r\_v. {aN + aN>‘-ixNi)\ 

1 f^''-f^N>>\{N-N*)\N''\{3iN+aN^-[a+l]N*)\ 


g-(A'*C*-t-V'{>)/jtr 


The maximum term is then fixed by the equations 


(1301, J) 


0 

^log(term) = logiV^'-logiV* + alog(aiV')-alog(aJV'-JV‘)-^*/A;T = 0, 

(1301.6) 

0 

log(term) = - log + log(iV' - iNT*) - a log(aiV^0 - log iV' 

+ (a+ l)log(aAr'-jV*)-CVA-T = 0. (1301,6) 

These equations are sufficient to determine values and iVj;, of and 
for which the terms of (3) assume their maximum value. When 1, 

C/'IkT > 1, as will generally be the case in practice, N^/N 4: i and N\/N 4,1, 
so that is effectively equal to N, Equations (6) and (6) then reduce to 

(1301.7) 

(1301.8) 


These approximate relations can be obtained more simply by replacing 
by N throughout formula (3) before performing the differentiations. 

The average or equilibrium values and of and can as usual 
be shown to be given by the equations 

m = (1301,9) 

so that i^= (1301,10) 


These equations determine the equilibrium degree of imperfection in this 
simple crystal. The numbers concerned are usually so small that they would 
be barely detectable by measurement of any equilibrium property; their 
presence in such a crystal, and in the similar more complicated cases which 
we proceed to discuss, is then indirectly inferred, as mentioned in § 1300, 
from properties of the crystal observable in various transport phenomena. 
These phenomena, however, are in general detectable only in more com- 
plicated crystals containing at least two different sorts of atom, and we 
therefore proceed to generalize these results to the simplest type of two- 
atom crystals such as an alkali halide or a silver halide. 


§ 1302. Lattice imperfections in crystalline salts, such as NaCl, 
AgBr. In this section the components A, B of the salt AB, or A+JS”, are 
assumed to be present in exactly equal numbers. This restriction is relaxed 
in § 1303. Since the salts to which our formulae apply most directly are 
ionic, we shall write throughout in terms of the ions A"^ and B~, All results 
are formally unaffected if we choose instead the neutral atoms A and B 


PG 


33 
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with a corresponding change of energy zero. We again take as standard 
state the perfect crystal of a given number of molecules, for which we 
may suppose that we have constructed the partition function K{T), We 
again assume that the states of any given imperfect configuration differ 
only by a constant energy from the corresponding states of the perfect 
configuration, so that they possess the partition function K(T) 

Let N { = N^iNs) be the number of AB molecules or or £- ions of 
either sort present; in any configuration let be the total number of all 
lattice points for A or B present in the compact crystal; there will then be 
lattice points A and lattice points B; let iVjJ and Ng be the number 
of A and B lattice points unoccupied, and NJ and Nj^ the number of 
and B^ ions in interlattice positions respectively. It can safely be assumed 
that an .4+ ion never occupies a 5 “ site or vice versa. Then 


+ + (1302, 1) 

Since — Njj — N, we have 

N^-N^ = N^-N*s, (1302,2) 

but these N'h are otherwise unrestricted. We shall further assume that the 
number of interlattice points is where a is a constant, and that all 
these interlattice points are indifferently available for either .4-*“ or ions. 
For NaCl the lattice is simple cubic when the difference between Na and Cl 
is ignored, and a will be 1 if the interlattice positions are the cube centres. 
We define the energies fi, for the A-^ ions, and the exactly similar 
energies fh for the JJ- ions, just as we defined the similar quantities 
in § 1301. Then if the various imperfections do not interfere with one 
another, the extra energy of the specified imperfect configuration is 

+ + + (1302,3) 

The total number of these equivalent configurations may be shown, by 
arguments similar to those establishing (1301, 3), to be 

(W! 

Ni !(iJV' - N^) N ^) ! \N^\(aN^ - iV'i - ‘ ^ ^ 

Combining (3) and (4) we now find that the complete partition function 
for the crystal with any imperfections is K(T) r{T), where 


V .Ary 1{^N^ - N^) I 


((XN^)\ 


The summation is here restricted by the conditions (1). 


(1302, 6) 
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We may now proceed to evaluate log r(T) in the usual way by equating 
it to log(max. term) in the summation in (5). The maximum term is deter- 
mined by satisfying 






[- 










^Nf- \Ni- oiN» - - ivj ~ 

(1302,6) 

subject to the conditions 


= dN^-dN^ = dN^-dN},. (1302, 7) 

If we assume that the important values of iV^, N^y are all small 

compared with which is then equivalent to Ny equations (6) and (7) 
can be reduced to the simple approximate form 


-f 




subject to the restriction 

dN^ - dN^ = dN^ - dN^. ( 1 302, 9) 

From these equations we deduce (by Lagrange’s method) that the values 
N ^*, ... of N ^, ..., yielding the maximum term in r(7’), are given by 


= 2 e-f 

N 


— = QtrUli^T 
2oiN ^ 


^ e-itVkT 

2aN Q 


(1302, 10) 


(1302,11) 


where Q has to be adjusted to satisfy (2). The roots of these equations give 

also the equilibrium values ... of .... 

The solution of equations (2), (10) and (11) gives rise to various different 
limiting cases of interest. By substituting from (10) and (11) into (2), we 
find for Q the equation 

i (c-t.*/*r+ 2aeH://*r) = g(e-t»*/**’ + 2ae-t-‘''**’), (1302, 12) 
from which it follows that 


35 * 
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It is now convenient to introduce the notation 

In terms of these quantities (1302, 14) 



N 



(1302, 16) 



The equilibrium concentrations of holes and interlattice atoms are thus 
given simply in terms of if, k^y k^. The factor K contains the energy H- 
which is that required to take a ])air of ions (a molecule) out of the lattice 
and place them correctly on new surface lattice points. The factor k^ con- 
tains the energy f ^ which is that required to take a pair of ions from 
surface lattice points (leaving no holes), put the .4"‘‘ in an interlattice position, 
and the B- back in an existing hole in the lattice at a .B lattice point. 
Similarly the factor k^ contains the energy which is that necessary 

to take a pair of ions from surface lattice points (leaving no holes), put the 
B~ in an interlattice position, and the .4+ back into an existing hole in the 
lattice at an A lattice point. 

The factors k^, kj^ can well be of any magnitude relative to unity in 
different cases. In the actual cases of most alkali halides or silver halides, 
the .4+ is a very small ion compared with the JS”, so that one would expect 
the energy required to place B~ in an interlattice position, to be con- 
siderably larger than any of the other f *s. The energy required to place 

in an interlattice position might well be either larger or smaller than 
which might be nearly equal. In such circumstances at ordinary 
temperatures k^<^\y while k^ may be either very large or very small, or 
have any intermediate value. It appears to be the case that > 1 for 
AgBr, and 1 for NaCl. Formulae (16) and (16) simplify in the manner 
shown in Table 1 in the various limiting cases. 


Table 1 


Domivunt terms in the equilibrium concentrations of holes and interUUtice 
atoms. The entries in heavy type are themselves large compared vnth the 
others in the same row 



k. 

WjNK* 

N^tlNK* 

WjNK* 

N‘,INK* 

Example 

► 1 

<1 

ki 

1/fci 

ki 


AgBr 


>1 

1/ifcV 



ki 

— 

>1 

► 1 

(kjk,)* 

(k,M 

(k^k,)‘ 

(k^k,)‘ 

— 



1 

1 

k^ 

k. 

NaCl 
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Case 1 . Effectively all the imperfections are holes at the A lattice ])oints, 
balanced by equal numbers of interlattice ions A^. 

N(2oL)^e-^^^A^HAhkT (1302, 17) 

This formula and other simplified formulae can naturally be obtained more 
simply by constructing a T(T) in which only the ultimately important 
imperfections are allowed for. 

Cast 2. Exactly similar to Case 1 with subscripts A and B interchanged. 

Cast 3. Effectively all the imperfections are interlattice ions, equal 
numbers of each sort being present; 

^a=M = (1302, 18) 

Case 4. Effectively all the imperfections are holes in the lattice, equal 
numbers of each sort being present; 

N~^ = N~^ = (1302, 19) 

The basic assumption of our calculation, that all the ratios ••• 

small compared with unity, will be satished in the various cases provided 
the various exponents such as + ^A)lkT are large comj)ared w^ith unity. 

Lattice imperfections, whether holes or interlattice atoms, endow the 
corresponding ions with mobility — the ])ower to move through the crystal 
under the influence of a concentration gradient or an applied electric field. 
Consider for definiteness an interlattice atom. An interlattice atom in its 
lowest state is still unable to leave its j)lace wdiich is one of equilibrium 
locally. But a certain fraction of interlattice atoms will have an excess 
energy sufficient to enable them to pass to similar neighbouring interlattice 
points and the effective mobility of the ions will be proportional to the 
number of such atoms. Without attempting any precise theory, it is suffi- 
cient to note here that the fraction of interlattice atoms with excess energy 
will be approximately proportional to a function of the form e-**/*^ where 
e* is an activation energy, while according to the formulae of this section 

is itself proportional to where ^ is one of the combinations found 

in equations (17)-(19). Thus the important factor in the mobility in any of 
our special cases is of the form ( \ 302 20 ) 

Any more accurate formulation than this really requires a proper consider- 
ation of transport phenomena, and lies outside the range of this book. 

§ 1303. Presence of excess of one component in a binary salt. If 

one of the components, A say, is present in small excess in a salt a 
large number of special cases arise which can be simply treated by an ex- 
tension of the analysis of § 1302. Such assemblies are not without import- 
ance. For example AgBr may contain an excess of free silver, with a marked 
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influence on its properties. We shall content ourselves with the discussion 
of one particular case, suiflcient to illustrate the methods required for the 
whole family of cases, which arise when one considers different dominant 
forms of imperfection in the crystal of the pure binary salt and different 
ways of fitting in the extra atoms. 

We shall discuss the following case: 

A salt AB whose only imperfections frequent enough to matter are holes at 
the A lattice points and interlattice A-^ ions. The presence of extra A atoms 
in the lattice is to be allowed for; they will enter as ^4+ ions either in the 
hitherto vacant holes at A lattice points or as further interlattice ^1+ ions. 
The corresponding number of electrons must also be accommodated, but 
we shall not consider these explicitly; we shall assume that they are suitably 
accommodated in some manner which does not give rise to any significant 
extra factor in the partition function. If they were accommodated in fixed 
locations distributed freely through the lattice, important extra factors 
would have to be introduced. 

We must again start by specifying carefully the standard state of the 
assembly, relative to which all other configurations will be described. This 
standard state we shall again take to be the perfect crystal of a given 
number N of molecules AB and partition function K(T), Its imperfections, 
which are assumed to be holes at A lattice points and interlattice 4+ ions, 
are as described in the foregoing sections. There are now present in addition 
in the assembly A atoms, either free or absorbed by the crystal AB, where 
they form extra imperfections. We shall take the standard state for all the 
extra A atoms to be that of rest at infinite dispersion. Extra imperfections 
in the crystal can now be formed by inserting free A atoms, so that and 
are no longer equal but are entirely independent. We may suppose that 
the energy of an A atom, when it ha.s been added to the crystal as an inter- 
lattice ion in its lowest state and an electron, is — above (or below) 
that of the standard state, and that it contributes a factor qj{T) to the 
partition function for the normal modes of the crystal, whose partition 
function is otherwise unaffected. In any given configuration with holes 
and interlattice A-^ ions the crystal will have absorbed — free 
A atoms, and its partition function will therefore be 

K(T) [q^(T) (1303, 1) 


Since the B'- ions are here all on their lattice points, the number of lattice 
points in the compact crystal is fixed at and the number of configura- 
tions with given is 
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Hitherto in this chapter we have been working with assemblies or phases 
of a fixed number of systems, and it has been natural to use ordinary 
partition functions. Here we are interested in a phase, the crystal, in which 
the number of is fixed, but the number of A s can vary. It is convenient 
to construct and use a grand partition function, or more strictly a semi- 
grand one, in terms of the variables T,V,Ng and , where is the absolute 
activity of the free A atoms. Using (1) and (2), we may write this 


K(T)r{T^A^ 

where r(T, A^, Njg) is given by 

r(T, A„ Ai, . [A,„< !, A - iVj, . A- - «-<)< 

X (1303, 3) 


N\ 


(2ciN)\ 


The double summation is here unrestricted. The grand partition function 
factor r( jP, A^, iVg) may be evaluated as usual by searching for the maximum 
term. This may be shown to occur for the values JVjJ*, N^*, given by 

NH* = T) (1303, 4) 

NJi* = 2aN\^qJT) ( 1 303, 6) 

These values are, as usual, also the equilibrium values of iVjJ, JVjJ. 

We observe that 

NjNj = (1303, 6) 

where Nq denotes the equilibrium value of and of when no extra A 
is present, so that If we denote the excess (positive or negative) 

of A atoms by we must have 

(1303,7) 

Solving the simultaneous equations (6) and (7) for and iVj, we obtain 
^ = + (1308,8) 


= [^o‘+ (1303, 9) 

Formulae (8) and (9) give the equilibrium state of the crystal for given 
excess ANj^ (positive or negative) of A, If, however, the crystal is in equi- 
librium with another phase of given A^ which controls the excess of A j it is 
more useful to use formulae (4) and (5). 

There are obviously many other such cases which can be discussed in 
flimilii.r ways. We need not investigate these, as they conform closely to the 
same model, and give results of similar form. In any particular case an in- 
vestigation to that given here will yield the results required. If a 

large variety of special cases need discussion, it may be more convenient to 
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proceed by constructing the complete grand partition function with all 
types of imperfection. This is formulated for reference but not developed 
in the following section. 


§1304. Generalizatlonof imperfect crystals. We shall now consider 
very briefly a crystal AB with a small excess or deficiency of A when there 
are B holes as well as A holes and interlattice B atoms as well as interlattice 
A atoms. For this case it is most convenient to choose as independent 
variables the absolute activities and of both kinds of atoms and to 
construct the completely grand partition function S(T,A^,Aj 5 ). We take 
the energy zeros of A atoms and B atoms to be their lowest states at infinite 
dispersion and assume as an approximation that every A atom (or B ajbom) 
makes the same contribution to the normal modes, whether it is on a lattice 
point or an interlattice atom. It is assumed that there are 2.^ lattice points 
in all in the compact crystal. We then have 

-//7T ^ \ V (2aiV)! 

fi.(T,A^,A5) = j( ! 

^ N\ (2aN)\ 

^ ! yi n2aN - N^)\ 

X (1304, i) 

We may as usual replace S by its dominant term S* determined by the 
equations dE*/dN^ = 0, / dE*ldNi = 0, (1304, 2) 

dE*/dN^ = 0, dE*ldNS = 0. (1304, 3) 

The equilibrium values N^, N\, N^, of N^, N^, ... are then the 
values of N^, N^, ... occurring in the dominant term 5*. The general 
relations 

— ^ ^ (1304,4) 


2V^ = A 


■‘W‘’ 


thus lead to the physically obvious result 


(1304, 6) 


We shall not pursue any further the development of these formulae which 
we have included merely to illustrate the power and generality of this 
method of procedure. 


§ 1305. Ideal solutions of Impurities. The discussion in § 1303 leads 
us to investigate the properties of crystals which may be assumed to be 
without imperfections, except that they contain small quantities of foreign 
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atoms as impurities. We could, if we wished, investigate by the present 
methods the simultaneous effects of ordinary lattice imperfections and 
foreign atoms, but we shall not go into such detail. The construction of 
thermodynamic functions for crystals containing small amounts of impurity 
is extremely similar to the construction for liquids, which we have already 
given in § 822. It will therefore be unnecessary to go into great detail. One 
can, however, be rather more precise for crystals than for liquids. 

Atoms of the impurity B can be inserted in the lattice of A in general 
either by substitution on the A lattice points or as interlattice atoms. One 
can discuss both cases together, though in any particular case one would 
expect one or other type to dominate. Consider a crystal of N atoms A, 
neglecting imperfections, in equilibrium with B atoms of absolute activity 
A^. In any particular configuration let there be atoms B on A lattice 
points, and interlattice B atoms. The total number of lattice points 
is then N + and the total number of such configurations 

N^\ {cxN^)\ 

Nl\NlNkl{oiN‘-Niy.' (1306,1) 

The standard state of the assembly is taken to be the perfect pure A 
crystal and free atoms B, dispersed, in their lowest states. The extra energy 
of the above configurations with absorbed B atoms, assumed sparse and 
therefore independent, is then 

(1305,2) 

Here is the energy required to remove an A atom from a lattice point 
leaving a hole and then to insert the A on a new (surface) lattice point and 
a in the hole so left; is the energy required to insert a in an inter- 
lattice position. The extra vibrational factor in the crystal partition func- 
tion for a B atom in either position may be taken to be qff{ T), Then the extra 
configurational grand partition function factor for this crystal is 




Nn (aiVO! 
N^b'.N\N^\(olN^-N^)\ 




(1306,3) 


This may be treated in the usual way. The equilibrium values of and 
are given by the equations 

Mlif = (1306, 4) 

N^/otN = (1306, 6) 


The two sorts of absorbed impurities are thus independent of each other to 
this approximation, which requires that 
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§ 1306. Solubility of hydrogen in metals. General review. The 

solubility of hydrogen in a number of metals has been studied experimentally, 
especially by Sieverts.* Most of these measurements are not of high accuracy, 
owing to the difficulty of ensuring the attainment of equilibrium, but they 
are sufficient to establish the general behaviour at least semi-quantitatively 
of the various metal-hydrogen assemblies. 

The absorption of hydrogen by all the metals studied is found to be 
proportional to the square root of the hydrogen pressure for small amounts 
absorbed, that is to say for low pressures or for high temperatures. The 
obvious explanation is that the hydrogen is absorbed as H atoms. With 
respect to the state of the absorbed H atoms, the metals fall naturally into 
two sharply divided groups which we may conveniently call poor absorbers 
and good absorbers. t 

In the poor absorbers, of which copper, iron, cobalt, nickel are typical 
examples, the amount of hydrogen increases as the temperature increases. 
In these metals the crystal lattice is completely unaffected by dissolved 
hydrogen, even when it is present in appreciable concentrations. We may 
then most reasonably picture the hydrogen as unattached to particular 
metal atoms. Further, in view of the fact that we must expect the hydrogen 
atom not to retain its electron in the metal, but rather to be present as a 
proton, the electron joining the general body of conduction electrons, we 
can hardly expect the proton to be attached to any particular location in 
the metal at all. We may here rather think of it as free to wander through the 
whole, or a substantial fraction of the interior of the metal. 

These conditions lead us to a model which is the exact three-dimensional 
analogue of mobile monolayers discussed in § 1003. We can reasonably refer 
to the H atoms absorbed by the poor absorbers as mobile. This discussion 
is continued in more detail in § 1307. 

The good absorbers, of which thorium, titanium, vanadium are examples, 
absorb between 10^ and 10^ times as much hydrogen as the poor absorbers 
at the same temperature, and the amount absorbed decreases as the tem- 
perature is increased. The proportionality of the amount absorbed to the 
square root of the pressure holds only at high temperatures; at lower tem- 
peratures as the pressure is increased a saturation limit is approached. In 
these metals we are led to suppose that the H atoms are tightly bound to the 
metal atoms. We assume that each metal atom can bind a H atoms, where 
a is a small integer. We can then apply the theory of § 1 305 slightly modified, 
and we shall do so in § 1308. This model is closely analogous to that of ideal 
localized monolayers discussed in § 1004, and we therefore refer to it 

* Deteilad referanoM will be girm letor. 
t Fowler uid Smithell.. iVoe. itoy. Soe. A, IM, S7 (1087). 
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as an ideal localized assembly of absorbed H atoms. We shall find this model 
adequate for the metals Zr, Th, but not for Ti, and notably not for Pd. For 
these two metals one is compelled to take account of the mutual interaction 
of the absorbed H atoms and are so led to the model of a regular localized 
assembly, closely analogous to that used in §§ 1006—1012 for monolayers. 
We shall discuss this model and its application to palladium in §§ 1309-1310. 


§ 1307 . Ideal mobile assembly of H atoms in poor absorbers. As 

explained in § 1306 we assume the hydrogen in the poor absorbers to be 
present in the metal as a gas of protons free to move in a uniform potential 
energy relative to the state of infinite dispersion of H atoms, ever a 
volume Fu either equal to or at least comparable with the volume V of the 
metal. The necessary modification of (1305, 3) is 

r(T,\a) = = exp{A„ZH(r)pe-“-H/*r}, 

(1307, 1) 


where p is the nuclear spin weight and lji(T) is the contribution of the 
translational kinetic energy of a free proton to the partition function, 

lu(T) = (1307,2) 


The equilibrium value of Nj^ is therefore given by 

= “ (1307.3) 

the familiar formula for a perfect gas in an enclosure of volume and 
uniform potential energy The absolute activity Aq in a gas consisting 
almost entirely of diatomic molecules Hg at a pressure p is given by 


Ah — 


At -(pV I kT)* SttM kTpy 

“ UW I A* A* 2 j ’ 


(1307,4) 


where Xd energy required to dissociate an Hj molecule in its lowest 

state into two free H atoms in their lowest states, and A is the moment of 
inertia of the Hj molecule. Combining (3) with (4), we obtain 


^ = I p» (1307, 6) 


On inserting numerical values, we find for the solubility 8 of hydrogen in 
the metal 


1 = 1-6 X lO*^ ( 1307, 61 

r Pm J • 


where p„ is the density of the metal in g./cm.*, denotes an atmosphere and 
at a solubility of 1 cm.* gas at 8.t.p. per 100 g. metal. For comparison with 
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solubility measurements at 1 atmosphere and temperatures around 1000° K. 
for metals of the iron group {p^ — 8) this reduces to 

loge = 6-9 + loge Y - • (1307, 7) 

This formula is compared with the experimental data in Fig. 1 . By extra- 
polation of the experimental lines we obtain as estimates ofV^/V the value 



Fig. 1. Observed solubilities s of hydrogen in various metals subjected to one atmosphere pressure 
of H|, shown by plotting log, against W/T, where denotes 1 cm.* of H| at s.t.p. per 
100 g. metal. 

For sources see Fowler and Smithells, Proe. Roy. Soc. A» 160, 37 (1937). 

unity for copper and values between 1/4 and 1/10 for the metals of the iron 
group. Owing to the positive value of + ^Xd I'll® solubility is always 
small. 

§ 1308. Ideal assembly of localized H atoms in good absorbers. In 

discussing the good absorbers of hydrogen we shall ignore the change of 
crystal forms produced by the absorption, and shall assume that the ab- 
sorbed H atoms become strongly attached to the metal atoms without 
affecting their positions. We assume that each metal atom can bind a H 
atoms, where a is a small integer. In a crystal of N metal atoms there are 
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then aN sites ava>ilable for H atoms. For the contribution of the H atoms 
to the grand partition function we have then 

nr. Ah) - 

= {1 (1308, 1) 

where tVjj^ is the energy required to change a free hydrogen atom in its 
lowest state to a bound atom in the metal in its lowest state, and q(T) is 
the contribution of a bound hydrogen atom to the partition function due 
to its vibrations relative to the metal atom. The equilibrium number of 
absorbed H atoms is then 


^H = ^Hg^Oogr(T,A^)} = aN 




(1308,2) 


This formula could have been written down at once as the analogue of 
Langmuir’s adsorption formula, since the physical assumptions in this 
treatment of absorption are exactly analogous to those in Langmuir's 
treatment of adsorption. If s is the solubility of hydrogen and s* its satura- 
tion value, corresponding to = aN, then 



aN — 


(1308,3) 


Substituting into (3) the value of Ag in a gas of H, molecules given by 
(1307, 4) and inserting numerical values, we find 


, = 48(p/Pt)i T-iqaiT) (1308, 4) 

where denotes one atmosphere. As a reasonable approximation we may 
take gH(^) ^ ^ unity at the relevant temperatures. Using an average 
value of 700 for T in the non-exponential factor, we have then 


— -i:6x 10-«(p/Pt)*e-<"’»’+*x<^*=f. (1308,5) 

s* — s 

We have already mentioned the difficulty of ensuring the attainment of 
equilibrium in the experimental study of absorption of hydrogen by metals, 
and an accurate test of formula (5) is not possible with the data available. 
It can be said, however, that the formula gives at least a semi-quantitative 
description of the dataj for zirconium and thorium. For both metals the 
solubility decreases as the temperature increases, so that Wg + IXa “ust be 
negative, the hydrogen having less energy as absorbed atoms than as 
gaseous molecules. For zirconium at 1 100 C. the absorption is small and 


J Sievorts and Roell, ZeU. Anorg, Chitn. 153, 289 (1926). 
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proportional to p*. At 800° C. the absorption increases more slowly than 
and approaches a saturation value which is at least not far from a = 2, 
indicating the formation of ZrHj molecules. At temperatures below 700° C. 
equilibrium is approached too slowly for the measurement to be useful for 
comparison with equilibrium theory. For thorium the data at 800° C. 
indicate saturation corresponding to the molecule ThHg. On the other hand 
formula (6) is in disagreement with the experimental data* for vanadium, 
since for this metal the saturation decreases by a factor of about ten as the 
temperature is increased from 400 to 800° C., whereas our model requires 
a saturation value strictly independent of temperature. If the experimental 
data are reliable, it means that a increases as the temperature decreases. 

§1309. Solubility of hydrogen in palladium. Theory. In the pre- 
ceding section we have ignored any interactions between absorbed hydrogen 
atoms, because the experimental data are not sufficiently accurate to detect 
the presence of such interactions. The experimental data for the solubihty 
of hydrogen in palladium being considerably more extensive and accurate 
call for a more exact theory. We therefore treat the assembly of hydrogen 
atoms in palladium as a regular assembly precisely analogous to regular 
monolayers discussed in §§ 1006-1012, and only slight modification of the 
formulae of these sections is required. 

Strictly one should use the formulae of § 1012 suitably modified. As a 
matter of fact these formulae were originally derived by Lacherf for the 
palladium-hydrogen assembly. The less accurate formulae of §§ 1007-1008, 
suitably modified, are, however, adequate for comparison with the experi- 
mental data and for the sake of simplicity we shall use these. We therefore 
start with formula (1007, 9) which we rewrite in the form 

Ah - , (1309,1) 

where 0 is the fraction of sites occupied by hydrogen atoms, aH(T) is the 
partition function of an absorbed H atom far removed from other H atoms, 
and 2w^^lz is the additive contribution to the potential energy made by 
each pair of absorbed H atoms which are nearest neighbours. The total 
interaction energy at saturation is thus per H atom. As in the previous 
sections we shall assume that the absorbed H atoms are effectively protons, 
the corresponding number of electrons having joined the main body of 
metallic electrons. The partition function a^{T) then has the form 

(1309, 2) 

* Kinohfeld and Sieverts, ZeU, EUktroehem. 36, 123 (1980). 
t Laoher, Proe. Camb. PhU. Soc, 38, 618 (1937). 
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Here — ( > 0) is the energy required to remove an absorbed H atom, far 

removed from other absorbed H atoms, from its lowest staUj in the rnetal 
to rest at infinite dispersion; T) is the partition function for the vibrations 
of the absorbed H atom relative to the lattice; p is the spin weight of the 
proton. Substituting (2) into (1) we have 


pq„{T) • 


(1309,3) 


nil < 9, 


We have already examined in detail in § 1008 the consequences of these 
formulae, and it is sufficient to recall the main features. Provided 
there is a critical temperature given by 

2. (1309,4) 

At temperatures below values of 0 near 0 = A are unstable, and the solid 
phase splits into two phases with concentrations of hydrogen symmetrically 
related tod = and with values of obtained from (3) by putting 0 — J. 
The curves for log{A(^y)/A(J)) against 0 are antisymmetrical with respect to 

If we substitute for An from (1307,4) into (3), we obtain for the equi- 
librium of hydrogen between the metal and the gas 


i-d ycTf 


+ g'jj(jr)-j ' — 


(2n2mj^kT)* Sn^AkT 


2A* 


-i 


The isotherms can therefore be expressed in the form 


p{0) 

P\\) 




^{20-l)2WHH.IkT ^ 


(1309, 6) 


(1309,6) 


We have already mentioned that at temperatures below values of 6 
between 6' and 6” are unstable, and formula (6) applies only to a stable 
phase for values of 0 outside the range 0' to 0”. The pressure at which the 
two solid phases coexist is given by 

kT {(2n2makT)*87r’‘AkT\ 

2A* 


A* 


g2(it-H+«'HH+t3£<*)/*r. (1309,7) 


These formulae and their comparison with experiment, to be described 
in the following section, are due to Lacher.* 


§ 1310. Solubility of hydrogen in palladium. Comparison with 
experiment. In the temperature range from 870“K. to 1470°K. and pres- 
sures up to one atmosphere the solubility of hydrogen in palladium is pro- 
portional to the square root of the pressure. Marked deviations occur at 


• Lacher, Proc. Roy. Soc. A, 161, 525 (1937). 
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lower temperatures and at higher pressures. There is a critical point at 568^ K 
and about 20 atmospheres. The existence of two solid phases at temx)erature8 
below the critical temperature has been confirmed by X-ray investigations.’*' 
The absorption of hydrogen does not alter the lattice structure, but causes 
a slight expansion depending on the quantity of hydrogen absorbed. In 
the two-phase region two distinct lattice constants have been detected by 
X-rays. In the single-phase regions equilibrium sets in quickly, and one 
isotherm can be traced forwards and backwards without difficulty. In the 
two-phase region true equilibrium is only slowly attained and experimental 
isotherms, unless special precautions are taken, exhibit considerable hys- 
teresis. The experimental data are shown in Figs. 2 and 3. Metastable 
one-phase states may be attained as shown by the data of Sievertst in 
Fig. 3. True equilibrium isothermals can, however, be traced forwards 
and backwards without hysteresis as shown by the data of GillespieJ in 
Figs. 2 and 3. 

According to the theory the isotherms for temperatures below have 
horizontal portions with mid-points at^ = The experimental mid-points 
are found to correspond to 0-29 ± 0*02 hydrogen atom per palladium atom, 
so that saturation corresponds to 0-58 ± 0*04 hydrogen atom per palladium 
atom. There are good rea8on8§ for believing that this is the number of 
electrons per atom required to complete the d-band in palladium; this 
also is the number required for the similar metal nickel (§1110). Gold has 
one more valency electron per atom than palladium and, when palladium 
is alloyed with gold, measurements of magnetic susceptibility and electrical 
resistance can be simply explained, if we may suppose that the extra electron 
goes into the d-band which becomes filled when between 0-55 and 0*60 
electron per atom has been added. Similarly when palladium absorbs 
hydrogen, its paramagnetic susceptibility decreases and becomes zero, 
when about 0*6 atom of hydrogen per atom of palladium has been added. 
This suggests that the dissolved hydrogen is ionized and that the electrons 
go into the d-band, which becomes full when about 0*6 electron per Pd 
atom has been supplied by H atoms. We accordingly calculate 6 on the 
assumption that 0=1 corresponds to 0*6 H atom per Pd atom. 

For comparison with experiment we combine (1309,4) with (1309,6), 
and obtain for the absorption isotherms 

1 ( 1 ) = " ^>^")- (* 310 , 1 ) 

* Linde and Boreliu8,i4nn.d.PAy«.84,747(1927); Kr(igorandGehm,ilnn.d. 174 (1933). 

t Sieverts and BrUning, Zeit. Phyaikal, Chem. A, 163, 409 (1932). 

} Gillespie and Hall, J. Am, CKem. Soc. 43 , 1207 (1926); GiUeepie and Galstaun, J, Am. Chem. 
Soc. 68 , 2565 (1936). 

I Mott and Jonee, Properties of Metals and AUoys (Oxford, 1936), p. 192. 
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This has to be supplemented by 

p{^)lpii) = 1 {0'<0<d"). (1310,2) 

At each temperature d\ O'" are determined by the intersections of ( 1 ) and (2). 
These two equations completely determine p(0)lp{^) as a function of 0 and 
of TjT^. The absolute value of /)(^) at each temj)erature is determined by 
(1309, 7), which becomes on inserting numerical values 

^ = 1-2 X (1310, 3) 

where denotes a pressure of one atmosphere. We might reasonably expect 
that it would be an adequate approximation to replace q{ T) by the partition 
function of a three-dimensional harmonic oscillator, but unfortunately we 
have no cl prion evidence concerning an appropriate frequency to assume. 
In the absence of this knowledge we have to replace formula (3) by the 
empirical formula ... 

= 4-00 X 10^. 10-i»78/r (1310, 4) 

due to Gillespie and Galstaun. By combining the empirical formula (4) 
with the theoretical formulae (1) and (2) and using the experimental value 
668° K. for we obtain the curves in Figs. 2 and 3. The agreement between 
these curves and the experimental data of Gillespie is seen to be excellent. 

If, instead of starting with formula (1309, 1), we use formula (1012,6) 
also due to Lacher, we obtain more complicated formulae in place of (1) 
and (2). The agreement between theory and experiment is not appreciably 
affected. 

§ 1311. Order -disorder in metallic alloys. We pass on now to the 
consideration of the final subject of this chapter, the study of imperfections 
in the ordered arrangement of the atoms of a metallic alloy on the appro- 
priate lattice points. We shall here suppose that these are the only imper- 
fections present, so that the lattice itself is perfect, with every point occupied, 
and with no interlattice atoms. The imperfections then consist in the absence 
of or departure from the most regular possible relative arrangements of 
two (or more) different sorts of atoms on a given set of lattice points. Since 
the phenomena in question are almost entirely confined to metallic alloys, 
we shall speak of them in the corresponding language ; the reason is that the 
substitutions involved in changes of orderly arrangement involve the re- 
placements of atoms A in their typical surroundings by atoms B which are 
then in the surroundings more natural to A. Such interchanges are only 
possible with reasonable energy expenditure, if the atoms or ions A and B 
are very much alike in size or force field at short ranges. This similarity is a 

36-2 
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characteristic of large grouy)s of metallic atoms, and comparatively rare in 
other cases, so that the phenomena in question are typical of metallic alloys. 
It has been studied closely hitherto exclusively for binary alloys.* 

It has been known for a long timef that many metallic alloys, which form 
for a small range of atomic rat ios a single phase with a characteristic lattice 
structure, exhibit anomalous heat capacities and associated properties at 
and near a certain critical tcmj)erature. It has been shown more recently by 
X-ray analysis that the underlying structural change is a change, as the 
temiierature rises, from ordered to disordered arrangement of the two sorts 
of atoms in the alloy. The lattice structure of the phase often undergoes no 
particular change near the (Titical point, and in other examples undergoes 
small changes which may alter its symmetry class, but are not of primary 
importance for the discussion of the change of order. Such lattice changes 
when they occur may usually be regarded as secondary consequences of 
the change of order, J which is the primary phenomenon. This primary 
change is frequently spoken of as the formation of a superlattice, and the 
change in the X-ray pattern of the lattic^e as the appearance of superlattice 
lines. The reason for this terminology can be simply explained. 

In the state of complete disorder all lattice points concerned are occupied 
at random by either of the two kinds of atoms and the crystal reflects 
X-rays just as if all were occupied in the same average manner. The 
X-rays make no distinction between them. But in the ordered or partially 
ordered state one set of points are occupied predominantly by A atoms and 
the other set by B atoms, scattering the X-rays differently. Consequently, 
the X-rays distinguish between the two sets of points and new significant 
spacings in the crystal are shown up by the appearance of new X-ray 
reflections. The average crystal pattern no longer repeats so frequently 
when lattice points previously identical become different, so that a lattice 
of larger spacing (superlattice) is formed, and the new X-ray reflections 
corresponding are called superlattice lines. The corresponding order among 
the atoms is of a type which we have not hitherto discussed. Since X-rays 
take averages over rather large numbers of atoms the order they detect is 
a long-range order, or order relative to the set of lattice points of a whole 
(small) crystal. This is an entirely different property of the crystal from the 
degree of local order among the neighbours of a given atom. Atom A may still 
be, to some degree, preferentially surrounded by B atoms for nearest neigh- 
bours (the type of local order which we have already studied in §§ 814-820) 

• We have space here only for a sketch of the field. For further details the reader should consult 
Bragg and Williams, Proc. Boy. Soc. A, 161, 540 (1935), and Nix and Shockley, Bev. Mod. Phyaieg, 
10, 1 (1938). 

t For history, see Borelius, Ann. d. Phya. 20, 57 (1934). 

J Wilson, Proc, Camb. Phil. Soc. 84 , 81 (1938). 
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when the long-range order is absent. We shall have to consider both tyi)es of 
order to complete a satisfactory discussion. To start with, however, we 
concentrate attention on the new feature of long-range order, which we 
usually refer to simply as order for shortness. 




Order 



Disorder Order 

Fip. 4. Showing the armiigement of atoms in the states of complete order and complete disorder 
for the alloys (a)/?-bra88, CuZn, O Cu, • Zn, ® ^Cu, ^Zn; (b) Fe,Al, O Fe, • Al, ® JF©, ^Al; 
(r) CiijAu, • Au, O (’u, © iAu, JCu, 

Some of the types of change that have been found to occur are shown 
in Fig. 4. The alloy need not contain equal numbers of the two types of 
atoms, even for the ideal atomic ratio, and the same phenomena are 
exhibited in general for a definite range of atomic ratios on either side of 


566 Lattice Imperfections^ Order-Disorder in Crystals [1311 

the ideal one. Again, not all the atoms in the alloy need take part in the 
changes of order. In )9’brass, for example, for which the ideal atomic formula 
is CuZn, the lattice is body-centred cubic, all the atoms take part in the 
ordering, and the completely ordered and completely disordered states are 
shown in Fig. 4 (a). In the completely ordered state and at the ideal atomic 
ratio, all the Cu atoms occupy one simple cubic lattice, say the cube comers, 
and the Zn atoms the other lattice, the cube centres. In the completely 
disordered state every lattice point of either kind is occupied indifferently 
by either atom. In the alloy Fe^Al on the other hand only half the atoms take 
part in the changes of order. The lattice is again body-centred cubic, and 
two-thirds of the Fe atoms occupy permanently one simple cubic lattice 
at all temperatures. The remaining atoms, equal numbers of Fe and Al, 
occupy the remaining lattice points at the cube centres — ^in the ordered 
state forming a rock salt lattice (two interpenetrating face-centred cubic 
lattices one of Fe and the other of Al), and in the disordered occupying all 
points of the simple cubic lattice indifferently. In the alloy CugAu again all 
the atoms take part in the changes of order. In the ordered state the Au 
atoms occupy one of the four simple cubic lattices into which a face -centred 
cubic lattice can be dissected, and the Cu atoms occupy the other three. 
In the disordered state all points of the face-centred lattice are occupied 
indifferently by Cu and Au in the ratio 3:1. 

In order to study the equilibrium degree of order theoretically it is only 
necessary to construct the configurational partition function factor r(T) 
for the alloy. We shall neglect in this study, which cannot attempt to be 
exhaustive, any effect of the degree of order on the normal modes of the 
lattice or on the lattice constants or lattice symmetry. 

§ 1312. Definition of the degree of (long-range) order in an alloy 
with two equivalent sub -lattices. Let us suppose that in a given speci- 
men of an alloy there are lattice points occupied by atoms of two kinds, 
all of which take part in the ordering. Other atoms, if present, of the same 
or different kinds, on other lattice points which take no part in the ordering 
may be ignored. It is convenient to emphasize that we are concerned with a 
given number of lattice points rather than atoms by continuing to use the 
notation since the atoms are of two kinds and may be present in varpng 
proportions. 

The essential new feature of long-range order is, as explained in § 1311, 
that the lattice points can be divided into classes (sub-lattices). We begin 
by considering in detail the case where there are only two sub-lattices 
symmetrically related to each other and postpone to §§ 1324, 1325 a shorter 
review of a more complicated case. We therefore assume that there are N‘ 
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lattice points (sites), \N^ of type a and of type 6; each site a has z sites 6 
as its nearest neighbours, and each site 6 has z sitesa as its nearest neighbours. 

For simplicity let us begin by discussing the special case when there are 
equal numbers of each kind of atom A and B. We can without loss of 
generality assume that at least half of the A atoms are on a sites. If then we 
denote the number of A atoms on a sites by ^(1 -f «) the parameter s 
satisfies the inequality 1. Since all A atoms not on a sites are on b 

sites, and all sites not occupied by A atoms are occupied by B atoms, we 
have the distribution given in Table 2. 

Table 2 

Distribviion of A and B atoms (eqvul numbers) on a and b sites 

A atoms on a sites. i( 1 -f s) A atoms on b sites : 1( 1 - s) ; 

B atoms on a sites: J(1 — «) JiV*; B atoms on b sites: 1 +s) 

When 5=1, all the A atoms are on a sites and all the B atoms are on b 
sites; this is the state of perfect order. When 5 = 0, there are as many A'b 
on a sites as on 6 sites, and also as many B's on a sites as on 6 sites; this is 
the state of complete disorder and the distinction between a sites and 6 
sites has disappeared. Intermediate values of s correspond to intermediate 
degrees of order, and 5 is therefore a measure of, and may be called, the degree 
of order. 

The case of unequal numbers of A atoms and B atoms is only slightly 
more complicated. Let the number of A atoms be without loss of 

generality we may suppose Let the number of B atoms be 

(1312,1) 

If the number of A atoms on a sites is J( 1 + s) JV', the distribution of the 
two kinds of atoms on the two kinds of sites must be as given in Table 3. 

Table 3 

Distribution of A and B atoms (unequal numbers) on a and b sites 
A atoms on o sites: 1 + s) A atoms on b sites: ix^( 

B atoms on a sites: B atoms on 6 sites: i(xii-^x^s)NK 

It is again clear that 5 = 1 corresponds to the highest possible order and 
5 = 0 to complete disorder. We may therefore again call s the degree of order. 

§1313, Determination of equilibrium properties. As usual all the 
equilibrium properties are determined by the partition function. We assume 
that we need consider only the configurational factor of the partition func- 
tion, and as previously we denote this by r( T). This is equivalent to assuming 
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that the normal modes of the lattice are independent of the configurations. 
Every single distinguishable configuration of the alloy will contribute one 
term to r(T), but to make progress we group these states according to the 
degree of order a. We therefore write formally 

r(r) = E,r(r,«), (i3i3,i) 


where r(T,s) denotes the sum of all terms of given s. Exactly as in many 
other cases which we have already met, it can be shown that we may replace 
log r(r) by log r(T, «*), where a* is the value of a for which r(r, a) has the 
greatest value. When we use this procedure the problem of determining the 
equilibrium properties has two stages: (1) to evaluate r(T,a) for arbitrary 
a, and (2) to find the value a* of a which maximizes r(r, a). Translated into 
thermodynamic nomenclature, these two stages are: (1) to evaluate the free 
energy F(T, a) for arbitrary a, and (2) to find the value a* of a which mini- 
mizes the free energy F(T,8). When no confusion can arise we often drop 
the asterisk, and use a to denote the equilibrium value. 

We now consider the problem of evaluating r(r, «). By definition of 
r(T.s)wehave r(T,a) = (1313 2 ) 


where denotes the configurational energy of the state r and the sum- 
mation extends over all states t of given order a. The number of such states 
is equal to the number of ways of dividing the sites a into two groups 
and the sites h into two groups, the numbers of sites in each group being 
given in Table 3. If we denote this number by gr( 5 ), we have then 



[x^(l + s) ! [{x^ - x^ 8) iJV'] ! [xj I - 8) 0'j ! [(x^ + x^ «j ' 

Using Stirling’s theorem we can rewrite this as (1313, 3) 


logff(8) = -iJ^‘{(X^ + X^8)log(x^+X^8) + (X^-X^S)log(Xg-X^S) 

+ (^.4 - «) - *^ «) + + au «) log(Xj + x^ «)}. 

(1313,4) 

We may note in passing that in the absence of long-range order s = 0, and 


formula (3) reduces to 


[m\ 


~ {[xANT-MN'V- 

for large this is effectively equivalent to 

iVr/f 

Using a notation resembling that used in the treatment of regular 
assemblies in §610, we now define IF(s) by the relation 


(1313, 5) 


(1313,6) 


(1313,7) 



(1313,9) 


(1313, 10) 


(1313,11) 
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The equilibrium configurational energy for given s is W^(«) given by 

W, e-^ritT ^ 2, e-"'r/*r (1313.8) 

It follows at once from equation (7) that the configurational free energy 
F(a) for given « is „ - 

^^(s) = -fcriog<^(s)+ lF(s), (1313,9) 

while the configurational energy E(s) is 

E{s) = iTfs). (1313, 10) 

From (7) and (8) we can verify the necessary equality 

Since by formula (4) we know (j{s), the usefulness of formula (9) depends 
on our being able to evaluate ^(s) as a function of .v. The exact evaluation 
of If (s) is prohibitively laborious, and we postpone its discussion to § 1316. 
There are, however, several methods of obtaining useful approximate 
formulae for of various degrees of accuracy. VVe shall describe several 

of these methods. Before considering them we must specify more closely 
the source of the energy differences between the various configurations. 

The main contribution to I he Wj. may be ex})ectcd to come from the inter- 
action energy of pairs of nearest neighbours. The interaction energy of 
AA, BB, and AB pairs is different, and the numbers of such pairs varies 
over the set of configurations of given .s*. Naturally this cannot be exjiected 
to be rigorously the whole contribution; more distant pairs may contribute. 
Nor is it certain that the configurational energy can be rigorously exj)ressed 
as the sum of contributions by interacting pairs. The interaction of a pair 
may be modified by the nature of its surroundings. Further, there may quite 
possibly be a term in which depends directly on the long-range order s, 
and is independent of the details of the configuration for given s. Such a 
term could arise from the effect on the energies of the conduction electrons 
due to the changing perfection of the 8uy)erlattice. We have, how'ever, no 
means of estimating any of these effects w^hich are ]:)robably fairly small. 
We must be content with the customary approximation of taking t he total 
interaction energy as the sum of characteristic terms contributed by each 
pair of nearest neighbours. In any specified configuration t the configura- 
tional energy is therefore taken to be given by 




(1313, 12) 


where — 2;]^^ 4/2 , ... are the energies of interaction of an A A,... pair of 
nearest neighbours and 114 4 ,... are the numbers of such pairs. We have 
defined the xs as in Chapter viii so that the energy of a piece of pure A 
(or B) containing (or Ng) atoms is —NaXaa '^^uXbb)- 
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§1314. Zeroth approximation (Bragg and Williams). The simplest 
method of approximation, used by Bragg and Williams,* is the exact 
analogue of the crude treatment of regular solutions described in § 81 8. This 
approximation consists in replacing the true value of for each configura- 
tion of given s by the simple (unweighted) average 1^„(«) for all states of 
given 8. Since for given 8 this \^^{8) is independent of the temperature, we 
have according to this approximation 

f («) = JF(«) = (1314,1) 

This approximation is equivalent to assuming purely random arrangements 
of the A and B atoms on each site of a chosen pair of neighbours, so long as 
the given value of s is preserved. We have then 

2 

Wdvi^) = ^ ~{{^Aa)avXaA'^ i'^AB)AvXAB'^ i'^BB)AvXBB]> (1314,2) 

where (w^^)^t„ ... are the unweighted averages of ... for all configura- 
tions of the given s. 

From Table 3 we note that the average number of A atoms on a sites is 
Xa{1~^8) each of these has z nearest neighbour b sites, and the average 
fraction of these occupied by A atoms is x^(l—8). Therefore 

(”'aa)av = i^''zx^(l -«*). 

Similarly = i^'z(2au*B + «*)> 

On inserting these values into (2), we find 

W^^(a) = -N\xliXAA-^^A^BXAB + ^%XBB} 

+N'x\8^{Xaa-^Xab-^Xbb}- 
It is customary to define an energy w by 

^Xab-Xaa-Xbb=‘'»>-, 
substituting this into (6), we have 

= -Nt{xliXAA + ^x^^BXAB+XBXBB)-N'^Aa*'^ 

= (1314,8) 

where H''(0) is the value of W for the state of complete disorder. We would 
warn the reader that w is defined with the opposite sign to that of 
§ 814; thus w is an energy of unmixitig. 

Using W^,(«) given by (8) for W(a) and the value of j(«) given by (1313, 4), 


(1314.3) 

(1314.4) 
(1314,6) 


(1314.6) 

(1314.7) 


* Bragg and Williama, Proc, Soy, Soc, A, 146, 699 (1934). 
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we obtain for the configurational free energy according to (1313, 9) 

F(a) =. iN‘kT{{xj + x^9} log(x^ + «) + (x^ - « ) log(xs - x^ ») 

+ {^A - «) log(*^ -X^S) + (Xs + X^S) log(Xjj + x^ «)} 

+ »r(0) - N'xjshv. (1314, 9) 

In the simplest case of equal numbers of A and B atoms, we have 
and formula (9) reduces to 

F(8) = \N^kT{( 1 + 5 ) log( 1 + 5 ) -f ( 1 - 5 ) iog( 1 - s) - 2 log 2} + 1^(0) - \N^\8hv\ 
alternatively, (1314,10) 

F(s) -F(\) = \NfkT{( 1 + a) log( 1 + «) + ( 1 - «) log( 1 - a) - 2 log 2} 

+ iA^'^(l-a*)M>. (1314,11) 

The formula for the configurational energy corresponding to formula (9) 
for the free energy is 

E(8) = E(0)-Wxlshv = iJ(l) + iV'xj(l -a*)ic. (1314, 12) 


For the simple case x^ = Xjj= ] this becomes 

^(a) = E{0)-N‘^a>w = £(l) + iV'l(l -a*)w. (1314, 13) 

We can eliminate w between these two equations and obtain 


E{a)-E{l) ^ , 

E(0)-E(lj 


(1314,14) 


The quantity 1-a*, which occurs passim, is equivalent to the degree of 
disorder introduced by Borelius.* 


§ 1315. Equilibrium value of a by zeroth approximation (Gorsky, 
Bragg and Williams). Having obtained an approximate formula for 
F(a) we have, to this approximation, completed the first stage in the 
determination of the equilibrium properties. The second stage is most 
conveniently dealt with as a problem in pure thermodynamics. We have a 
formula for the free energy F(a) for an arbitrary value of a ; the equilibrium 
state of the assembly is obtained by minimizing F(a). According to (1314, 9) 
the condition dF/d8 == 0 gives 

= (1316,1) 


This can be transformed to the equivalent form 


»Izb 

1 +X^8*jXg 



(1316, 2) 


• Boreliuf, d. PhjfS» 80, 57 (1034). 
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In the simplest case x^ = Xg = this reduces to 

whiclf is equivalent to 5 = tanh^- — ® j • (1315,4) 

For all values of wjkT one root of (2) is zero. When w<0 this is the only 
root and it corresponds to a minimum of F(s). There is then no long-distance 
order and the alloy reduces to a regular solution of the type discussed in 



Fig. I)ej>endence of the configurational free energy F(s) on the degree of order m for alloy of 
composition Alt according to the zeroth (B.-W.) approximation for various ternjicratiircs. 
The numbers attached to the curves are values of \w/kT or TJT. 

Chapter VIII. The formulae there deduced for liquid mixtures apply as well, 
if not better, to solid solutions. When w>0 at high temperatures (small 
values of wjkT) the root 5 = 0 is the only root and it corresponds to a 
minimum of F(8), There is again no long-distance order and the alloy behaves 
as a regular solution. At low enough temperatures (large values of wjkT) 
there is another root 0:^5^ 1, and this root corresponds to a minimum of 
F(s) while the root 8 = 0 now corresponds to a maximum. This is made 
clear in Fig. 5, where F(s) is plotted against s for various values of wjkT, 
with = Thus there exists a temperature such that at tem- 

peratures below the equilibrium value of s is greater than 0 and decreases 
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as the temperature increases; the equilibrium value of becomes zero at 
the temperature and remains zero at ail higlier temperatures. By analoj^y 
with the ferromagnetic Curie point, discussed in (^ha[)ter xiv, one may call 
this temperature the Curie poini or ('urie temperature, for order -difiorder . 
At the Curie temperature there are two coincident roots at ,s = 0. 



0-2 0-4 0-6 0-8 1-0 

-.TIT, 


Fig. 6. Equilibrium degroo of order as function of temjieratureH for alloy of conipoHition Ali. 
A: Zeroth approximation (GorBky; Bragg and Williams). B: First approximation (Bethc) 
for z = 8. 

Consequently is deteniiincd by the conditions 

« = 0, dF/da = 0, d^F/ds^ = 0. (1315, 5) 

Using formula (1314, 9) for F(s), these conditions lead to 

kT,= 2x^XjiW. (1315,6) 

Since by definition + I, the maximum value of x^Xg occurs when 
x^ = xg= I- Hence the critical temperature has a maximum value given by 

kT,= ^w {x^ = Xb = 1). (1315,7) 
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In virtue of (7) we can rewrite (4) as 


s T 
arctanh^ 21.* 


(1316, 8) 


This relation between 8 and T is shown in Fig. 6. At temperatures below 
Tc the configurational energy E(8) is obtained by substituting into (1314, 14) 
the value of a determined by (8). We thus obtain curve A in Fig. 7. From 
the slope of this curve we see that the configurational contribution to the 
heat capacity increases with T to a maximum value at and then according 
to the present approximation falls to zero. A more exact discussion of the 
configurational heat capacity is given in § 1319. 



Fig. 7. Equilibrium configurational energy for alloy of composition AB m function of tem- 
perature. A: Zeroth approximation (Bragg and Williams). B: First approximation (Bethe) 
for z = 8. 


Most of the formulae of this section are due to Bragg and Williams,'*' but 
the simple case ^ ^ previously been discussed by Gorsky, f 

who obtained equations (4) and (7) and Fig. 6. 


§ 1316. The evaluation of F(s) as a power series in wjkT (Kirk- 
wood). It was pointed out by Kirkwood { that it is in principle possible to 
evaluate W(8) to any de^red degree of accuracy. We can rewrite equation 
(1313, 7), which defines W(8), in the form 

W{8)lkT = log0f(«)-logS^e“^T/^^. (1316, 1) 

* Bragg and Williams, Proc. Roy, 8oc, A, 146, 699 (1934); 151, 540 (1935). 

t Gorsky, ZeU. Phys, 50, 64 (1928). The quantity a called degree of order by Gorsky is equal to 
^(1 4-s) where a is the quantity which Bragg and Williams call degree of order. The statement by 
Bragg and Williams (p. 542) that Gorsky's formula is incorrect appears to be mistaken. 
Gorsky's formula (11) is in fact equivalent to formula (4) of this section. 

X Kirkwood, J. Cham, Phya, 0, 70 (1938). 
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On expanding the exponentials this can be reduced to the form 


kT kT^2\(kff (^316,2) 

where denotes the unweighted average of over all states r of 

given 8» Thus provided we can calculate the unweighted average of 
over all states of given 8 we can derive W (s) exactly. On further expanding 
the logarithm in (2) we find 


m I » t t tin\n 


(1316,2) 


W{s) = 

3 \{kT)^^^ ^ ^)av'~'^^av( ^^)av + 4- .... (1316, 3) 

Kirkwood has evaluated for the case a;^ = ajj, = and 

thus has shown that* 

f (a)- »r(l) = ii\r'u;{i(l -S*)- 4(1 _,*)»_|jLj*^a»(l -«*)*+... I , 

(1316. 4) 

where w is defined by (1314, 7). Using (4) and (1313, 4) with = 4, 

in (1313, 9) we obtain 

F{8) -F{\)= \N'kT{( 1 + «) log( 1 + a) + ( 1 - a) log( 1 - a) - 2 log 2} 

+ 4iy^'^j4(l -a*)--Jy 4(1 -a*)*- (^-^)*A**(1 -»*)*+...} . 

(1316. 5) 

The zeroth approximation corresponds to retaining only the first term in 
(4) and ignoring the terms in (WjzkT), (WjzkT)^, .... This is most easily 
verified by comparing formula (6) with (1314, 11). Formally we can obtain 
the formulae of the zeroth approximation by letting 2 ->oo, 

The equilibrium value of 8 is obtained by minimizing (5). We thus obtain 
instead of (1315, 1) 


(1316, 6) 


This equation, like (1315, 1), always has one solution « = 0. At sufficiently 
low temperatures there is also a non-zero root if w? > 0. It can be verified 
that when there is a non-zero root it corresponds to a minimum in F(8) and 
the zero root corresponds to a maximum. When the zero root is the only 
one, it corresponds to a minimum. The CJurie temperature at which the 
two roots merge into each other is given by the conditions 

^ = 0, dFld8 = 0, 0*F/0s» = 0, (1316, 7) 

* The sign of the last term ia given wrong by Kirkwood. See Chang, Proc, Camb, Phil. Soe, 
85 , 277 ( 1039 ). 
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which lead to 


w 2zkT^ 


1 1 w Y 


+ ..., 


(1316, 8) 


as compared with the zeroth approximation (1315,7). For comparison 
with a formula to be obtained later, it is convenient to rewrite (8) in the form 


.?=!- 


w 


1 


I ^ Y 1 / w; 


zkT^ 2\zkTj 6 


te)' 




(1316, 9) 


These formulae due to Kirkwood should be exact if one includes a suffi- 
cient number of terms. Unfortunately the series in (4) converges rather 
slowly at temperatures below and it would probably require immense 
labour to compute the coefficients of the higher terms. 


§ 1317. Quasi -chemical treatment. We shall now describe an ap- 
proximation which is the exact analogue of the treatment of regular 
solutions given in §819. It is convenient for the sake of brevity to use a 
different notation from that of the previous sections, and to transcribe the 
notation at a later stage. We continue to denote the number of sites of each 
kind by but we denote the number of A atoms on a sites by R and the 
number of A atoms on 6 sites by Q. The distribution of the two kinds of 
atoms over the two kinds of sites is then that given in Table 4. 

Table 4 

DiatribvJtion of A and B atoms on a and b sites 

A atoms on a sites: R; B atoms on a sites: — R; 

A atoms on b sites: Q; B atoms on b sites: 

We now construct a table for the number of pairs of neighbouring sites 
occupied in the four possible ways. We denote by zX the number of pairs 
with an A atom on both sites of the pair. This determines the numbers of 
pairs occupied in the three other ways as given in Table 5. 

Table 5 

Distribution of A and B atoms on pairs of neighbouring 
sites {one a site and one b site) 

A on a, Bon b: z{R-X); Bona, Aon b: z{Q — X); 

A on a, Aon b: zX; Bona, Bon b: z(iN^^ R—Q + X). 

The total number of pairs is ^N^z, We denote by g(R, Q, X) the number of 
distinguishable configurations with specified values of R, Q, X, and by 
W{R,Q,X) the energy of each of these configurations. Specifying the values 
of R and Q is equivalent to specifying the composition x of the alloy and the 
degree of order « as in the previous treatment. The present treatment goes 
a stage further in grouping together states of the same X, as well as the 
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same £, Q. As a result of this new method of grouping we can immediately 
write down an exact formula for the energy W(R, Q, X), namely 

W(B,Q,X)=^-2Xx^^^2(B + Q-2X)xAB-2(i^‘-Ji-Q + l^)XBB 
= -2(B + Q)X^B-2(iN‘^B^Q)XBB-i-2Xw, (1317,1) 
where as before w = ^Xj^^^Xaa^Xbb- (1317, 2) 

On the other hand we have no exact simple formula for g(B, 0, X). The 
fundamental approximation of the present method is that for given B, Q 
and varying X we take g(B, Q,X) as proportional to the total number of 
ways one can divide \zN^ entities into four groups containing the number of 
entities given in Table 5. To be precise we assume as an approximation 

g(R, Q, X) = A(i2, Q) j [z{Q- jf ! [z{iN‘- R-Q + X)]\ ' 

(1317.3) 

We would emphasize that this formula for g(B, Q, X) cannot be accurate, 
because we cannot treat the pairs of neighbours as independent entities. 
Obviously as soon as we fix the nature of the occupation of a certain pair of 
sites, this limits the possible manners of occupation of other pairs which 
share a site with the first pair. A priori it is difficult to see how bad is the 
approximation involved in (3). At the present stage it is just a guess. We 
shaU find, however, that, without any further assumptions, formula (3) 
leads to results which strongly suggest that it is in fact a strikingly useful 
approximation . 

For our present purpose we do not require to know the factor h{B, Q) in 
g{B, Q, X) which is independent of X. It is, however, not difficult to deter- 
mine this factor by considering the value, say Xq, of X which maximizes 
g{B, Q, X). As usual it can be shown that this maximum value g{B, Q, Xq) 
difiers from the sum of g(B, Q, X) over all X only by a factor which is trivial 
for large assemblies. But the sum of g(B, Q, X) over all X is simply g{B, Q), 
the total number of ways of distributing R atoms A on the a sites and Q 
atoms A on the b sites. We have therefore 

g(R,Q,XQ):^l,x9(^y 

(1317.4) 

Combining (4) with (3) and the analogous formula with Xq in the place of 
X, we can eliminate A(jB, Q) and find 

„(ROX^ 

g{K,V,X) 

\z{R- X«)] ! m \[z(Q- Xq)] ! -R-Q + X ^)] ! 

[*( je - Z)] I \zX ] ! [z(Q - X )} ! ii - C + )] ! * ^ 


37 
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Now the value of Xq which maximizes g{B, Q, X) is undoubtedly the value 
which corresponds to complete randomness and is given by 

Xo=RQim (1317,6) 

We have merely to substitute this value of Xq into (5) to obtain a formula 
for g(R, Qy X) as an explicit function of N^y Ry Qy X. For the sake of brevity 
we shall, however, retain Xq, which we may now regard as an abbreviation 
for RQI\NK At the present stage formula (5) is merely a guess, in fact a 
guess equivalent to (3). However, a formula precisely equivalent to (5) 
has been obtained by Chang,* using an entirely different procedure which we 
shall describe briefly in § 1323. We provisionally assume the approximate 
validity of either (3) or (5), and are able to complete the treatment without 
any further assumptions. 

The complete conflgurational partition function can be written as 

T(T) = (1317,7) 

the inner summation extending over aU X for given J2, Q and the outer 
summation over all Ry Qy keeping iZ + Q constant. As usual we may replace 
each sum by its maximum term. Let us first take iZ, Q as fixed and maxi- 
mize with respect to X, T(T) then reduces to 

r(7’) = Sj2^(iZ, (1317, 8) 

with X determined by 

-^{logg{R, Q, X) - Q, XykT) * 0. (1317, 9) 


Substituting the accurate formula (1) for W(R,QyX) and the tentative 
formula (3) for g{Ry Q, X)y and using Stirling’s theorem, we find 


log{R — X) — logX-\-log{Q — X) — log{^N^—R—Q-\-X) — 2wlzkT = 0. 

(1317,10) 


This can be rewritten as 

(R--X)(Q-X) = X(^N^-R-Q-\-X)e^^i^^y 


(1317,11) 


or as 


[4 o nb] [Bona; Aon b] 

U“ona; ^on5] [£ono; 5on6] ’ 


where each [ ] denotes the number of pairs of neighbouring sites occupied 
in the manner indicated inside the brackets. Formula (11) is the exact 
analogue of formulae (610, 9) and (819, 1) used for regular assemblies in the 
absence of long-range order. If we replace the right side of (12) by unity, we 
obtain a formula corresponding to random distribution of the four kinds 
of pairs, for given Ry Qy and this would lead to the formulae of Bragg 
and Williams (zeroth approximation). We may reasonably expect the 


* Chang, Pfoc, Roy, 8oc, A, 178, 48 (1089). 



579 


1317] The Quasi-chemical Method 

exponential factor on the right of (12) to be an improvement in the right 
direction over the zeroth approximation. However, our approximation can 
be justified better at a later stage. We shall see in § 1323 that formula (12), 
and formula (6) for that matter, can be derived from an entirely different 
method of approximation due to Bethe. 

Formula (11) being a quadratic equation for X can be solved, giving A" as 
an explicit function of R, Q and wjkT, From here onwards we shall, how- 
ever, coniine ourselves to the simple case R + Q = The more general 
case can be treated in precisely the same way, but the formulae are longer. 
For the simple case equation (11) reduces to 


with the solution 




(1317,13) 


A {1 + 4R(iN^-R) (e2u;/eikr ^ i)/jisr'}i _ i 
\N^ 2(6^'“^/^^- 1) 


(1317, 14) 


We can now returii to our previous notation by substituting 

when (14) becomes +«). (1317.16) 

X _{l + (l-tf*)(e*«’/**^-l)}*-l i(l-«*) 

2(6*“"**^ - 1 ) ■“ { r+’(i - a*) (e^l*kT _ • 


When iif + Q = formula ( 1 ) reduces to 


(1317,16) 


W{R,X) ^ (1317,17) 


But according to the present approximation the average value of X for 
given R (that is given «) is determined by (16). Hence combining (16) with 
(17), we have 

W{8) = — N^Xa b + I ^ ^ ^ ^ ® ) 

We note that 

W'(1) = -^W W(0) = -N^XAB + Jiif^--y (1317,19) 

The configurational energy E(8) is therefore given by 
E{8) — E(1) = W(8)— W{\) = 

(1317.20) 

According to (1313, 11) the value of W{8), corresponding to that of W{8) 
given by (18), is given by 

Wls) r2w/MkT 1 __^2 J "2w\ 

= - ^Xab + Jw + iz ATJ ^ j i )}* + i ^zkf) ' 

(1317.21) 


37-a 
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the integration constant being determined by the condition 7(0) 

as w/kT-*-0. 

If we use the substitution 

a = {1 + (1 -«*) 1)}*, (1817, 22) 

we can simplify the integral in (20), and obtain 

(1317,23) 

Usingformula(1313,4)forthecasex^ sZf = ^together with (23), we obtain 
for the configurational free energy according to (1313, 9) 


m 

\mT 


■■ - — + ( 1 + s) log( 1 + s) + ( 1 - s) log( 1 - s) - 2 log 2 

+ |({l+«)log^ + (l-s)log^-2log^). (1317,24) 


In partioular, when « = 1, we have a = 1 and (24) reduces to 

^0) -^Xab + \»> 

^N‘kT “ kT 

so that we can rewrite (24) as 

^(s)-J'(l) 


(1317,26) 


\N‘kT 


(1 +s)log(l+«) + (l — «)log(l— «) — 21og2 
-|j(l+s)log^+(l-«)log^-21og^|. (1317, 


26) 


We can expand the logarithms in powers of (a— 1) and then expand a in 
powers of vj/kT. We obtain finally 

F{s)-F{\) 


iN>kT 


== ( 1 + «) log( 1 + «) + ( 1 - «) log( 1 - «) - 2 log 2 




which agrees with Kirkwood’s formula (5) as far as the highest terms there 
included. We conclude that the present method, which depends on the 
arbitrary assumption (3) or (5), leads to results accurate at least as far as 
terms in F{a) of the order {wjzkT)^. The zeroth approximation used by 
Bragg and Williams is obtained by ignoring the terms in wIzkT and higher 
powers. We can therefore formally obtain their zeroth approximation by 
letting z-^co. The dependence of F(s) on a according to formula (26) is 
generally similar to that shown in Fig, 5. 
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13 ^ 8 ] The Q_xiasi-chemical Method 

By differentiating (26) with respect to a, we obtain 


dF/da 2 — 2 1+a z, at+a 

^N‘kT ~ 


(1317,28) 


the remaining terms 
determined by 


cancelling. The equilibrium 


log 


a + 3 
a — s 


z — 2. l-\-s 


value of s is therefore 
(1317,29) 


The dependence of this equilibrium value of s on the temperature is shown 
in Fig. 6. 

The Curie temperature is determined, as we have seen, by the conditions 
(1316, 7). Differentiating (28) with respect to s, we find 


__ 2-2 2 

imt ~ 'l-a*'^a( f-a^y 

The equations (1316, 7) are therefore satisfied by s = 0 and 


(1317, 30) 


2/(z- 2) = a = (1317,31) 

which can be rewritten as 

We observe that if we expand (31) in powers of wfzkT^, the first four terms 
agree with Kirkwood’s formula (1316,9), while if we retain only the first 
two terms we obtain Bragg and Williams’ formula (1315, 7). 

The configurational energy at any temperature not less than 2J. is obtained 
by putting « = 0 in (20). We thus obtain 

(1317,33) 


In particular at the Curie temperature we have, using (32), 

- Tc'^^t -o _ z(z — 2) z 

“ 4 ( 2 - 1 ) ^ 2 - 2 ’ 


(1317,34) 


§ 1318. R^sum^ of methods of treatment. It will be useful at this 
stage to recall the three methods of estimating the configurational free 
energy which we have already described, and to refer briefly to a fourth 
method which will be discussed in §§ 1321-1323. 

Firstly, we have the method of Bragg and Williams which we shall refer to 
by the letters B.-W. This method may be regarded as a zeroth approximation 
to any of the other methods. The B.-W. formulae are in fact obtained from 
those of any of the more accurate methods by making 2 oo. 

Secondly, we have the method of Kirkwood, which we shall refer to by the 
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letter K., which gives formulae as power series in wjzkT, These formulae 
are accurate as far as the highest terms yet calculated. 

Thirdly, we have the quasi-chemical method, which we shall refer to by the 
letters Q.-C. The method at this stage must be regarded as based on a guess. 
The formulae obtained agree with those obtained by the K. method up to 
the highest powers of vjfzkT yet evaluated. 

The fourth method is due to Bethe and will be referred to by the letter B. 
We postpone description of it to a later stage because the method is less 
straightforward than any of the others. The method consists essentially in 
an approximate construction of the grand partition function for a small 
group of sites, in fact the method which we have already used in §§ 608 sqq. 
for assemblies without long-range order. We can the more readily postpone 
discussion of the method since, in spite of its widely different appearance, 
it is in fact mathematically equivalent to the Q.-C. method. The proof of this 
complete equivalence was first given by Chang. 

For convenience of reference we collect the formulae for the critical tem- 


perature for an alloy of equal numbers of A and B atoms according to the 
several approximations 

B.-W. 

z w 

1 =1 • 

2 zkT; 

(1318,1) 

K. 

1-2=1 

z 

W l/w\* 1 / W Y 

(1318, 2) 

Q.-C.1 
B. J 


2 

2 — ^-wIzkTc 

Z 

(1318,3) 


We have not written every equation in its simplest form, but rather in such 
a form as to show its similarity to the others. 

In the more general case the formula for the Curie temperature 

according to the Q.-C. or B. approximation has been derived by Easthope.* 
For convenience we shall quote it without giving the derivation and at the 
same time we given the B.-W. formula (1315,6) in a form convenient for 
comparison with the more accurate formula. 

Q.-C. or B. c 

XjfZ.X^Z 

According to either formula the curve for JJ. against ( 
metrical about == J where it has a maximum. 


(1318. 4) 

(1318. 5) 

=» 1 — x^) is sym- 


Easthope, Proc. Camb, PhiL Soc. 88, 502 (1987). 
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1319] lUsumi of Variotts Approximations 

§ 1319. Anomalous heat capacity. In the simplest case of = *19 == 
the configurational energy E(s), given by (1317,20), can be expressed in 
the convenient form 2 

£(.)-£(!)= (1319.1) 

where a( 5 , T) is defined by 

a( 5 . T) = {1 + (1 - 1 )}*, (1319. 2 ) 

and 8 is determined by equation (1317, 29). By solving this equation nume- 
rically for various values of T and substituting into ( 1 ), we obtain the curve 
in Fig. 7 . The configurational contribution to the atomic heat capacity is 
given by the blope of this curve. We observe that as the Curie temperature 
is passed there is a sudden fall in the heat capacity, but it does not fall to 
zero. The contribution to the heat capacity per atom is 


dE(s) . d 

- S'-iT - dl 


ol(s, T) + i 


I w { \ doL I 0a ds^ ds^ 

^ 2 oTTl I a -h 1 ar “ a T 1 df dT 


(1319,3) 


The values of dajdT and da/ds’‘ are obtainable directly from ( 2 ), while that 
of ds^ldT can be obtained by differentiating (1317, 2ft). Thus the value of C 
can be calculated for any temperature T as a function of T, s, the value of a 
being determined by (1317, 2ft). The result of this calculation is shown in 
Fi". 8 for z = 6 and for z = co. the latter being equivalent to the B.-W. 
approximation. We cannot obtain a simple formula for C as an explicit 
function of T only. We can, however, obtain such formulae for C in the 
immediate neighbourhood of the Curie temperature T,. This temperature 
region is of pa rticular interest because as we shall see there is a discontinuity 
in C at the temperature %, due to the sudden vanishing of da^ldT when T 
becomes greater than T,, We shall now obtain these formulae. 

Our first step is to determine the dependence of s on T for temperatures 
slightly below T^. From Fig. 6 we notice that dsjdT ->oo as T-^Te-O. It 
can be verified that dajdT becomes infinite like - 1 js, so that da^jdT remains 
finite. This is the reason we use the variable rather than a. Since the 
critical temperature is given by (1317, 31) we assume that at temperatures 


just below Tf we have 

^wIzkT ^ --- ( 1 +A«*+...), 


(1319, 4) 


where for the present purpose we are not interested in powers of a higher 
than ««. Substituting from (4) into (2) and neglecting higher powers of a, 

we obtain 


a ~ 


z -2 


1+s*(a-^)|. (1319,6) 
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and consequently 


,u.M. 


To the same order of approximation we have 

1 . l+« , , , 

_tog_-l+tA 


(1319,7) 



Fig. 8. Theoretical configurational contribution to atomic heat capacity of ^-brasa. 

B.-W. approximation. ■ B. or Q.-C. approximation for z =6. 

The Q.-C. curve for z=8 will be intermediate between the two curves drawn, 
and will rise to the point marked with an arrow. 


Substituting from (6) and (7) into the equilibrium relation (1317,29) 
between s and T, and equating the coefficients of we obtain 


22-2 1 ( 2 - 2 )* 
3 2* 


1 

3’ 


(1319, 8) 


which reduces to 


2 ( 2 - 
32* ■ 


(1319, 9) 


Differentiating (4) with respect to T, using (1317, 31) and (9), and letting 
0, we obtain finally 

d«* 32* . 2 - - 

2 ( 2 - 1 ) ® 2-2 




(1319, 10) 
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By differentiating ( 2 ) partially, letting and using (1317, 31) and ( 10 ), 

we obtain 

( doL\ 2(z~- 1) 

(1319,11) 


2 ( 2 - 2 ) 


(1319,12) 


When we substitute from ( 10 ), ( 11 ) and ( 12 ) into ( 3 ) and use (1317, 31), we 
obtain 


^Tc-O 2- 


2-2 
8 


2 - 32 )* -2)- (1319,13) 


At temperatures above 7J. we have 5 = 0 and da^jdT = 0 , and formula ( 3 ) 
reduces to its first term. Using the value of (doLjdT)^ given by ( 12 ), we find 






By comparison of (13) and (14) we see that C jumps by a factor 3z — 2 as 
the critical temperature is passed. Inserting the value 2 = 8 into (13) and 

(14), weobtam ^ j. 78 ^ = 0-081 (2 = 8 ). (1319,16) 

For comparison with other methods of approximation it is convenient to 
subtract (14) from (13); we obtain 

which, by using (1317, 32), we can rewrite in the form 

\k 2 2 * 2 » ..( 1319 , 17 ) 

The B.-W. approximation is obtained by replacing the right side of (17) by 
unity. The K. approximation leads to the formula 

and so agrees with the Q.-C. or B. formula (16) as far as the highest terms 
calculated by the K. method. If we retain in (18) only one term beyond the 
B.-W. approximation, we have 

Crc-o “ ^ re+o / ~ 1 _ 1 

w / ~ 2 ■ 


U 


I" 


(1319,19) 


When z = 6 the right side of ( 17) is 0-800, while the right side of ( 19) is 0-833. 
Thus we see that (19) appears to be a fairly good approximation to (17), but 
in spite of this agreement the convergence of the K. series is not sufficiently 
rapid to justify the retention of only one term beyond the B.-W. approxima- 
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tion. The danger of such a procedure may be illustrated by the following 
considerations. Kirkwood actually used the formula 


(^cV ^ i 1 2 u; 

Ik \W’"l z2kTj 



(1319, 20) 


Since according to the B.-W. approximation wl2kTc = 1, formula (20) is 
equivalent to (19) as far as terms in that is to say, as far as the highest 
terms that are significant, but (20) contains spurious higher order terms. 
The value of wl2kTc for 2 = 6 according to the present approximation is 1-27 
and the right side of (20) is therefore 1*70 as compared with the value 0*833 
for the right side of (19). If, however, we replace the factors wl2kTc on the 
right side of (20) by unity, their value according to the zeroth approxima- 
tion, the right side becomes reduced to 0*889. Thus we see that the particular 
form (20) leads to spuriously high values for the jump in the heat capacity, 
although it is formally correct to the same order as (19), which is a good 
approximation to the more accurate formula (17). 


§ 1320. Comparison with experiment. We shall now consider biiefly 
the comparison between the theoretical results of the foregoing sections 
and such suitable exjierimental data as are available. 

The configurational energy content during the changes of ordering can 
be determined calorimetrically, provided that care be taken to ensure that 
the equilibrium state of order is reached at each temperature, a process 
which may be slow. The danger of allowing insufficient time for complete 
equilibrium to be established is particularly great in this field; by sufficiently 
rapid cooling (quenching) most alloys, which possess an ordered equi- 
librium state at low temperatures, can be brought to low temperatures in a 
more or less completely disordered state and retained thus indefinitely in a 
metastable equilibrium. It is moreover undoubtedly correct to hold the 
view that many other alloys, not known to occur in an ordered state at low 
temperatures, arc really frozen in a metastable disordered state, because 
the temperature at which changes of position in the lattice ceases to be 
possible at reasonable speed is higher than the Curie temperature for 
the order-disorder transition. The rate of attainment of order has been 
discussed by Bragg and Williams* and Nix and Shockley,t but further 
discussion of it lies outside the field of this book. 

The alloy of Zn and Cu known as )ff-brass is particularly suitable for com- 
parison between theory and experiment, because in the neighbourhood of 
the Curie temperature equilibrium is attained rapidly. This is proved by the 
fact that the observed values of the heat capacity with rising and with falling 

* Bragg and Williamg, Froe. Jloy, Soc, A, 146, 699 (1934). 
t Nix and Shockley, Jtev. Mod. Phys. 10, 1 (1938). 
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temperatures agree with each other. The phase range of /^-brass extends 
only between the atomic fractions 0*468 and 0*489 of Zn. Thus the com- 
position CuZn is just outside the range, but the deviation from the 1 : 1 
ratio may be neglected. The super lattice structure of this alloy has been 
established by X-ray measurements by Jones and Sykes.* In the ordered 
arrangements each Cu atom has eight neighbours all Zn atoms, and vice 
versa, as shown in Fig. 4a. The order-disorder Curie temperature is 742" K. 
Accurate measurements of the heat capacity have been made by Sykes and 



373 473 573 673 773 


Fig. 9. Heat capacity (per atom) of CiiZn. a. Experimental for CuZii (Sykes and Wilkinson). 
6, Moan of experimental curves for pure ("u and pure Zn. c, Calculated on zeroth approxi- 
mation (B.-W.). d, Calculated by B. or Q.-C. method for z ^ 6. 

The required curve for 2 ” 8 will be intermediate between curves c and d, about one-quarter 
the way from d towards c. 

Wilkinsonf and independently by Moser. J The two sets of measurements 
are in strikingly good agreement with each other. Comparison of the data 
of Sykes and Wilkinson with the theory is made in Fig. 9. Curve a repre- 
sents the experimental data for Cp in an alloy with an atomic fraction 0*490 
zinc. This has to be compared with a theoretical curve constructed by adding 
the theoretical configurational heat capacity to the mean of the experimental 
Cp curves for Cu and for Zn, curve b in the diagram. By this procedure one 
obtains curve c on the B.-W. approximation, and curve d on the Q.-C. or 
B. approximation for 2 = 6 . The required curve for 2 = 8 on the Q.-C. or B. 

• Jones and Sykes, Proc. Roy, Soc. A, 161, 440 (19371. 
t Sykes and Wilkinson, J. Inst. MetaU, 61, 223 (1937). 
t Moser, Phynkal, Zeit. 37, 737 (1936). 
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approximation will be intermediate between curves c and d and approxi- 
mately one-quarter the way from the curve for z = 6 to theB.-W. curve. We 
see that qualitatively the experimental curve agrees with that of the first 
approximation (B. or Q.-C.), but there is no quantitative agreement. The 
maximum configurational heat capacity per atom observed is 5*1 A;, as 
compared with the calculated values 1*50A; according to the B.-W. approxi- 
mation and l*78ik according to the B. or Q.-C. approximation. It is clear that 
the energy changes associated with the disappearance of order are more 
closely concentrated around the Curie temperature than is predicted by the 
theory. 

There is thus a real discrepancy between the theory and experiment 
which may be due to any of several causes such as 

(1) neglect of interactions between atoms not nearest neighbours,* 

(2) neglect of dependence of w on interatomic distance which alters 

with temperature,! 

(3) neglect of the electronic structure which may be quite different in an 

alloy from that in the simple metals. ! 

Each one of these causes can be shown to make the disappearance of order 
more sudden than predicted above, but the reader interested in these 
elaborations of the theory must consult the papers, to which we give 
references. 

The discrepancy between theory and experiment is naturally less obvious, 
if instead of comparing heat capacities we compare the energy change over 
a wide temperature range ; that is to say, if we compare the integrals of the 
heat capacity. The most suitable temperature range for the comparison is 
from a temperature so low that order is effectively complete up to the Curie 
temperature. The configurational energy increase in this range is given by 
formula (1317, 34), which for 2 = 8 becomes 


mT, 


= 0 * 492 , 


while the zeroth approximation (B.-W.) gives the value 0*60. The experi- 
mental value, given by the area between the curves a and b in Fig. 9 to 
the left of T = JJ., is 0*43. 

Since we have no a priori knowledge of the value of only those relations 
can be compared with experiment from which w has been eliminated. The 
dependence of the Curie temperature on the composition is thus suitable 


* See Chang, Proc. Roy. 8oc. A, 101, 646 (1037). 
t See Eiaenaohitz, Proc. Roy. 8oo. A, 168, 646 (1938). 
X See Mott, Proc. Phya. Soc. 40, 258 (1037). 
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for comparison. The experimental data of Sykes and Wilkinson* tor CuZn 
are compared with theory in Fig. 10a. The B.-W. approximation is given by 
formula (1316, 6) and the Q.-C. or B. approx imationf by formula (1318, 6). 

750 

°K. 

740 

730 

720 

0-45 0*46 0-47 0-48 0*49 0-50 

■ Atomic fraction of Zn 

Fig. 10a. Curie temperature of /7-bras8. 

O Experimental (SykoH and Wilkinson). Calculated (B.-W.). 

Calculated (B. or Q.-C.). 

The agreement between the experimental data and the latter is moderate. 
We can also use the data on FegAl for comparison between theory and 
experiment. This alloy is effectively an example of a superlattice with a 
1 : 1 ratio of a and 6 sites, because, as shown in Fig. 46, all the cube corners 
are permanently occupied by Fe atoms and only the cube centres are 
involved in an order-disorder arrangement of Fe and A1 atoms. The experi- 
mental data of Sykest are compared with the theoretical curve in Fig. 106. 
The experimental points are consistent with the theoretical curve. 

873 
°K. 

773 

0-20 0-25 0-30 

Atomic fraction of A1 

Fig. 106. Curie temperature of Fe,Al and neighbouring compositions. 

§ 1321. Grand partition functions for groups of sites (Bethe). We 
shall now describe the (apparently) quite distinct method of approximation 
introduced by Bethe.§ In § 608 we approximated to the grand partition 
functions for what we there called regular assemblies by the method of con- 

• Sykes and WUkineon, J. Inst. MttaU, 61, 223 (1037). This paper oontaina an excellent review 
of the equilibrium properties of ^-braaa. 

t The theoretical curve obtained by the B. method ia drawn incorrectly by Nix and Shockley 
in their Fig. 39, Rev. Mod. Phye. 10, 46 (1938). 

} Sykes, see Bragg and Williams, Proe. Roy. 8oe. A, 161, 640 (1936). 

S Bethe, Proe. Roy. Soe. A, 160, 662 (1936J. 
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Btruoting grand partition functions for small groups of sites, using mean 
values for the factors contributed by the other sites. For such regular 
assemblies all sites may be assumed to have identical average properties. 
In the order-disorder problem, on the other hand, it is of the essence of the 
problem that there are two classes of sites, a sites and b sites, and the method 
must be generalized accordingly. We shall continue to confine attention to 
ab lattices in which all the nearest neighbours of a sites are 6 sites and vice 
versa; also to make the assumption, characteristic of any regular assembly, 
that the configurational energy is composed solely of the interaction of pairs 
of nearest neighbours.* The energy of a configurational state r is then of 
the form (1313, 12). We shall find it is convenient to work as in Chapter vi, 
with the grand partition function, but we shall concern ourselves only with 
the contribution of the configurational factors. We, therefore, may write 
in place of (608, 3) 

r(T, A^, A^) = ..., A^f^A^^ 

(1321,1) 

The factors 0^, ... of (608,3) dealing with the excited states of a given 
system A in any configuration may here be omitted. In the absence of an 
adequate knowledge of •••) we wish to approximate to the 

exact expression (1), by elaborating the procedure of § 608. 

We shall work primarily with an approximation corresponding to that 
called in § 608, although the work can equally well be carried through 
by using the approximation S,, but it then corresponds less closely to the 
methods actually used by Bethe. Using the notation of equation (1) we 
assume that we can approximate to F by finding its maximum term, 
JV3, . . . , njf . . . , and writing it in either of the equivalent forms 

r = r* = (j322^ 2) 

r = + ^bVbbVb'^)^} 

X (1321,3) 

The y, g, if, tIb a-r© suitably defined mean values, of which tjb are 
parameters fixed by a condition of consistency of the representation. The 
remaining symbols ... are defined by 

= — (1321,4) 

The properties of regular assemblies were derived from these approximate 
grand partition functions by requiring that the nature of the occupation of 
every site in the assembly should be the same. For this purpose the factor 

* These rather Btringent reetrictions can be removed. Thoee interested should consult Peierls, 
Proc. Boy. Soc. A, 164, 207 (1036) and Chang, Proe. Boy. 3oc. A, 161, 546 (1037). 
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jg irrelevant and may conveniently be omitted. We 
therefore replace (3) bj^ the simpler expression 

^ “ ^*+1 ~ ^Ai^AVAA^A'^ ^bVaB^b)^ ^b(^aVaB^A~^ 

(1321,6) 

where for brevity we have replaced by and ^ by e^. 

We can proceed in almost the same way in dealing with assemblies with 
long-range order, as for regular assemblies, merely remembering to dis- 
tinguish between a sites and b sites. For a group of a central site a with z 
neighbouring 6 sites we write 
pa _ ya_|.ya _ A^(A^ ^ 4- 

(1321,6) 

where allows for the interaction between aii A atom on an outer 6 site 
with the rest of the assembly, and ej# for that between a B atom on an outer 
b site with the rest of the assembly. The terms yj and defined by 

yl =" ^a{^aVaa^^ ^bVab^bY * (i321, 7) 

yg = ^b(^aVab^ + ^bVbb^bY^ ( 1 321 , 8) 

correspond respectively to configurations in which the atom on the central 
site m A or B. Actually, since only ratios of any terms are significant for the 
present purpose, it turns out not to be necessary to include both ^ and 
actually Bethe put = 1. 

The corresponding for a group of a central site b with z neighbouring 
sites a is in corresponding notation 

= yj-f-yj = ^^J^(X^7jAA^'^^BVAB^Y^^^B(^AlAB^'^^BVBB^Y• 

(1321,9) 

For the internal consistency of (6) and (9) it is necessary that they should 
lead to the same value for the frequency of occupation of a central a site by 
an A atom and for the frequency of occupation of an outer a site by an A 
atom; and likewise for a central b site and an outer b site. By the standard 
properties of grand partition functions these conditions of self-consistency 
are 

^ _ yS ^ . . Tb 

rS + ri \^VAA^ + ^BVAB^ByA-^y^ ^AVAB^ + ^B^BB^ByA + ya’ 

(1321.10) 

^bVab ^b yS ^ ^bVbb^s 

\tVAA^'^ ^ bVab^ yA+y^ ^aVab^+^bVbb^ yS+yS 

(1321.11) 

Tf ^6 continu6 to defin© th© long^rftng© order 8 so thftt tli© numl>6rs of A 
atoms on a sites, etc. are as given in Table 3, then the equilibrium value of 
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the long-range order is related to the ratios of the y’s by the equations: 

yiliiA+ya) = au+au*. yaKyi+yh) = xb-x^s, (1321, 12) 

= = a«+ai4«. (1321,13) 


Substituting from (12) and (13) into (10) and (11), we obtain 

^AnAA^(XA-XAS) ^aVab4(Xb + XaS) 

^ ^ ^aVaa^'^ ^bVa^^ ^aVab^"^ ^bVbb^* 

^ ^bVab4{Xa+Xa«) I ^bVbb4(xb-XaS) 

® \aVaa^'^^bVab^ ^aVab^+^bVbb^ 


(1321,14) 

(1321,16) 


By combining equations (7) and (8) with the analogous definitions of 
7 ^ and y^, we obtain 


T^Vb ^ \{ ^a'^aa^'^^bVab^)(^aVab^'^^b'^bb^) * (1321 16) 


Substituting from (12) and (13) into (16), we deduce 

(x^-XaS) (Xs-Xj^a) ^ -I- X^Vab^b) (^aVab^ + ^bVbb^b) 

(Xa + Xj^ 8) (Xg + Xj^ s) 1( A^ ^ + ^^bVab ^)(\d Vab ^ + Ajj ej)) 

(1321,17) 


We shall find that equations (14), (15), and (17) suffice for the determination 
of the equilibrium value of « in terms of known quantities. 

We can also write down formulae for n^B> '^ab from the known pro- 
perties of the grand partition functions. Actually it is sufficient to have a 
formula for any one of these quantities since the other two are then fixed 
by the necessary equalities 

^'^AA '^AB “ ^^A9 + n^B ~ ( 1 321 , 1 8) 

We shall therefore consider only the formula for Actually we can 
obtain two such formulae according as we use F® or F^. Prom the known 
properties of F® we have 

^AB _ 7a ^bVab^ I yS ^aVab^ 

yi + yB^AVAA^A+^BVAB^B yi + ya ^aVaB^ + ^bVbB^B 

(x^+Xja)\bVab^b ^ (xb-XaS)^aVab^a (1321,19) 

\iVAA^ + ^bVab^b ^aVab^ + ^bVbb^b 


Similarly from the known properties of F* we have 

^B ^ (Xa-XaS)?^bVab^ , (Xb + XaS)^aVaB^ 
^aVaa^"^ ^bVab^ ^aVab^'^^bVbb^ 


(1321,20) 


The mutual consistency of (19) and (20) is in fact guaranteed by equations 
(14) and (15), as we shall verify in the next section. 
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1322] Reduction to Bethels Form 

These are the general formulae of Bethe’s theory, constructed in com* 
plete detail, so that it may be seen that allowance is made for every inter- 
action which the theory purports to take into account. 


§ 1322. Development of Bethels equations. From the point of view 
of rapid working the equations derived in detail in the preceding section 
contain much lumber which can now be removed. Equations (1321, 14), 
(1321, 16) and (1321, 17) really contain only two unknown ratios <^3/ A 
and To remove the lumber we write 


— Pi — 7* (1322, 1) 

VtiAVSiBlVAH = e<XAA^XAB-2XAJi)izkT ^ g wlzkT ^ ( j 322, 2) 

so that the definition of w agrees with its previous definition by formula 
(1314,7). Then equations (1.321,14), (1321,15) and (1321,17) become 

^ ^ jy^fU'lzkT -h 1 * 

q^wizkr_i^l ~ q_^^wizkT ’ 


X aS — 


{X^ -X^s) (Xji-X^S) 
(x^''+x^s)(xb^x^s) 




(1322.3) 

(1322.4) 

(1322.5) 


Equations (1321, 19) and (1321 , 20) for become respectively 


'^AB 

izN‘ 


qpWizkT 


^wjzkT 


(1322, 6) 


]^AB 

lzN‘ 


^wjzk T 

(^A ~ ^A j^J^^wIzJct 


-f (j:’/y + X^4«) 


p^wIzkT 
p^wfzkT ^ 1 • 


(1322,7) 


By use of equations (4) and (3) respectively these may be simplified at once to 


^AB ^ 2xse^^'^+2x^sq 

n^jj _2x^ gM;/z/cT ^2Xjisp 

YzN^~' p + 


(1322, 8) 
(1322,9) 


We have worked through the construction of Betho’s equations in this 
detail for an ah lattice and the general case because it seems to be 

at least difficult to appreciate exactly what the method is, unless it is first 
discussed in this admittedly clumsy way without short cuts. Having arrived 
at these formulae, which contain only the parameters p and q and the 
combination of interaction energies w, we see that we can in practice obtain 
correct results by replacing 6^, by unity, and putting any two of Tjgp, 
wo 38 
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Vas equal to unity. This last simplification merely means a suitable change 
of energy zeros. We need not even retain both and A though little would 
be gained by the loss of symmetry resulting in omitting one of them. In the 
symmetrical case = one may even omit both A’s. 

The reduction of these general equations can be carried still further by 
the elimination of p or q. Equations (3) and (4) can be solved for Zj^s giving 


- _ ^b P(P + c*"^**^ ) -xjl +pe«’l'*^) 

Xj q(q + c"/**'®') -Xb(1+ 


(1322, 10) 


The equality of the last pair of expressions }rields a quadratic equation for 
q in terms of p, x^ and which factorizes. One factor gives an 

essentially negative value of q, and can be discarded. The other factor gives 




(1322,11) 


We may deduce from this that 

1 +qe^l^T - 1 + (x^-x^) _ i) • 


We may therefore reduce equations (3)-(6) to equation (3) together with 
(x^ — x^«)(xa — x^«) _ r p + p + e”’/***’— (x^ — x^)p(e*"’/**^— I)!® 

(x^+x^«)(Xb+x^«) |_l+2?e”’/***’ 1 +j>c“’/**^’ + (xb— x^)(c*^/**^— 1)J 

(1322. 13) 

Finally the expressions for may be simplified and proved identical 
by expressing s in (8) in terms of q, and s in (9) in terms of p. We thus obtain 

^ 2e^/zkT ^ bP^ + ^a __ ^ 2c<*/**r 

p2gM>/*A:7’ ^ 2p + qZ^wtzkT ^ 2g -f- * 

(1322.14) 


The equality of the p and q forms in (14) is a direct consequence of (1 1). The 
first of equations (10) and (14) together with (13) constitute the complete 
set of equations of Bethe’s first approximation for an ab lattice for any 
values of the atomic ratios. In their reduced form the essential equations 
may be written* 




p*— 1 +(a:^ — x^)(p*-f 2p6^’'*^^+l) 
p2^wi ^" -h 2p -f 


(1322,16) 


Chang, Proc. Camb, Phil. Soc. 84. 224 <1938). 
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[ 1 ^pe^ldcT I ^p^wIzkT ^ _ 1 

p gu»/»fcr p ^ ^wizkf _ __ a-j ZY) J 


X 1 ^ ±pe^) 


= 1, (1322,16) 


= ^icizkT P^ 1 ) 

^2gM;/**r + 2/) -f- e*"/**r 


(1322,17) 


When = i, these equations reduce to the equations 


^ — p2f,wlzkT 2^ + g«>/^/c7’ » 

^ u,/rJkT P''±l 

izN^ pH^i^r ^2p + eW^'fcr » 


(1322,18) 

(1322,19) 


where p is a parameter given by the proper root of the equation 


^/pe^tzkT^ 1\* 1 


(1322,20) 


It is unnecessary for us to develop the consequences of these equations 
any further, since we shall show in the next section that Bethe’s equations 
are completely equivalent to the equations derived from the assumption 
of quasi -chemical equilibrium, and we have already studied the consequence 
of these equations in sufficient detail. We have, however, included this 
rather elaborate development of the underlying equations of Bethe’s 
method in this detail, because the method has been much discussed, not 
always in a form which is evidently complete, and it may be helpful to the 
study of these applications to have all the fundamental equations available 
in a complete form. 


§ 1323. The equivalence of the equations of Bethe and of the quasi - 
chemical method . The combinatory formulae of Chang . We shall now 
show directly that the method of Bethe described in the last two sections 
and the quasi-chemical method described in §1317 are completely equi- 
valent. In applying the quasi -chemical method we used the equation 
(1317, 12), which we repeat 

[ A on g; B o n b] [B on a ; A o n 6] _ ,, 

[A on a; A on 6] [5 on o; Bonb]~ ’ ' ’ 

where each [ ] denotes the number of pairs of neighbouring sites occupied 
in the manner indicated inside the brackets. Equation (1) can be regarded 
either as itself the basic assumption of the quasi -chemical method, or as 
derived from an assumed prior combinatory formula (1317,5). In either 

38-2 



596 


Lattice Imperfections^ Order-Disorder in Crystals [1323 

case the whole of the equations of the equilibrium state given in § 1317 may 
be derived from equation (1). 

We can now see that Bethels method leads at once to formula (1) and 
therefore to equilibrium results which are identical with those of the quasi- 
chemical method. The complete set of configurations for a central point a 
and its z neighbours 6 leads in Bethe's method to the partition function 
(1321, 6). If we consider a pair of sites consisting of the central a and some 
one of its z neighbours 6, then the four difierent modes of occupation of this 
pair contribute to F" the following sets of terms respectively : 

on a, B on 6: ^a^bVab^b{^aVaa^~^ ^bVab^^bY~^ y 
B ona^ A on 6: ^B^AVAB^Ai^AVAB^"^ ^ b^bb^bY 
^ on a, ^ on 6 : A ^ Vab ^bY ~ ^ 

B on a, B on 6 : A^j A^ ^A^a Vab ^a + ^ V bb ^bY ' • 

But the essential meaning of the terms in the grand partition function is 
that they express the equilibrium values of the relative frequencies of the 
corresponding states (configurations). Therefore 

[A on q; Bo n6J[Bon a; A on b] ^ ly l/? ^ 

[.4 on a; ^ on 6] [B on a; B on b] 

the remaining factors cancelling. When we use ( 1 322, 2) in (2), we recover ( 1 ). 

From the method of deriving (2) it is obvious that we could have derived 
the same result even more briefly by constructing Fg for a single pair of 
sites, one a and one 6, instead of constructing for a group of z + 1 sites. 

With suitably defined factors to take account of the interaction of the 
atom on each site of the pair with all the other sites, we should have 

Aona,B on b: 

Bona,Aonb: AhCb^a^aVab> 

A on a, Aon b: A^ 

Bona,B on b: ^s^B^B^BVBBy 

from which equation (2) follows immediately. The significant feature of 
these derivations is that it is not necessary to evaluate the e's or ^’s as the 
case may be, since these quantities are automatically eliminated. This point 
has already been made clear for regular assemblies without long-range 
order in Chapter vi. Further the value of z comes in only through the 
relation between the total number of pairs of neighbours and the number of 
lattice points. If we define by w = wjzkT and denote the total number of 
pairs of neighbours by n^, then function of and u, and so 

depends on z only through u. On the other hand ^ ^ times a function 
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of u, and consequently the configurational energy per atom is w times a 
function of wjz. Since the whole equilibrium state may be deduced from ( 1 ), 
the equilibrium state given by Bethe’s equations, being internally self- 
consistent as we have verified, must be identical with that derived more 
simply by the quasi-chemical method. It is an elegant and easy exercise to 
establish directly the identity of the formulae (1322,18-20) embodying 
Bethe’s theory for the symmetrical case with the formulae 

(1317, 18, 29) of the quasi-chemical method. It will be found in particular 
that 

1 _L o 

p = (1323,3) 

We leave these derivations as an exercise to the reader. The identity in the 
general case can also be established in a similar way between the equations 
(1322, 15-17) of Bethe and those of the quasi -chemical method. 

Formula ( 1 ), as we saw in § 1 3 1 7, can be derived from an assumed ayiproxi - 
mate combinatory formula for the number of pairs of neighbours of various 
types. This assumption of the combinatory formula (1317,5) therefore 
implies all the results of Bethe’s assumptions. The complete equivalence 
of the two assumptions in these forms is established by a recent investiga- 
tion by Chang,* who has shown that the fundamental equations of Bethe’s 
theory, equations (1322, 15-17) imply (to the same accuracy) a combinatory 
formula equivalent to (1317, 5). We refer the reader for a proof to Chang’s 
paper. The necessary arguments are sufficiently direct but somewhat 
tedious. 

In conclusion we may emphasize once again that Bethe’s method for 
regular assemblies with or without long-range order has been shown to be 
completely equivalent to the approximations of the quasi-chemical method 
for pairs of nearest neighbours, for lattice arrangements of type ah in which 
all the neighbours of a sites are b sites and vice versa, and the atoms A and B 
are present in any atomic ratio. It is probably best to regard this equivalence 
of Bethe’s method to the approximate but explicit partition function for 
the whole assembly provided by the quasi -chemical method as the reason 
for the complete internal self-consistency of Bethe’s equations^. Bethe 
himself has shown in his original paper how his method can be extended to 
still higher approximations, and has given calculations for a second approxi- 
mation for z = 6. There is no doubt that Bethe’s approximations of higher 
order must ultimately converge in the limit to the true formula for the 
assembly in question, but there is considerable doubt as to the exact status 
of, for example, the second approximation. It seems possible that it does 
not preserve the complete internal self-consistency of the first approxima- 


Chang, Proc, Roy. 8oc. A, 178, 48 (1939). 


^ See appetidix, § A 10. 
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tion or ite complete equivalence to a genuine partition function, properties 
which the limit of the higher order approximations will ultimately regain. 
These inconsistencies, however, if they exist, do not prevent the judicious 
use of the second and higher order approximations. They will, however, 
prevent them from simplifying in any way comparable to that in which we 
have simplified the first. 

§ 1324. Configurational free energy in the case of two non -equi- 
valent sub -lattices. (Zeroth approximation.) We now consider a crystal 
with lattice-points (sites) of which are of type a and of type 6, 

r„ + rj=l, r„<v (1324,1) 

No loss of generality is involved in assuming less than r^. We assume that 
each a site has z neighbours all b sites, but each b site has z neighbours, of 
which zrjff, are a sites and z{rf^ — rj/tf, are b sites. 

We shall consider only the case where the number of A atoms is equal to 
the number of a sites, and the number of B atoms is equal to the number of 
b sites. Thus in the state of most perfect order all the a sites are occupied 
by A atoms and all the b sites by B atoms. In the state of complete disorder 
every point will be on the average similarly occupied by A*s and B’s in 
proportion to their numbers, that is in the ratio r„ rr^. Any state of inter- 
mediate order can be completely described by a single parameter s, which 
can be chosen so that the number of sites of each type occupied by each kind 
of atom is a linear function of s. If we further choose s bo that it has the value 
1 for the state of complete order and the value 0 for the state of complete 
disorder, then for any state of intermediate order we have the situation 
given in Table 6. The parameter s thus defined is called the degree of order. 

Table 6 

Number of A and B atoms on a and b sites 
A on a: Bona: — 

A on b: r.r 5 (l —s)N; B on b: r^{r^^r^s)NK 

The number g{s) of distinguishable configurations of given s is, according 
to the table, 



(1324, 2) 

Uaing Stirling’s theorem we can rewrite this as 

logg(*)/^' - »■« log r„+f, log fj-r„(r„ + rftS)log[r„(r„ + rj«)] 

-2r,r,(l -*)log[r„r,(l -«)]-r*(r* + r„«)log[r6{rj+r„s)]. (1324, 3) 
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We shall confine ourselves to the zeroth approximation used by Bragg 
and WiUiams, corresponding exactly to that used in § 1314 and summarized 
by formula (1314, 1). We have therefore merely to calculate W^^{8) and use 
this in place of W(8) in the free energy. Denoting the interaction energies 
of the several kinds of pairs of neighbouring atoms as before by - 
■" ^XabI ^9 ^XbbI^ the numbers of pairs of neighbours of each kind by 

^AA* ^ABy '^BBy we have 

2 

^AvW “ “ 2 {('^Aa)av Xaa ('^Ab)av XaB'^ i'^BB)Av Xbb}* ( ^ 


where are calculated by taking purely random arrangements of 

the A and B atoms on each pair of neighbouring sites, so long as the given 
value of 8 is preserved. 

We now calculate We note that A A pairs arise in two ways: 

(i) when the first A is on an a site and the second on a 6 site; (ii) when both 
A'& are on b sites. By Table 6 there are on the average + 
a occupied by A*b, Each has z neighbours (6 sites) of which the average 
number occupied by .4’s is zr^(l —s). This type of A A pair therefore con- 


tributes to 


zN‘rl(l-$) (r^-f 


pairs. Again there are on the average —8)N^ sites b occupied by A'b, 
Each of these has z(Tt^r^)lr^ sites 6 as neighbours and the average fraction 
of any b sites occupied by A ’s is, by Table 6, rj l—s). Since both A atoms of 
the pair are on similar sites, we should in this way count such AA pairs 
twice over, and we must divide by 2. These pairs therefore contribute to 

pairs, and we find 

(riAAhv = t^N‘{Tl(r,-r,){l-s)^ + 2rl{l + 

= izN‘rlil-s^). (1324,6) 

By similar counting we find 

{”'bb)av = - »'fl) (»■» + »■«•'')’“ + 1 - «) (»•(, + »•««)} 

= izN‘(rl-rls^)\ (1324,0) 


(''^Ab)av ~ i^^‘~(y^AA)Ar (^Bb)av 

= ^zN‘{2r^r^ + 2rls^). (1324,7) 

Substituting from (6), (6), (7) into (4). we obtain 

W^^{8) = - N‘{rlxAA + 2r,,rtXAB + 4Xbb} - N‘rla>{ - Xaa + ^Xab - Xbb)- 

(1324, 8) 
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If we define a characteristic energy (of unmixing) w by 

“ Xaa + ^Xab ” Xbbi ( 1 324, 9) 

we can write (8) as ^Avi^) ” WivW = —N^rlshu (1324, 10) 

or as W^,(8)^Wj,(l) = i\rV*(l -s*)ti;. (1324, 11) 

Using W 4 „(«) given by (10) for W(s) and formula (3) for loggr(^), we obtain 
for the configurational free energy 

= »-„(r„+r6a)log[r„(r„+r6«)] + 2r„f6(l-«)log[r„r|,(l-«)] 

+ + r„a) log[r^(n, -r r„«)] - 2r„ log r„ - 2r^ log - rlshv/kT. 

(1324, 12) 

From this formula for F{s) we can derive all the equilibrium properties to 
the approximation of ignoring the differences between W(8), Mr(5) and 

§1325. Equilibrium properties for the case ^6 = 1* 

studying the consequences of formula (1324, 12) we shall confine qurselves 
almost entirely to the case = J, = |, as this corresponds to the example 
CujAu. When these values of r^, are substituted into (1324, 12), we obtain 

{F(«) - F(0)}INtkT = iV{( 1 + 35) Iog( l + 35 ) + 6( 1 - 5 ) log( 1 - 5 ) 

+ (9 + 35 ) log( 1 + Is) - s^wjkT). ( 1 325, 1 ) 

The dependence of F(8) on s according to (1) is shown for various tem- 
peratures in Fig. 11 and is quite different from the case ^ repre- 

sented in Fig. 5. 

At high temperatures the only stationary value of F(s) is a minimum 
at 5 = 0 and the stable state is that of complete disorder. As the temperature 
is lowered we reach a range of temperatures in which there is a second 
minimum say at 5 = 5 *; between the two minima there must be a maximum, 
say at 5 = 5 ^. The highest temperature at which this occurs is determined 
by the conditions 

5* = st = ^ 0 , dFjds = 0, d^Fjds^ = 0. (1 325, 2) 

The state 5 = 5 + is unstable and of no physical interest. The states 5 = 0 
and 8 = 8* are, however, both stable relative to states of infinitesimally 
different order. But only the state corresponding to the lower minimum will 
be absolutely stable, the other state being metastable. At higher tem- 
peratures the state 5 = 0 is the absolutely stable, at lower temperatures the 
state 5 = 5 *. The transition temperature 7} at which the two minima are 
equal is determined by the conditions 

8 = 8* = 5e, dFIds = 0, F(8) - F(0) = 0. 


(1325,3) 
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Fig. 11. Depondonce of the configurational froo energy F{s) on the degree of order « for AB^ 
according to the zeroth (B.-W.) approximation for variouHteaiperatures.ThenumborBattached 
to the curves are values of w/kT. 


At still lower temperatures s ~ s* is the only minimum, the state = 0 
having become a maximum. The temj^erature at which ^ changes 
from a minimum to a maximum is determined by the conditions 


= .vt = 0, dFjds = 0, d'^Fjds^ = 0. 
Differentiating formula (1) with respect to s, we obtain 
dFjds^ l_f 

mf ~ ie 




(•-«)* 

and the condition dFjds = 0 is therefore equivalent to 

16 « 


w 3 

)tT- 2 


1 4- 


3(1- sf 


(1325,4) 

(1325, 5) 


(1325, 6) 
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This relation between s and T is shown in Fig. 12. Differentiating (6) with 
respect to a, we obtain 


a*F/0«* M ® 1 ® o«'l 

JV'JfcT “ 16|l + 3«'''l + i«'*’l-a hr ' 

Using (6) and (7) in (2), we find that Ti is given by 

kTi ~ 2tfi ^ + 3(1^ «i)* " rrsTi 1 + fsi i 


(1326,7) 


(1325, 8) 



Fig. 12. Depondenoe on temperature, according to zeroth (B.-W.) approximation, of the value 
s* of 8 which minimizes F(s) and of the value of s which maximizes F(s). 

Stable; lowest minimum. Metastable; minimum but not lowest. Unstable; 

maximum. 


Solving this numerically we obtain Si = 0-345 and wjkT^ = 7-24 or 
kT^ = 0138i/ 7. Using (1) and (5) in (3), we find that TJ is given by 


1 + 3a,) + 6( 1 - a,) log( 1 - a,) + (9 + 3a,) log( 1 + Ja,)} 
= i w( l+3a, )(!+».,) 

Oo O /I « V2 


2a, ® (l-a,)» 


(1325,9) 


The second of these equations can be written in the shorter form 

(l+fa,)log(l + 3a,) + (0-3a,)log(l-a,) + (9+fa,)log(l+ia,) = 0. 

(1325, 10) 


Solving this numerically we find* a, = 0’463, and substituting this back 
into (9) we find ta/iTJ = 7-32 or kT, = 0137ia. Using (7) in (4) we find 


* The value 0*467 given in Jf. is not quite accurate. 
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w/kT^ = 8 or kT^ - 0-125t«:. The three temperatures 7J, and are shown 
in Fig. 12. 

The configurational energy E(8) is given by 

{E{8^^E{1)}/N^ = r2(l = ^(1 (1325, 11) 

for == J, ^6 == and its equilibrium value at any temperature TJ is 
obtained by substituting into (11) the equilibrium value s* of 8 determined 
by (6). This dependence of E{s) on TjTf is shown in Fig. 13 . The atomic 



Fig. 13. Dependence on temperature of configurational energy for Cu,Au. 0 Experimental data 
of Sykea and Jones. Curve calculated by zeroth (B.-W.) approximation. 

energy of transition from the state of order s, to the state of disorder at the 
transition temperature T, is given by 

{^(0) - E(8,))/N‘ = (1326, 12) 

Using in (12) the numerical values already found for a, and T„ we obtainf 
{E{0) - E{a,)}INf = 0 0134W = 0 098*?;. (1326, 13) 

§ 1326. More accurate treatment of two non -equivalent sub- 
lattices. The method described in §§ 1321-1323 has been extended by 
PeierlsJ to a lattice of the type Cu,Au, taking into account the interactions 

t The numerical values given in S.M. are not quite accurate. 

t Peierls, Proe, Roy, 8oc. A. 164. 207 (1936). See also Easthope, Proc. Camb, Phil. Soc. 88 . 602 
(1937). 
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between all pairs of nearest neighbours in a group consisting of a central 
site and its nearest neighbours, some of which are nearest neighbours of 
one other. This application is distinctly laborious and not much use has 
been made of his results. It is interesting to observe that the quasi-chemical 
method can also be used for this problem and leads to a pair of independent 
quadratic equations similar to (1317, 11). Their solutions give the whole of 
the equilibrium properties of the assembly by simple and direct, if somewhat 
tedious, calculations. A comparison of these simple formulae with those of 
Peierls has not yet been made. We must therefore confine ourselves to this 
statement indicative of the power of the quasi -chemical method, which 
incidentaUy shows promise of still wider applications without serious in- 
crease of complication. 

§ 1327. Comparison with experimental data for CugAu. We shall 
now briefly compare the theory with the experimental data for CugAu. 



50 100 200 300 400 500 550 

Temperature ®C. 

Fig. 14. Specific heat of Cu,Au. Experimental data of Sykes and Jones. The lower curve and 
points marked 0 are calculated from the values for Cu and Au by the simple law for mixtures. 

This alloy has been thoroughly investigated by Sykes and Jones.* Their 
experimental curve for the heat capacity is given in Fig. 14, which clearly 
shows the transition temperature at 664“ K. The experiments of Sykes and 

* Sykes and Jones, Proc. Ray. Soc. A, 167, 213 (1936), where references will be found to earlier 
papers. 
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Jones confirm the existence of a finite heat of transition, which they find to 
be 1-26 + 0*13 cal./g. This corresponds to a value of [E(0) — E($^)]lN^kT of 
0-093 ± 0-009 as compared with the value 0-098 given by formula (1325, 12) 
for the B.-W. approximation. This agreement may be fortuitous, since 
according to Peierls* it disa})])ear8 when the B.-W. approximation is replaced 
by a better approximation. 

The experimental configurational energy is plotted as a function of 
temperature in Fig. 13, where the theoretical curve according to the zeroth 
(B.-W.) aj)proximation is also given, j It is clear that the energy change is 
considerably more concentrated near the transition temj)erature than is 
predicted by the theory. The theoretical curve corresponding to the first 
approximation (Q.-C. or B.) has not yet been calculated accurately, but 
according to the calculations by Peierls the agreement between observation 
and theory is not improved by using the first a])proximation instead of the 
zeroth. It appears that the theory does not go deej) enough to give more 
than a serni-quantitative acjcount of the actual behaviour of these alloys 
and may need radical revision before it can be regarded as a trustworthy 
quantitative theory. 


§ 1328. Variations of type of order. In discussing ( -UgAu we defined 
the degree of order a with respect to the superlattice shown in Fig. 4 c, 
which does in fact corres])ond to the structure of CugAu at low temperatures. 
The alloy CuAu has an entirely different supcrlattice structure consisting 
of alternate layers of Cu and Au. Since then alloys of copper and gold can 
have at least these two distinct kinds of superlattice, it may reasonably be 
asked what justification we have for completely ignoring the second kind 
of su])erlattice in our discussion of CugAu. The answerj is that strictly the 
partition function consists of a sum of terms for all possible degrees of order 
of all possible kinds, but as usual it is permissible to replace the complete 
partition function by the dominating term or groups of terms. The justifica- 
tion for considering only the tyf)e of superlattice shown in Fig. 4 c is simply 
that for alloys having com])osition8 approximating to CugAu the type of 
order corresponding to this superlattice dominates in the partition function 
and the terms in the partition function corresponding to order relative to a 
superlattice of alternate layers are entirely negligible. For compositions 


• See PeierU, Proc. Roy. Soc. A. 154, 207 (1936). esfiecially Fig. 3. 

t The theoreti. aJ curve is given correctly by Bragg and Williams, Proc. Roy. Soc. A. 151, 561 
(1935), Fic. 8. rnlortiinatcly the curve given by Sykes and Jones, Proc. Roy. Nor A 157. 19 

(1936) Fie 3 curve 6, is based on Dragg and Williams, Proc. Roy. Roe. A, 145, 711 (1934). Fig 7. 
which is wrongly drawn. Nix and Shockley, Rev. Mod. Phys. 10. 1 (1938) in Fig. 37, copy the in- 
correct curve, but give the correct curve in 1 ig. 12. 

J See Chang, Proc. Camb. Phil. Soc. 36, 266 (1939). 
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approximating to CuAu the situation is reversed. There may be, and as a 
matter of fact there is, an intermediate range of compositions where it is 
necessary to include both types of terms in the partition function. This range 
of concentrations and the transitions from one type of order to another have 
been discussed by Shockley* and by Easthope.f We shall not here give 
details. We shall only mention that, if one considers the possible occurrence 
of only one type of order at a time, and constructs the curve for the free 
energy (or for minus the logarithm of the partition function) against com- 
position for a given temperature, one will obtain two or more intersecting 
curves with a common tangent below them. The portions of both curves 
between the two points of contact correspond to metastable states, the 
stable state for the relevant compositions being a mixture of two phases 
represented by the points of contact. 

Similar considerations apply to the terms in the partition function corre- 
sponding to order (of the important kind) and the terms corresponding to 
the absence of any long-range order. If we know that the temperature in 
which we are interested is above the order-disorder Curie temperature, we 
may safely omit the terms corresponding to order and in fact ignore the 
possibility of order. This is precisely what we did in our treatment of regular 
solutions in Chapter viii and regular monolayers in Chapter x. 

§ 1329. Anomalous thermal expansion. Hitherto we have treated 
the energy of unmixing u; as a constant, whereas in fact we must expect w 
to change with temperature owing to the thermal expansion of the crystal. 
We can improve our previous treatment by regarding as a function of 
V = VjNK For the sake of brevity we shall restrict our discussion to the 
zeroth (B.-W.) approximation and to exact atomic ratios (au = ^o> = 

F is then given by 

( 1329 , 1 ) 

where the superscript zero refers to the value for s = 0 and the given values 
of Ty F. The equilibrium value of s to be inserted into (1) is as usual deter- 
mined by the condition 

(dF/ds)rj=- 0, ( 1329 , 2 ) 

We can now obtain the pressure by differentiating (1) with respect to F. 
In virtue of (2) we ignore the variations of s and so obtain simply 

= ( 1329 , 3 ) 

* Shockley, J. Chem. Phya, 6, 130 (1933). 
t Easthope, Prcc, Camb. Phil, Soe. 84, 68 (1938). 
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If we denote the coefficient of thermal expansion by a and the com- 
pressibility by /ff, we obtain by differentiating (3) with respect to T 


dVJj, P jfi “ 


JL d^l IdwV 

kTd{wjkT)\dv) 


/ dP^ \ 

\arjp 

Similarly by difiPerentiating (3) with respect to V, we obtain 

By comparing (4) with (6) it can be verified that 

It is therefore sufficiently accurate to replace (4) by 

o M i ^ ds^ dw 
a — a® = - /J®r* 


(1329,4) 


+ « 


1 . 


^d'w 
dV^\ 
(1329,6) 

(1329,6) 


(1329,7) 


^kT^d{wlkT)dV ' 

In the simple case ^ we found in § 131 6 that formula (2) becomes 

(1329, 8) 


w 1 

(0<2;-Tc7;). 


Immediately below the Curie tem{)erature we have by expansion of (8) in 
powers of s 

w 

(0<2;-7’^2;). (1329,9) 

Using (9) in (7) we obtain 

(0<j;-7’^TJ. (1329,10) 

Immediately above the Curie temperature dsjdT = 0 and consequently 

a-a0 = 0 {T>T^). (1329,11) 

There should therefore be a discontinuity in the coefficient of thermal 
expansion at the Curie temperature. 

When there is a discontinuity in s, we see from (3) that, since P must 
be continuous, either dwjdV = 0 or there is a (iiscontinuity in the volume. 

Unless dwjdV is zero or neghgibly small, we are therefore led to expect 
a discontinuity in a at the Curie point of CuZn and a discontinuity of volume 
at the transition point of CujAu. Recent measurements by Nix* have 
revealed a discontinuity of a but not of V in copper -gold alloys. The dis- 
crepancy between theory and experiment is at present unexplained. 


• Nix and MacNair, Phyt. Rev. 60, 320 (1941). 



CHAPTER XIV 


ELECTRIC AND MAGNETIC PROPERTIES 

§ 1400. Introduction. It may seem ambitious to attempt to deal in 
one chapter with a subject more suitable for a whole book. It may also seem 
uncaUed for, inasmuch as there are available such excellent books on the 
subject. In particular we may mention those of Van Vleck* and of Stoner. f 
Since, however, there is no other field in which the application of statistical 
mechanics has been more fruitful, we have decided to include an account, 
even if a meagre one, of this successful application of the theory. We shall 
try to give a balanced description of the general principles and results, 
merely giving references to sources of more detailed treatment. Our main 
sources of information have been the two books referred to above. The 
subject-matter in §§ 1416-1416 and § 1427 onwards is, however, more recent 
than the text-books, but here again the most important contributions to the 
theory are contained in papers by Van Vleck (non-metallic substances) and 
by Stoner (metals). 

§ 1401 . Classical Hamiltonian. We shall require to know something 
of the form of Schrodinger’s equation for a system in a uniform external 
electric or magnetic field, but before writing this down it is instructive to 
consider briefly its classical analogue, namely the Hamiltonian form for the 
energy and the Hamiltonian equations of motion. The discussion^ should 
help to clarify one of the most important differences between the electric 
and magnetic cases, namely the absence of any electrical analogue of 
diamagnetism. 

Let us first consider a system consisting of particles of mass and charges 
Cf, in a uniform external electric field in the z-direction. We use x^, y^, z^ 
and Pjj,, Py,, p,, to denote the cartesian coordinates and conjugate momenta 
of the particle i. Then the Hamiltonian Jf is 

•^= Sii(p*<-t-p*, + p*)/m-t-l7(xi,yi,Zi,...)-i;,2<eiZ<, (1401,1) 

where U denotes the mutual electrostatic energy of the particles. We might 
expect another term for the mutual electromagnetic eneigy of the particles; 
strictly there is such a term but it is small of the order (i/c)*, where c denotes 
the velocity of light, and there would be no sense in including a term of this 

* Van Vleck, Electric and Magnetic Susceptibilities (Oxford, 1932). Hereafter referred to merely 
ae Van Vleck. 

t Stoner, Magneiiem and Matier (Methuen, 1934). Hereafter referred to merely aa Stoner. 

{ The diecusBion which follows is a brief r4sum4 of Van Vleck, pp. 19-22. 
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order, as long as we are ignoring relativity corrections of the same order. 
The Hamiltonian equations of motion for the 2 -direction are 

1401,2) 

dU 




(1401,3) 


02, 02, V — 

Prom (2) we can verify that the momentum is simply the product of the 

mass and the velocity 2 ^, just as in the absence of the field. Prom (3) we 

can verify that the presence of t^he field E^ is equivalent to a force in 

the 2 -direction. This confirms the correctness of the fonn (1) assumed for 

the Hamiltonian. The electric moment of the system has a 2 -component 

which can be defined by ^ v 

= (1401,4) 

or alternatively by (1401, 5) 

There is nothing particularly striking in any of the above relations until 
we compare them with their magnetic analogues. 

Let us now consider the same system of particles in a uniform external 
magnetic field //^ in the z-direction. Using right-handed axes, the Hamil- 
tonian is now 

+ + (1401.6) 

The Hamiltonian equations of motion for the x- and y-directions are 

^ i ff„ (1401,7) 


= - ? + ■ 


“ 3x( dx^ ^ c 2 toj 4OTjC*** 


dJf dU e,- 1 „ i/*ej . 

--Sy-r -air? 

If we difiFerentiate (7) with respect to the time and substitute for from 

(9), we obtain e, „ ffjej /,.ai ll^ 

TOwXi = — — I HfPy.-- — \x^. (1401,11) 

’ ’ ^x^ emt * ’'• 2m<c* 

If we now eliminate Py from (8) and (11), we obtain 

i L u /I 1 o\ 


(1401,8) 


(1401,9) 


dU e, „ ffjej 

dXf^ emt 


(1401,10) 


(1401,11) 


mtXf - --^ + - 


(1401,12) 


F O 


39 
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By an exactly similar procedure we can obtain 

= (1401,13) 

Formulae (12) and (13) express the familiar fact that the presence of the 
magnetic field is equivalent to a force H^e^yjc in the x-direction and a force 
in the y-direction. This verifies the correctness of the form (6) 
assumed for the Hamiltonian. It is important to observe that the momenta 
Pxp Pvi equal to respectively, but are related to them 

accor^ng to (7) and (8). It is this non- vanishing of andp^^ — 

which necessitates the presence of the terms in HI in the Hamiltonian. We 
shall see shortly that these terms, which have no electrical analogue, lead 
to diamagnetism. We shall provisionally define the magnetic moment to be 
a vector whose z-component* /i^ is given by 

fi, = -ajr/an;. (i4oi,i4) 

This is the magnetic analogue of (5) and we shall veiify that it agrees with the 
familiar conception of a magnetic moment. Substituting from (6) into (14), 
we obtain 2 

If we substitute for p^^ and from (7) and (8) into (15), we obtain 

.'■z = Si 4^., (1401, 16) 

where denotes the angular momentum about the z-axis. Formula (16) 
expresses the well-known equivalence between a magnet and a charge 
circulating about the axis of the magnet. This verifies the correctness of the 
assumed definition (14) of 

The form (16) for is certainly more familiar than the form (15), being 
more closely related to Ampere’s elementary currents. It is, however, the 
form ( 1 5) rather than (16) which has a quantal analogue, because it expresses 
Pg as a function of the canonical variables x^, p^. and y^, It is of funda- 
mental importance that when fi^ is expressed in terms of the canonical 
variables it contains terms of first order in the field as well as terms of 
zero order. The first order terms are called the diamagnetic terms and the 
zero order the paramagnetic, 

§ 1402. Schr5dinger*s equation. Schrodinger’s equation is con- 
structed by analogy with the Hamiltonian. For a systen.^ in an external 

* We use the same symbol for an electric and a magnetic moment. It will always be obvious 
which is being referred to. 
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electric field in the 2-direction we have as the quantal analogue of ( 1 40 1 , 1 ) 

A* /3* a* 1 

( * %nhn^ \ dx\ dy\ 2^1, • • • ) - 2^ - ej ^ = 0 . 

(1402,1) 

In principle at least we can suppose solutions obtained of the form 


e = €^ + aE^+\hEl, (1402,2) 

where e® denotes an energy level for zero field. The particular terms in 
and El are referred to respectively as the linear and quadratic Stark effects. 
Higher order terms are negligible at ordinary field strengths. Grenerally 
the field will remove degeneracy, so that a degenerate energy level e® is 
split by the field into several levels e with different values of the parameters 
a and 6. When the system is in a specified state with given e®, o, 6, its electric 
moment in the 2 -direction is 


= - dejdE, = - (a 4 - bE,). (1402, 3) 


The statistical problem is to find the average moment over all states or 
energy levels of the system. 

For a system in a magnetic field Schrodinger’s equation constructed by 
analogy with (1401, 6) is 




A* 




02 02 02 
+ — 0 + 


Hnhn^\dx\ dy\ dz\ 


+ + (1402.4) 


Solutions can, at least in principle, be obtained in the form 


6 = + + (1402,6) 

terms of higher order in Hg being negligible at ordinary field strengths. The 
terms in and HI are referred to as the linear and quadratic Zeeman effects 
respectively. We have written the quadratic effect as two terras with 
coefi&cients6(p)and former representing the second order perturbation 

due to the term in in Schrodinger’s equation (the first order perturbation 
yielding the term aHg), and the latter representing the first order perturbation 
due to the term in HI in Schri'dinger’s equation (the second order perturba- 
tion being of the order HI and so negligible). Grenerally the field will split 
a degenerate energy level €® into several levels e with different values of the 
coefiicients a, 6(p), b(^y When the system is in a specified state with given 
e®, a, 6, its magnetic moment in the 2 -direction is 


= — dejdHg = — (a -h b(j,)Hg) — b^^Hg. ( 1402, 6) 


39-2 
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The statistical problem is then to determine the average of over all 
states. When this averaging is carried out it is found that the contribution 
of the paramagnetic terms (a + b(p)H,) is always of opposite sign to that of 
the diamagnetic terms 


§ 1403. General statistical formulae. In referring to energy levels 
we shall use the subscript j to distinguish levels which are separate in the 
absence of any field, and the subscript m to refer to further separations due 
to removal of degeneracy by the field. With this notation formula (1402, 2) 
becomes, when we drop the subscript z for the direction of the field, 


= + (1403,1) 

Formula (1402, 5) becomes similarly 

^ + + (1403, 2) 

If we now construct the partition function /(T), 

/(T) = S^S,„e-W*T (1403,3) 


the equilibrium number ^ 
in the level is given by 


of systems, out of a total number which are 


KtT 




(1403,4) 


But according to (1402,3) the component of the electric moment parallel 
to the electric field E in the state J, m is 


= - de^JdE, (1403,5) 

From (4) and (5) we deduce for the average moment of the assembly parallel 

= NkT (1403, 6) 


de. 


J.m 


dE 


dE 


or for the average moment fi parallel to the field of a single system 


Ji = kTd\ogf(T)ldE. (1403, 7) 

In just the same way we find for the average magnetic moment parallel to a 
magnetic field ^ = jfcT 0 log/(T)/afl. (1403, 8) 


Formulae (7) and (8) are perfectly general and foUow from the definition 
of electric and magnetic moments. We shall now assume that the energy 
levels are of the forms (1) and (2), and shall neglect terms of higher order 
than E^ and if*, since in practice these would be negligibly small for 
ordinary fields. In the electrical case we have 




T2 k*T* 


2 kT r 


(1403, 9) 
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and 80 by (7) 




+ Inn (1403, 10) 


We assume that the average moment fi must vanish for zero field. The 

condition for this is „ ^ 

^fnHm = 0 (aUj). (1403,11) 

Subject to this condition equation (10) reduces to 


Ji = jpj jf(T). (1403, 12) 

At ordinary temperatures there is no sign of saturation even with the 
strongest available fields, so that Ji is proportional to E. Under these 
conditions we can ignore higher powers of E and replace f(T) in the denomi- 
nator by (we have already rejected higher powers of E in the 

numerator). We thus find 


I = (1403, 13) 

In the magnetic case we obtain by exactly analogous reasoning 




(1403, 14) 


We may call JijE and JijH the electric and magnetic atomic {or ionic or mole- 
cular) susceptibilities respectively. 

All the formulae of this section are based on the assumption that all the 
systems are completely independent and that there is no appreciable inter- 
action between them . In the electric case this restricts the formulae to gases. 
The modification of the formulae to apply to liquids is a complicated pro- 
blem, not yet completely solved, which will be discussed in §§1425-1429. 
In the magnetic case the condition of absence of appreciable interaction is 
at ordinary temperatures satisfied by all substances other than ferro- 
magnetics. The behaviour of magnetic substances at low temperatures will 
be discussed in §§ 1431-1436, and ferromagnetism in §§ 1445-1448. Mean- 
while we proceed to consider in detail assemblies in which interaction is 
negligible. 


§ 1404. Electric and magnetic types of molecules. Up to this 
point it would appear that the electric case is simpler than the magnetic, 
owing to the absence of any electric analogue of diamagnetism. When, 
however, we come to detailed applications, a more or less strict quantal 
treatment can be applied to magnetic systems, but not to electric ones. The 
reason is the following. Diamagnetism is practically temperature indepen- 
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dent and therefore fix>m a thormodynamio point of view rather uninteresting. 
It is paramagnetism that is highly sensitive to temperature and therefore 
of the greatest interest from a thermodynamic point of view. We shall find 
that the great majority of systems showing typical paramagnetism are 
either single atoms or atomic ions, and it is precisely for such simple systems 
that the Zeeman efiect can be calculated, the first order accurately and the 
second order approximately. 

For the electrical case the situation is just the reverse. The interesting 
systems are those with permanent electric moments, and these are always 
molecules containing at least two atoms and often a much larger number. 
For such systems we are not able to solve Schrodinger’s equation even in the 
absence of a field, much less to evaluate the Stark effect. The best one can 
do is to ignore the electronic structure of the molecule and represent it by 
a rigid structureless dipole. When we do this, we abandon all attempt to 
predict what the electric moment of a molecule should be, and have to 
content ourselves with correlating its unknown or assumed value with 
observable properties of matter. 

Since then we can give a much deeper discussion of magnetic moments 
than of electric moments, we shall deal with magnetic moments first, con- 
trary to the usual procedure. A common reason for treating electric moments 
first is that a classical treatment gives the right result. This is true, but the 
reason why is far from simple. 


§ 1405. Diamagnetism of atoms and atomic ions. In considering 
the magnetic properties of free atoms or atomic ions, we naturally choose 
the nucleus as origin of coordinates. The diamagnetic term in the Hamiltonian 
of an atom or atomic ion in a specified quantum state is then according to 
(1402,4) 


(1405, 1) 


where — |e| denotes the charge and the mass of an electron, and the sum- 
mation extends over all electrons. According to the theory of first order 
perturbations, the corresponding contribution to an energy level will be 


i''i 


8ni*c‘ 




(1405,2) 


where the average is evaluated by use of the eigen functions of the un- 
disturbed degenerate state in the abseooe of the field. Since in the absence 
of a field there is no privileged direction, we can replace (2) by 

where r denotes the distance of an electron from the nucleus. 


(1406,3) 
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The diamagnetic term in the moment of an atom or ion in the state j, m 
is according to (1402, 6) obtained from (3) by means of the operation - dIdH. 
We thus obtain for the diamagnetic coefficient in (1402, 6) 

*(d) = 6(<i)y = (1406, 4) 

As the averaging is performed over the configurations of the atom or ion in 
the absence of a field, 6(^) is independent of m. We have therefore to average 
only over different values of j. The diamagnetic term in the atomic 
susceptibility is then by (1403, 14) given by 

/Cd = - Sy 6(d)^ Wj ( 1 405, 5) 

Usually only the normal electronic level contributes appreciably to the 
partition function. Alternatively if several levels contribute they will be 
members of the same spin multiplet and will have values of r* differing 
inappreciably from one another. Hence (6) reduces to 




6m^c* 


(1405,6) 


where the averaging is performed over the normal electronic level in the 
absence of afield. The diamagnetic term in the atomic or ionic susceptibility 
was first calculated by Langevin by a classical treatment using Larmor’s 
theorem. A quantal derivation of (6) by means of Larmor’s theorem is also 
possible and is more usual than the derivation here given, which is due to 
Van Vleck.* 

The first important prediction of formula (6) is that the diamagnetic 
contribution to the susceptibility is negative. Historically a substance was 
defined as diamagnetic when its susceptibility is negative, but the definition 
of diamagnetism, which we have chosen following Van Vleck, is preferable 
because for every substance there is a diamagnetic contribution to the 
susceptibility. The second prediction is that the diamagnetic contribution 
to the susceptibility is independent of temperature. Thirdly from (6) we 
shall be able to verify that when there is a paramagnetic term in the suscepti- 
bility it is usually about 1000 times greater than the diamagnetic term. 


§ 1406. Diamagnetic and paramagnetic substances. For reasons 
that will appear later, the overwhelming majority of substances, apart from 
metals, consist of molecules or ions with no paramagnetic term in the 
susceptibility. These substances are referred to as diamagnetics. For poly- 
atomic molecules or ions Larmor’s theorem does not apply, nor can we 
obtain such a simple formula as (1405, 6) for the diamagnetic part of the 

• For further details see Van Vleck, pp. 90-92. 
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molecular or ionic suBceptibility. It can, however, be shown that the three 
most important deductions from ( 1405 , 6 ) hold for all molecules and ions, 
but not for metallic electrons which will be discussed separately. Thus the 
diamagnetic term in the susceptibility is always negative; moreover, except 
for metals and semi-metallic substances such as bismuth, it is always 
independent of temperature, and the contribution per atom is about 1000 
times smaller than the paramagnetic contribution of a t}rpical paramagnetic 
atom. 

The temperature independence of the susceptibility of diamagnetic 
substances was first established experimentally by P. Curie. Owing to this 
independence of temperature it is statistically of minor interest and we shall 
be chiefly concerned with paramagnetism. 

A substance whose susceptibility contains a paramagnetic term as well 
as a diamagnetic is usually referred to as a paramagnetic. When one wants 
to compare a theoretically calculated value of the paramagnetic term in a 
susceptibility with an experimental value of a susceptibility of a para- 
magnetic substance, one must correct the experimental value by adding 
arithmetically the diamagnetic contribution. For any given paramagnetic 
atom or atomic ion, the diamagnetic contribution of this atom or ion will be 
negligible compared with its paramagnetic contribution, but it does not 
follow that one may neglect the total contribution of all the diamagnetic 
atoms or ions also present in the substance. A simple example will make 
this clear. In potassium ferric alum KFe(S04)2 12H2O the paramagnetism 
is entirely due to the Fe+'‘‘+ ion. To obtain an accurate experimental value 
of this paramagnetic ionic susceptibility, one should correct the observed 
molecular susceptibility of KFe{S04)2 12H2O by adding the numerical 
value of the molecular susceptibility of the diamagnetic substance ordinary 
alum KA1(S04)2 I2H2O. In this procedure we have justifiably ignored the 
diamagnetic contribution of the Fe"* ++ ion, or rather the difference between 
this and that of the A 1 +++ ion, but we have not ignored the appreciable 
diamagnetic contributions of the 47 other atoms in the molecule. Whenever 
a comparison is made between a theoretical and an experimental value of 
a paramagnetic susceptibility, it is to be presumed that the latter has been 
corrected in this way for the diamagnetic contribution. 

§ 1407. Linear Zeeman effect for atoms and atomic ions. For a 

starting point in a statistical treatment of paramagnetism we require to 
know the coefficients of the linear and quadratic Zeeman effect. For single 
atoms and atomic ions these are known. The relevant quantum numbers 
of type j for the atom in the absence of a field are Z, 8 y J, with the following 
physical significance. In units hl 2 n the orbital angular momentum is 
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{L{L-\~ 1)}*, the spin angular momentum 1)}* and the resultant total 

angular momentum {J{J +1)}*. There is also a quantum number M of 
type m] that is to say the energy level for given tS^ L, J is independent of M 
in the absence of an external field. M can have any of the 2 J + 1 values 

— 1),J. In a vanishingly small external magnetic 
field H the component of the angular momentum parallel to the field is M 
in the same units. 

For an atom or ion in a singlet state 5 = 0 and J ^ L. There is no spin, 
and the ratio of the (‘omponent of the magnetic moment along the field to 
that of the angular momentum in the same direction is — |e|/2w^c, where 

— |e| and are the charge and mass of the electron and c is the velocity of 

light. The component of magnetic moment parallel to the field, for vanish- 
ingly small field, is therefore M\e\ hj^nm^c or M/iy where is Bohrs magneton 
defined by . . , 

= 0*917 X 1 0 “2® ergs gauss “ ^ (1407, 1) 

The corresponding linear Zeeman term in the energy is 


(^j,M H (5 = 0,J=L). (1407,2) 

For an atom in an S state* L = 0 and J = 5. The magnetic moment is 
entirely due to spin, and the ratio of its component in the direction of the 
field to that of the angular momentum in the same direction is — |e|/m^r, 
double the value for a purely orbital magnetic moment. The magnetic 
moment parallel to the field, for vanishingly small field, is then 2Mp. The 
corresponding linear Zeeman effect is 

=^-2MpH (L = 0, J=5). (1407,3) 


For an atom in a state we have 5 = 0, L = 0, / = 0 and consequently 
Jf = 0. For such an atom the linear Zeeman effect vanishes. 

For an atom that is neither in a singlet state nor in an S state the magnetic 
moment lis partly orbital and partly spin. Its component parallel to the 
magnetic field, for vanishingly small field, is gMp and the corresponding 


linear Zeeman effect is 


= -gMpHy 


(1407,4) 


where g is Lande’s sphtting factor defined by 


= 1 + 


J(*f + 1) + 5(5 -h 1) “ L(L+ 1^) 
2J(J^\) "" ■ 


(1407,6) 


We note that (2) and (3) are special cases of (4). 


* The leader must remember that the letter S is used spectroscopioaUy both to denote a type 
of atomic state (L=0) and to specify the resultant electron spin 8 , but this should not cause 
confusion. 
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§ 1408. Quadratic Zeeman effect. The quadratic Zeeman effect 
consists of two terms. There is a paramagnetic term which is the 

second order perturbation corresponding to the first order perturbation 
described in the preceding section. There is also a diamagnetic term 
already discussed in § 1405. We can now verify that for a paramagnetic 
atom or atomic ion the diamagnetic term in the susceptibility is negligible 

compared with the paramagnetic term From (1403, 14) we see that the 
order of magnitude of the ratio is 


Ka kT ^ kT nijC* m\c^kT m«c* m^kT’ 


(1408,1) 


using (1407, 4), (1405, 4) and (1407, 1). But we can define a rough average 
orbital velocity i; by ^ ^1408, 2) 


Substituting from (2) into (1), we find* 


Kp ^ ^ orbital kinetic energy ^10* 

““ kT thermal energy ” T ' 


(1408, 3) 


so that at ordinary temperatures — 10“®. This justifies our ignoring 

the diamagnetic contribution to the susceptibility of a paramagnetic atom 
or atomic ion. 


We have still to consider the paramagnetic term in the Zeeman 

effect. Its evaluation has been performed by Van Vleckf and is not simple. 
We shall not consider it in detail. According to spectroscopic standards the 
term is small for ordinarily available field strengths, and so difficult to 
observe. This smallness is, however, due to the factor It does not follow 
that the term in the susceptibility due to b(p) is always negligible. The im- 
portant feature of the explicit formula for is that its denominator con- 
tains as a factor the energy of separation between the given J level for zero 
field and its neighbouring J level or levels. The greater these energy separa- 
tions the smaller will be b^^y If the energy separation between the normal state 
and the next higher state of the mvltipUt is large compared with kT, the con- 
tribution ofb(p) to the susceptibility will be unimportarU, if not erUirely negligible. 
When this condition is not satisfied the contribution of b^p^ must be carefully 
considered. 


§ 1409. Paramagnetism of atoms and atomic ions. When we 
neglect the diamagnetic term in the atomic susceptibility, we have according 
to (1403, 14) for the atomic or ionic paramagnetic susceptibility 

/c, = (2J+ l)e-5/*r (1409, 1) 

** Thia iiutruotiye formula is taken from a lecture by Darwin, 
t Van Vleok, pp. 173-175, 
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since Wj = 2J + 1 , this being the number of possible values of M for given J , 
The further reduction of (1409, 1) depends greatly on the energy separation 
between the states of different J. It often, but not always, happens that the 
normal electronic level is separated from the next level of the multiplet by 
an energy difference large compared with kT» In such cases (1) simplifies 
in two respects. Firstly we may replace the sums by their first terms and 
secondly we may omit the term in 6(p), as explained in the preceding section. 
Formula ( 1 ) then reduces to 


+j 

^ (2j'^l)kT kT 2J+r ” ZkT~ * 
Formula (2) is due to Hund* and is a special case of the relation 


ZkT~ * 


(1409, 2) 


at^ocI/T, 


(1409,3) 


discovered experimentally by P. Curie, and known as Curie's law. 

When the condition that the energy separation is large compared with kT 
is not fulfilled, we not only have to include higher terms besides the normal 
term in (1) but we must also retain the temperature independent term 
In this case fonnula (1) becomes 




(1409,4) 


where 6 j is an atomic quantity characteristic of the particular state J. 
Formula (4) is due to Van Vleck, who also evaluated b j. The form of is 
not simple, and we shall not give details of it. Fortunately in most applica- 
tions the energy of separation between the two lowest J states is large 
compared with kT, so that one may use Hund’s much simpler formula (2). 
Many general readers will be content to know under what conditions Hund’s 
formula becomes inaccurate without troubling themselves with the details 
of Van Vleck ’s more general formula. Those who are interested in these 
details cannot do better than read Van Vleck ’s own account. f 


§ 1410. Spectroscopic stability. Before we apply formula (1409,2), 
it is of interest to consider its forms in more detail. The quantity is a 
measure in units of A/ 27 r of the angular momentum about the field. The 

factor ^ M^I(2J -f- 1 ) therefore denotes the square of this component of 

M J 

angular momentum averaged over all values of M. On evaluating the sum, 
this average value is found to be Jt/ («/ + 1) or one-third of the square of the 
total angular momentum. If then we denote by 6 the angle between the 
resultant angular momentum J and the field, we see that the average value 
* Hund, Zeit. Phya. 88, 866 (1925). t Van Vleck, pp. 232-238. 
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of co8*d for all values of Jf is But the classical average value of cos*^ 
over all directions in space when we ignore quantization is also We see 
then that we obtain the same average value for Jf whether we average over 
the actual quantized values of M for a given J or classically over all direc- 
tions. This agreement between the two ways of averaging is not accidental, 
but is a consequence of the principle of spectroscopic stability* 

According to this principle, the average over all values of M for given J 
of the square of any vector is unaltered by any perturbation whatever. 
Hence the average of cos* 6 over all M for given J is the same for a finite 
field as for vanishing field. But for vanishing field there is no privileged 
direction and this average must be the same about any one of three direc- 
tions at right angles to one another. The sum of these three averages is 1 
and BO each average is 

We have already implicitly used the principle of spectroscopic stability 
in discussing diamagnetism, when we replaced by fr*. 


§ 1411. Langevin's formula. Owing to the principle of spectroscopic 
stability we can often obtain correct results by applpng a semi -classical 
treatment to an appropriate model. A consistently classical treatment of 
any system of electrons leads to zero magnetic susceptibility. f This correct 
result, which may at first seem surprising, is not so difficult to accept when 
one remembers that on purely classical theory a stable electronic atom does 
not exist. To obtain positive results by classical methods one has to postulate 
the stability of stationary states, and this is equivalent to assuming some 
kind of quantization. It is therefore more accurate to call such a treatment 
semi -classical than classical. 

The treatment which we are about to outline is due to Lange vin.J It is 
not strictly classical since it postulates definite stationary states of the 
atom, which is taken to be a rigid atomic magnet with a permanent moment 
Its energy in a magnetic field H with which it makes an angle 6 is 
If all values of 6 are allowable, the orientational factor 0{T) 
in the partition function is 


= 2n 


gnja 008 9/*r 2nsm6d6 
kT r^uikT IT . ii^H 


For the average component of the moment along the field we deduce. 


* See Van Vleck, p. Ill and pp. 137-142. t ^ Van Vleck, 

{ See Stoner, pp. llC-114. 


pp. 94r-100. 
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using (1403, 8), 

= ,U.M, 

where L{x)^ called Langevin's function, is defined by 

L{x) = cothar- 1/a;. (1411, 3) 

Even for the highest fields available at ordinary temperatures jn^HjlcT^^ 1 , 
and we may therefore replace ( 1 ) by 

0(T) = 47r{i + i/io^//VPT2}, (1411,4) 

and (2) by /I - /ilHIUT. (1411,5) 

We therefore have - Ji/H = (141 1, 0) 

If we now replace in (6) by its quantal value g^^f(J + 1) A"®, we recover 
Hund’s formula (1409, 2). 

§ 1412. Effective magneton numbers. As Langevin’s scmi-classical 
formula was already familiar at the time when Hund obtained its quantal 
analogue (1409,2), it is still customary to apply to Hund’s formula a 
terminology’ more suitable to Langevin’s. In this terminology the effective 
moment is defined by ^ {McTk^)\ (J412, 1) 

so that according to Langevin’s model is the same as /i^. When Hund s 
formula (1409, 2) is applicable, we have 

= (^ 412 , 2 ) 

The ratio is called the effective magneton number. It should be noticed 

that the effective magneton number is not integral, nor even rational. 

When Hund’s formula (1409,2) is not applicable, the theoretical value 
for obtained by substituting into (1) the theoretical value of 

given by Van Vleck’s formula (1409, 4). In this case the effective magneton 
number is a complicated quantity, and is not equal to the number of Bohr 
magnetons in the magnetic moment of a stationary state. 


§ 1413. Ions of rare earth elements. The whole theoretical treat- 
ment outlined above assumes the absence of appreciable interaction between 
the paramagnetic atoms or ions. Owing to the difficulty of obtaining para- 
magnetic substances in the vapour state, the most suitable substances on 
which to test the theory are solutions or soUd hydrated forms of salts 
containing an atomic ion which is not in a state. Such ions are formed by 
the transition elements of the Fe, Pd and Pt series and by the elements of 
the rare earth group. We shall consider the latter first. 
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Measurements have been made of the susceptibilities of the solid hydrated 
sulphates of almost all the rare earth elements in the trivalent state. In 
this series of trivalent ions, the first La^-^^ has no 4/ electrons, while the 
last Lu'^++ has a complete group of 14. The hydrated sulphates of both these 
ions are found to be diamagnetic in agreement with theory. This observed 
diamagnetic susceptibility is arithmetically added to the susceptibility of 
the hydrated sulphates of the remaining metals to obtain the paramagnetic 


Table 1 

CalcuhUed and observed effective magneton numbers 
for the cUomic ions of the rare earth metals 


Ion 

No. 
of 4/ 
elec- 
trons 

Normal 

state 

s 

L 

J 

9 

Effective magneton numbers 

Calc. 

Hund 

Calc. 

Van 

Vleck 

Obs.* 

La+++ 

0 

% 

0 

0 

0 



0 

0-00 

0 

Ce+++ 

1 


i 

3 

6 

5 

T 

2-54 

2-66 

2-4 

Pr+++ 

2 

*H4 

1 

6 

4 

4 

■y 

3-58 

3-62 

3-6 

Nd++■^ 

3 

«Ij 

i 

6 

V 

Y 

H 

TT 

3-62 

3-68 

3-6 

I1+++ 

4 

‘I 4 

2 

6 

4 

.S 

T 

2-68 

2-83 

— 

Sm+++ 

5 

*Kt 

6 

5 

5 

? 

2 

T 

0-84 

1-66,1-66 

1-6 

EU+++ 

6 

’F, 

3 

3 

0 


0 

3-40, 3-61 

3-6 

Gkl'''++ 

7 

•Si 

7 

Tf 

0 

7 

tf 

2 

7'94 

7-94 

8-0 

Tb+++ 

8 

•F. 

8 

3 

6 

) 

9-72 

9-7 

9-6 

D8+++ 

9 

•Hy 

6 

r 

6 

l s 
I" 

4 

TJ- 

1 10-66 

10-6 

10-7 

Ho+++ 

10 

‘I. 

2 

6 

1 8 

0 

1 

10-61 

10-6 

10-3 

Er+++ 

11 

•Ly 

} 

6 

1 5 

-g- 

i 

J 

9-58 

9-6 

9-6 

Tu+++ 

12 

•H. 

1 

5 

6 


7-66 

7-6 

7-3 

Yb+++ 

13 

•Fi 

i 

3 

7 

H 

T 

4-64 

4-6 

4-6 

Lu+++ 

14 

‘S, 

0 

0 

0 


0 

0-00 

0 


* These values are averages given by Stoner of various experimental values, some on solid 
hydrated sulphates, others on aqueous solutions of eulphates or nitrates. For more detailed 
values, see Van Vleok, p. 243. 


contribution of the trivalent ion. The value can then be compared with the 
theoretical value given by Hund’s formula (1409, 2) or Van Vleck’s formula 
(1409, 4). The relevant data are collected in Table 1. The normal states are 
those derived from general spectroscopic laws for the specified numbers of 
4/ electrons. Although they have not been checked spectroscopically, they 
are not open to doubt. It will be seen f-hat except for Sm'*"*"^ and the 

differences between the values given by Hund’s and Van Vleck’s formulae 
are insignificant, and there is good agreement between these values and 
those found experimentally. For Sm'*‘++ and Eu++'^ the experimental values 





1413] Susceptibilities of Ions of the Rare Earth Elements 623 

are in good agreement with Van Vleck’s formula, but not with Hund’s. 
The alternative values for Sm+^^+ and Eu^+^ obtained from Van Vleck s 
formula are due to two different estimates of the screening constant for 4/ 
electrons, this quantity being required in calculating the multiplet intervals. 

The conditions under which separations between the terms of a multiplet 
can become especially small are large aS, large L and small J. As is 

in an S state, there is no multiplet. The conditions just mentioned are most 
perfectly fulfilled by the immediate neighbours of Gd‘ ^ namely Eu^‘*^ + 
and Tb+++. The multiplet of is normal and the small separations 

0 

I 

15 2 

1 * 


3 



2 2 



Fig. 1. Electronic energy levels of tnvalent ions of elements Prt.'iQ), Sm(62), Eu(S3), Tb(65). 
The vertical bar on the lowest levels gives the energy scale. Its length corresponds ajiproxi- 
mately to 200 wave numbers, or to kT at 300° K. 

occur between the low terms of the multiplet, but the multiplet of Tb+^^^ is 
inverted and the small separations occur between the high terms of the 
multiplet; the separation between the two lowest terms, which are the ones 
that matter, is large and so Hund’s formula is accurate for Tb-^-^ The 
multiplet separations for four characteristic ions are shown schematically 
in Fig. 1. It is evident from the figure that deviations from Hund’s formula 
will be greatest for Eu^-'"'-, and may be appreciable for Sm+-*“+, as in fact 
they are. 
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The comparison between theory and experiment for the ions of the rare 
earths is summarised in Fig. 2. From the excellent agreement we conclude 
that the magnetic properties of these ions in the hydrated solid salts and in 
solution are the same as those of the free gaseous ions. The reason is certainly 
because the incomplete group of 4/ electrons, to which the paramagnetism 
is due, is so deeply buried in the atomic core. 



Fig. 2. Th«orotic4il and exponmental values of effective magneton 
nuiribors of rare earth ions at ordinary temperatures. 

§ 1414. Ions of transition elements. When similar comparisons are 
made for salts of transition elements between the observed effective magne- 
ton numbers and those calculated from Hund’s formula, there is no agreement 
except for Mn^ * and Fe'*”^+. Nor is the agreement improved by taking 
account of the higher terms of the multiplet. The fact that the only two 
ions, Mn++ and Fe*^ for which there is agreement, are in S states suggests 
that the orientatable element in these ions is the electron spin, and that the 
orbital angular momentum is “quenched’' by the interaction with the 
field of the surrounding atoms which has not spherical symmetry. This 
suggestion is due to Stoner. The incomplete group of 3d electrons is here the 
outermost group in the atom, and is not well screened from the neighbouring 
ions as is the 4/ group in the rare earths by the completed 5^ and 6p groups. 
It can be shown theoretically"' that the orbital magnetic moment will 
actually be quenched in this way, leaving the spin moment unaffected, 
provided that the asymmetrical fields acting on the ion are sufficiently 
strong. 

Assuming then that this quenching of the orbital angular momentum 


* See Van Vleok, p. 287. 
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does occur, we derive the theoretical values by setting L = 0,J = 8,g = 2 
in Hund’s formula (1409, 2). We thus obtam Stoner’s formula 

Kj, = 4S[S-\-\)(Pj31(T. (1414.1) 

This leads to an effective magneton number 

(1414,2) 


The data for comparison between theory and experiment are given in 
Table 2. The observed values quoted were obtained by experiments on 

Table 2 

Calculated and observed effective magneton numbers of ions 
of the transition elements of the iron group 


J 


0 

1 

2 

i 

0 


4 

« 

2 

4 

5 

0 

* The eiperimentel values are taken from Van Vleck, p. 286. They are for aqueous solutions. 
Values for the solid salts do not differ greatly from those for solutions. 

aqueous solutions at ordinary temperatures. Almost identical values are 
obtained from hydrated solid salts. It will be seen that the agreement 
between the experimental values of the effective magneton numbers and 
the values calculated by (2) is satisfactory in most cases. There are, however, 
r-eal discrepancies, notably for Co'*'"*', the significance of which is discussed 
in the next section. 
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§ 1415. Effect of crystalline field. Strictly the electric field due to 
the surrounding ions and molecules in the crystal always has some per- 
turbing effect on the states of the paramagnetic ions, but this perturbation 
may be important in some cases and negligible in others. This perturbation 
is conveniently referred to as the crystalline Stark effect. There are actually 
two such effects : the one is a direct effect on the orbital momentum of the 
magnetic ion; the other is an indirect effect on the spin momentum through 
the coupling between the spin and the orbital angular momentum. This 
indirect effect on the spins is much weaker than the direct effect on the 
orbitals, and is negligible except at temperatures of the order 1° K. or below. 
We shall discuss it briefly in § 1434, but here we ignore it and confine 
ourselves to a (pialitative description of the direct effect on the orbitals. 

The effect of the crystalline field is to split each degenerate energy level 
into several levels, thus reducing and sometimes removing the degeneracy. 
Since ions in S states have no degeneracy, apart from that of spin which we 
are here neglecting, it follows that there is no crystalline Stark effect for 
these ions. The theory of § 1413 should therefore be particularly accurate 
for Gd'*"*"'*', as is in fact the case, Curie’s law remaining accurate down to the 
temperature of liquid heUum. For ions not in S states the nature of the 
crystalHne Stark effect varies according to the intensity of the crystalline 
field. 

In the ions of the rare earths, since the /-electrons involved are deep in 
the core of the ion, the effect is a comparatively weak one, the energy of 
interaction with the crystalline field being small compared with the multiplet 
separations in the free ion. Each J level is split into two or more levels, the 
nature and extent of the splitting depending on the value of J and the 
symmetry of the crystalline field around the ion, which is not necessarily 
the same as the symmetry of the whole crystal. Generally speaking the 
splitting is of the same order of magnitude as fcT at ordinary temperatures 
and should not be neglected. The effect of this splitting on the susceptibilities 
varies individually from one ion to another and for details we refer the reader 
to an excellent summarizing report by Van Vleck.* Here we have space 
only for two rather general remarks. There is usually a wide range of tem- 
peratures through which the ionic paramagnetic susceptibility may be 
expressed empirically in the form 


J( J-fl)(7T 

3A:(r-0^r 


(1415,1) 


where is an empirical constant (positive or negative) having the dimen- 
sions of temperature. We observe that formula (1) differs from Hund’s 


Van Vleck, Conference on Magneiiam (Strasbourg, 1939). 
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formula (1409, 2) in the substitution of T- 0^ for T. A substitution of this 

form was first used by Weiss in the theory of ferromagnetism (see§ 1446) and 

for this reason the relation , , _ 

^pOcl/(T-0^) (1416,2) 

is called Weiss' law. For 0,|r = 0 Weiss’ law (2) reduces to Curie’s law 
(1409,3). We would emphasize that formula (1) loses it validity at tem- 
peratures below about 100°K. Our second remark of a general nature 
refers to a theorem due to Kramers.’*' According to this theorem, when the 
crystalline field splits the (orbital) states of an ion (or atom) having an odd 
number of electrons, the energy levels still remain at least doubly degenerat/C ; 
for an ion (or atom) having an even number of electrons a sufficiently un- 
symmetrical field will completely remove the degeneracy (apart from that 




Fig. 3. Dependence on temperature of the volume susceptibility Ky (per cm.”) of the hydrated 
sulphates of praseodymium and neodymium. 

Theoretical curves according Permey and Schapp, Phya. Rev. 41, 194 (1932). Experi- 
mental data of Qoiter and De Haas, Comm. Phya. Lab. Leiden^ no. 2186 (1931). 


of spin). As a consequence of this there is a striking difference at low tem- 
peratures between the behaviour of ions with an odd and ions with an even 
number of electrons. This difference is clearly illustrated in Fig. 3, which 
shows the calculated and observed susceptibilities of the hydrated sulphates 
of praseodymium and of neodymium. As T the susceptibility of praseo- 
dymium tends to a finite limit, whereas that of neodymium tends to infinity. 
Actually other phenomena intervene before the limit T = 0 is reached (see 
§ 1433). The straight portions of both curves correspond to a formula of the 
form (1) with a negative value of For a detailed discussion of all the 
rare earth ions the reader should refer to Van Vleck’s report. 

In the ions of the transition elements the crystalline field acts on the 
d-eleotrons which lie much less deep than the /-electrons of the rare earth 
ions, and consequently the interaction energy with the crystalline field is 
* Kramera, Proc. Sec. Sci. Amaterdam, 88, 959 (1930). 


40-2 
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comparatively great, being equal to kT with T of the order 10® deg., and so 
greater than the separation between the terms of the multiplet of the free 
ion. This field destroys the (Russell-Saunders) coupling between the orbital 
angular momentum determined by L and the spin angular momentum 
determined by 8. When we neglect the indirect effect on the spin, which is 
negligible except at hquid helium temperatures, the effect is to split the 
energy level into 2L+ 1 levels. Thus an S term (L = 0) is unaffected; a D 
term (L = 2) is split into five levels ; an F term (L = 3) is split into seven levels. 
The extent and details of the splitting depend very much on the symmetry 
of the crystalline field. If the field had cubic symmetry, a D term would be 
split only into a doubly degenerate level and triply degenerate level; under 
the same conditions an F term would be slit into one non-degenerate and 
two triply degenerate levels. A higher degree of asymmetry is required to 
remove the degeneracy completely. A non-degenerate energy level behaves 
as an S term. If the separation between the lowest non -degenerate level and 
the next lowest is great compared with kT^ the orbital contribution to the 
magnetic moment is effectively quenched. 

It has been proved by Jahn and Teller* that every stable state of a non- 
linear polyatomic molecule is orbitally non-degenerate, and every molecule 
will automatically adjust its shape so as to destroy any degeneracy due to 
symmetry. In the alums, the compounds on which most magnetic measure- 
ments have been made, we may regard the paramagnetic ion and its six 
surrounding water molecules as a complex molecule. According to the 
crystal structure of the alums as determined by X-rays, the crystal as a 
whole has cubic symmetry, but the symmetry about a single paramagnetic 
ion is trigonal. Even trigonal symmetry is too high to remove completely 
the orbital degeneracy of the ions, bu,t in such a case the water molecules 
become displaced so that the symmetry is further reduced and the degen- 
eracy completely removed; owing to resonance between the unsymmetrical 
configurations, the X-ray analysis shows an (average) cubic symmetry. 
This rather complicated reasoning leads to the conclusion that the crystalline 
field around a paramagnetic ion in an alum has nearly cubic symmetry and 
stai more nearly trigonal symmetry, but strictly still lower symmetry. When 
a field of cubic 83 rmmetry would suffice to give a lowest state which is orbit- 
ally non-degenerate, and separated from the next higher state by an interval 
large compared with kT, the theory of § 1 414 should apply with a high degree 
of accuracy. This is the case both according to theory and experiment for 
Ni+"*’ and Cr+++. The theory is also accurate for ions in S states such as 
Mn++ and Fe'^^++. On the other hand, when a cubic field is insufficient to 
remove the degeneracy, since the actual asymmetry of the field is certainly 

* Jahn and Teller, jProc. Roy. Soc. A, 161, 220 (1937). 



1416] Effect of Crystalline Field 629 

small, the separation between the lowest level and the next lowest may be 
comparable with kT. In such a case the behaviour of the susceptibility w'ill 
be much more complicated, Curie’s law will not be obeyed and Stoner’s 
formula will be inaccurate. This is the case, both according to experiment 
and theory, in a most marked degree for Co"*"^. We have merely given this 
brief qualitative summary to explain why the very simple theory of § 1414 
is sufficiently accurate for some ions, but entirely inadequate for others. 
For all details of the theory and of the experimental data the reader is 
referred to Van Vleck’s report. 


§ 1416. Magnetic saturation at low temperatures. Hitherto we 
have assumed throughout that fiHjkT<^\. This condition is satisfied for all 
paramagnetic substances at ordinary temperatures even at the highest 
available field strengths. We can, however, realize departures from the 
condition fiHjkT >4^ 1 by the simultaneous use of strong fields and low tem- 
peratures. One then obtains saturation effects, when the excess of the fraction 
of magnetic ions (or atoms) parallel to the field over the fraction anti])arallel 
to the field becomes comparable with unity. Owing to the necessity of using 
low temperatures, such saturation effects will usually be complicated by the 
crystalline Stark effect. We shall accordingly confine our discussion to ions 
in an S state, for which this effect is absent. 

We shall use formula (1403, 3) to obtain the required partition function. 
But the only relevant terms in the partition function f(T) for an unexcited 
monatomic ion compose an electronic factor e{T) »vhich takes account of 
all the possible orientations of the ion relative to the field. For an ion in a 
state the magnetic quantum number M can take the values — S, 
— 8 1, ..., — 1, 8. For given M the magnetic moment is 2Mp and the 

energy in the field is — 2MpH . Consequently we have 

€(T)= ^ (1416,1) 

M^-S 


The series in ( 1 ) is a geometrical progression ; on summing the series we obtain 
^(2s+i)fiHikT _ ^~{2sn)fiHikT ginh {(28 + 1 ) BH jkT) , , ^ ^ 
e{T) = - - ' ~Hinh{fiH/kT} • ^ ) 

Hence, using (1403, 8), we derive from (2) 

i\ aij\ I au\ 

(1416, 3) 


(1416, 4) 


U2S+\)fiH\ 

— coth 


1 ■ ~kT J 


\kt. 


dH 

For small values of fiHfkT formula (3) reduces to 

8+1 

3kT 
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in agreement with (1409, 2). In the opposite extreme of large fiH jkT formula 
(3) becomes 

]ilfi=2S (fiH/kTpi). (1416,6) 

We thus see that as H increases /Z approaches a saturation value given by 

/^o = 2iS/?. (1416,6) 

Substituting (6) into (3), we obtain 
JL 2iS+ 1 




coth 


25-|-l/«oi?) 1 X. f 1 


These formulae are due to Brillouin, and the right side of (7) regarded as a 
function of fi^HIkT is called BriUouin's function. There are various Brillouin 
functions for various values of S, If we make S-^ao, then Brillouin's function 
becomes Langevin’s function Lifi^HIkT) defined by (1411, 3). 



Fig. 4. Magnetic saturation at high fields and low temperatures. The theoretical curves are the 
Brillouin functions for iS and the Langevin function for S = an. The points denote 

the experimental data of Woltjer and Kamerlingh Onnes for the hydrated sulphate of 
gadolinium. 


For an atom or ion in a *S state we have 8 
reduces to 


£ 

Ao 


= 2 coth 


\ kT 



\ and Brillouin’s formula (7) 
= tanhj^j. (1416,8) 


In Fig. 4 we show Brillouin’s functions for 5 = J and for 5 = to- 
gether with Langevin’s function (S—oo). The gadolinium ion is in an 
state and the appropriate theoretical curve is therefore the one for 5 » f . 
The experimental data of Woltjer and Onnes* on hydrated gadolinium 
sulphate are shown in the diagram to be in complete agreement with the 
theory. 


Woltjer and Onnes, Comm, Pkys, Lab. Leiden, no. 167e (1023). 
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§ 1417. Other paramagnetic molecules. We have seen that the 
orbital angular momentum is quenched by the lack of spherical symmetry 
m the crystalline field of salts of the transition elements. It is also quenched 
in a somewhat similar manner in all polyatomic molecules except linear 
molecules, which can have angular momentum with a permanent com- 
ponent about the line of nuclei. Actually the only definitely known example 
is NO, which has both orbital and spin angular momenta. Both contribute 
to the paramagnetism and the theory is not simple. The normal electronic 
state is but the upper term ^Hi of the multiplet is separated by an energy 

difference which is equal to kT at T = 179° K., and so is comparable with 
kT 8>t ordinary temperatures. It is therefore necessary to take account of 



Fig. 5. The theoretical and experimental values of the effective magneton number of NO. 
Theoretical curve corresponds to Van Vleck's formula (1417.1). 


the equilibrium distribution between the two states of the doublet, and also 
to include terms of the quadratic Zeeman effect which are not negligible. 
The formula obtained by Van Vleck* for the effective magneton number is 


y? “ ^1 (i + e-«/n0/r ) ’ 


(1417,1) 


where 0 ( = 179) is the energy separation of the doublet expressed in degrees. 
The excellent agreement between theory and experiment is shown in Fig, 5. 

For molecules with paramagnetism due entirely to spin the theory is 
simple, being in fact the same as that already applied in § 1414 to the ions 
of the transition elements. We then have 


* Van Vleck, p. 270. 


(1417,2) 
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The best established application of (2) is to O 2 , which being in a ’S state has 
iS = 1. The susceptibility of oxygen at ordinary temperatures has been 
measured by numerous experimenters.* The observed effective magneton 
number is 2*84 in excellent agreement with the theoretical value 2 ^2. The 
inverse proportionality between susceptibility and temperature, first found 
by P. Curie, has been confirmed with high accuracy by Kamerlingh Onnes 
and Oosterhuis,t whose data are shown in Fig. 6. 



Fig. 0. Verification of Curie’s law for gaseous oxygen by Kamerlingh Onnes 
and Oosterhuis. denotes mass susceptibility (per gram). 


The NOg molecule is definitely paramagnetic, but the determination of 
its molecular susceptibility is compUcated by the simultaneous presence of 
NjO^ molecules. When a correction is applied for this, the value is in agree- 
ment} with that due to the spin of one odd electron. For CIO 2 dissolved in 
carbon tetrachloride the observed susceptibility is in fair agreement § with 
that due to the spin of one odd electron. 

Finally we should mention that several odd organic molecules of the 

types — 0 and RJu — O — K, where ii, R denote organic radicals, 

R/ 

have been studied by Sugden§ and found to have a susceptibility corre- 
sponding to a spin of one odd electron. 

* For details, see Stoner, p. 342. 

t Kamerlingh Onnes and Oosterhuis, Comm. Phya. Lab. Leiden, no. 134d, 31 (1913). 

X See Havens, Phys. Rev. 41, 337 (1932). § For detailed references see Stoner, p. 477. 
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We have still to discuss the magnetic properties of metals, but, as this 
requires the use of lermi-Dirac statistics, it is convenient to postpone doing 
so until after we have discussed electric susceptibilities, which we deal with 
next. 

§ 1418. Classical treatment of electric susceptibility for indepen- 
dent systems. All molecules with a permanent electric moment, in 
contrast to ions with a permanent magnetic moment, are diatomic or 
polyatomic. Since even an approximate solution of Schrodinger’s equation 
for the electronic structure of a molecule containing more than one atom is 
still out of question, we cannot calculate the Stark effect quantally for the 
actual molecule. We are therefore compelled to represent the molecule by 
a crude model to which we can apply either a classical or a quantal treat- 
ment. In the present section we shall give a classical treatment of two 
simple models. We assume that we may neglect interactions between the 
molecules, and shall later find that this assumption restricts the strict 
application of the formulae to perfect gases. 

The classical treatment of electric susceptibility, which is closely analogous 
to Langevin’s treatment of magnetic susceptibility, is due to Debye.* 
If we take as the model of the molecule a rigid dipole the classical treat- 
ment is the exact analogue of Langevin’s described in § 1411. The partition 
function for this dipole in an external electric field E will contain an orienta- 
tional factor 0{T) given by 

0(7’) = f%/‘o*’™»/*='’27T8in(9rf(9 = 47r-^,8inh^5^, (1418, 1) 

which is the electrical analogue of (1411, 1). The average component ]i of 
the moment along the field is given by the electrical analogue of (1411, 2) 

where Langevin’s function defined by (1411,3). For the highest 

fields ordinarily used and for ordinary temperatures we can neglect powers 
of E higher than the first, and replace (2) by 

J(=/ilEI3kT, (1418,3) 

the electrical analogue of (141 1, 5). 

The model just discussed represents a molecule which can be orientated 
but is not polarized by the field. A more useful model for a molecule, which 
is polarizable as well as polar, is a dipole with an induced component yE 
parallel to the field in addition to a permanent orientatable component of 

* Debye, Phyi. Zeit. 18. 97 (1912). 
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magnitude The two components are assumed to combine vectorially, 
the resultant component in the direction of the field being /^ocos^+y^, 
where 6 is the angle between and E, The corresponding mutual energy 
of the molecule and field is given by 

e = — cosd — iy^*, (1418,4) 

since the moment in the direction of the field is by definition equal to 
— de/dE. We now obtain for the orientational factor 0{T) in the partition 
function 

0(7) = j 60 ^co 8 <?+*yWA:r 2n sin Odd 

= 47re‘>®’§ **’-^8inh^, (1418,6) 

/IqE kT 

The average component Ji of the moment along the field becomes 

_ ^ (1418.6) 

or for ordinary fields at ordinary temperatures 

For the electric susceptibility per molecule we have therefore 

which is Debye’s formula for gases. His formula for liquids will be considered 
in §§ 1426-1427. 

From (7) or (8) we see that the contribution to the susceptibility of the 
induced electric moment is independent of temperature and additive to the 
contribution of the permanent orientatable moment. 

§ 1419. Quantal justification. The classical treatment of Debye 
requires a quantal justification. This was given by Van Vleck* by use of 
the principle of spectroscopic stability. We can hardly digress here suffi- 
ciently to give an adequate account of Van Vleck’s proof, and must be 
content with a brief statement of his result. The proof applies equally to 
the electric and magnetic cases, but we shall state the result for the electric 
case. 

In order that Debye’s formula should hold for sufficiently large 7, it is 
only necessary to assume that the molecule has a permanent electric dipole 
moment which is the same for a whole group of (*‘ normal”) states, with 
energy steps among themselves small compared with kT, and at the same 

* Van Vleok, pp. 180-197 or Phys, Rev, 89, 727 (1927). 
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time that this group of states is separated from all other (*' excited”) states 
by energy steps large compared with kT. These conditions are strictly 
complied with by most molecules at ordinary temperatures, the group of 
normal states being the various rotational states of the same normal elec- 
tronic level. An exceptional type of molecule with a permanent moment 
which will not satisfy this condition is one with an internal rotation of a 
polar group such as — OCHj. 


§ 1420. Simplest quantal model. The reader who does not wish to 
study Van Vleck’s treatment in full may still care to follow the details of 
the quantal treatment in the simplest case, that of a rigid rotator without 
axial spin having a permanent moment /i^ along its axis. In the absence of 
an external field the electric moment is irrelevant and the quantal states 
are those described in § 212. There are two quantum numbers jf and m with 


the values 


j = 0 , 1 , 2 ,..., 


(1420.1) 

(1420.2) 


and the energy values in the absence of a perturbing field are 

l)AV8;rM, (1420,3) 

where A is the transverse moment of inertia. Thus each^’ level is degenerate 
with a weight 2j + 1. In an external field E the degeneracy is removed and 
the splitting of the levels is the Stark effect. We can as usual express the 
levels in the presence of the field in the form 

=i(j+ (1420,4) 

where the term the linear Stark effect and the term \bj„^ E^ is the 

quadratic Stark effect; terms of higher order in E are negligible. The coeffi- 
cients and can be evaluated by the usual perturbation theory, the 
perturbation term in the Hamiltonian being — jIqE cobO, 

It is found that (1420, 6) 

BO that there is no linear Stark effect for this model. This is in agreement with 
spectroscopic observation on the infra-red bands of HCl which show no 
linear Stark effect. 

The coeflScients of the quadratic Stark effect are found to be 


^ 3m»-j(j-hl) 

j + 1 ) (2j - 1 ) (2i + 3) 




(1420, 6) 


%7r^Afil 

®o,o " " 


(1420,7) 
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We can obtain the molecular susceptibility by substituting from (3), (5), (6) 
and (7) into (1403, 13). We require the sums 2 By using the identity 

m--i 

3 S m*=j(j+l)(2j+l), (1420,8) 

m** —j 

we deduce from (6) that 

S = 0 (jVO). (1420,9) 

m^—j 


We thus have the striking result that not only is there no contribution from 
the aj ^ terms, but the whole contribution of the 6^ terms comes from the 
single term 6o,o* Formula (1403, 13) therefore reduces to 




(1420, 10) 


where r{T) is the rotational partition function for zero field. At ordinary 
temperatures we can give r(T) its classical value 


r(T) = 


Hn^AkT 


(1420,11) 


Substituting from (11) into (10), we obtain finally 

JLjE fiUZkT, (1420,12) 

thus confirming Debye's formula for this simple model. 

According to Van Vleck’s theorem any other suitable model, for example 
a symmetrical or an unsymraetrical top, will lead to Debye’s formula for 
sufficiently high temperatures. 


§1421. Correlation of classical and quantal treatments. The 

quantal treatment of the rigid rotator leads to the remarkable result that 
only molecules in the state j = 0, that is molecules with no rotation, con- 
tribute to the susceptibility. There was no indication of any analogous 
feature in the classical treatment given in §1418, because we there com- 
pletely ignored the rotational kinetic energy. This is allowable in a classical 
treatment. If, however, we include the kinetic energy in the classical 
treatment and group the molecules according to their total energy^ kinetic 
and potential, it can be shown* that the resultant contribution of all the 
molecules with kinetic energy exceeding fi^E is zero, so that the whole 
contribution comes from those few molecules with kinetic energy less than 
fi^Ey which are those librating and not rotating in the field. 


* Alexandrow, Phynkal. Zeit. 22, 268 (1921). Pauli, Zeit. Phy$. 6, 319 (1921). 
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The total energy e is given by 

^ = + (1421,1) 

where p^ are the momenta conjugate to the angle 0 between the moment 
and the field and the azimuthal angle <f) respectively. The average value of 
the component of the moment along the field is given by 

rn 

I dO I dpQ 

77 _ ^0 Jj) Jo 

“ 27r "7oo 

# dpe\ 

0 Jo Jo 

We denote the total kinetic energy by K, define an angle ^ by 



i: 


dp^HQ cos 


( 1421 , 2 ) 


and transform from the variables p^ to the variables A", ft. Then dp^dp^ 
transforms to 


dpeldK dpeldfi 
dp^jdK dp^jdp 


dKdfl = A Bind dK dp. 


(1421,4) 


and (2) becomes 


{ doi d(}>{ dK f dp Pq cos 0 A sin 

— _ J 0 _ J 0 J 0^ j 

“ r-n r2n f oo 

\ dO] # dK\ 

Jo Jo Jo Jo 


M 


dK Pq cos 6 sin 6 

W" 


dK sin 0 


(1421,6) 


We now transform from the variables 0, K to the variables 6, e. Since the 
kinetic energy cannot be negative, the lower range of integration for e is 
-/to J? and the range of integration for 6 will depend on c. As long aae^p^E 
all values of 6 from 0 to w are allowable. But for the range 

of values of d is restricted by the condition e+/to.Bcosd >0. We have 
thiOref or6 

I raroco8( do[ dej p^ cos 0 sin 0 

_ \ J 0 J — iit E J _J 

j| do\ de+ \ ddl d.®}8in^e^^*^ 

1 J 0 J Jo J fi^K / 


(1421,6) 
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Since f oosd &inddd — 0, the second term in the numerator vanishes and 
Jo 

the whole contribution comes from the range of € between —/IqE and /Iq E. 
The numerator thus reduces to 


rare co8( - r ftJE 

jid\ de/i^ 
Jo J 


0 cos 0 sin 06“*/§ **' 

’ ^ = (1421,7) 




-Iij£ 


when we neglect ji^EjkT compared with unity . To the same degree of accuracy 
the denominator reduces to 


M' 

JO Jo 


deBUide-^^^^ = kT. 


(1421,8) 


Inserting these values for the numerator and denominator of (6) we recover 
formula (1420,2). 

§ 1422. Comparison of electric and magnetic susceptibilities. 

In both electric and magnetic susceptibilities the temperature dependent 
term, which if present is usually the dominating one, is proportional to the 
square of the permanent moment. We have seen that permanent magnetic 
moments are of the order of magnitude of a Bohr magneton /? = |e| hj^nm^c. 
The order of magnitude of a permanent electric moment can be taken as the 
product of the magnitude of the charge of an electron |e| and the radius of 
the Bohr orbit of a normal hydrogen atom A*/47r*|e|*mg. We thus obtain for 
the order of magnitude of the ratio of molecular susceptibilities of the two 

Thus electric molecular susceptibilities are about 10^ times greater than 
magnetic molecular susceptibilities. For this reason the interaction between 
electric moments of different molecules cannot be neglected except in the 
dilute gaseous state, to which alone the formulae of the foregoing sections 
apply. 

§ 1423. Experimental data for gases. It is implied in § 1424 that the 
dielectric constant 3 of a gas of N molecules in a volume V is related to 
the electric molecular susceptibility by 


l + inyKg 


(1423, 1) 


Thif formula ie taken from a lecture by Darwin. 
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Substituting from formula (1418, 8) into (1), we obtain Debye’s formula 

{<y-l)F = 47r^-^|, + yj, (1423,2) 

where F = V/N is the average volume j^er polar molecule. If then we plot 
(#— 1) P against l/T, we should obtain straight lines. That this is borne out 
by experiment is shown by Fig. 7. In each case the slope of the straight Une 
is according to (2) equal to (47r/3A:)/i§. Table 3 shows the values of the electric 
moments thus determined for a variety of gases. The moments are usually 
given in Debye units of cm. x e.s.u. of charge x 10 The large moments 
found for H 2 O and SO 2 confirm the triangular model, while the zero value 
for CO 2 confirms the symmetrical linear structure. 



%2 2*5 3-0 3*3 


10 »/ 2 ’ 

Fig. 7. Dependence on tom|x»rature of dielectric conutante of gase? 
and vapours. Experimental data of Sanger. 


Table 3 

Electric dipole moments of gaseous molecules calculated from Debye's equation 


The unit is the Debye unit= 10“** e.s.u. cm. 


Gas 


Gas 


Gas 

Ao 

HCl 

103 

H.O 

1-84 

CH. 

000 

HBr 

0-79 

H,S 

MO 

CH.Cl 

1*80 

HI 

0-38 

C.H. 

000 

CH,C1, 

1-50 

NH, 

1*48 

C.H. 

000 

CHCl, 

0-95 

FH, 

0-66 

C,H. 

000 

CCI 4 

000 

AsH, 

015 

N, 

000 

NO 

>0 

SO. 

1*61 

CO, 

000 

CO 

012 


A of the best work to 1931 is given by Vsn Vleok, from whom most of the obove 

values have been selected. An eUborate ooUection to 1934 is given by Sidgwick, Trarut. Far. Soc. 
30, Appendix, p. i (1934). 
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§ 1424. The electric field inside matter. We have already men- 
tioned that the foregoing treatment of electric moments applies only to 
gases. Before attempting to extend it to liquids, we must consider the rather 
complicated question of what we mean by the electric field inside matter. 

For simplicity let us consider a parallel plate condenser filled with a 
homogeneous isotropic medium. Let the charge on unit area of the plates 
be +<r and the distance between the plates be L The electric potential 
difference between the plates is defined as the work per unit charge in trans- 
ferring a small charge quasistatically from one plate to the other. This 
electric potential difference divided by I is Maxwell’s electric field E, 
Maxwell’s electric displacement D is defined as 4aT(T. From these definitions 
we see that E has the dimensions of force/charge and D has the dimensions 
charge/area. The product ED thus has the dimensions of pressure or 
energy/volume. Supj)ose now the space between the plates to be empty. 
Then the laws of electrostatics tell us that the ratio DjE is independent of 
I and of a and is thus a universal constant, say a. The value of this universal 
constant clearly depends on the units.* If we use c.g.s. units for mass, 
length and time, we define the e.s.u. of charge by setting a = 1. On the 
other hand, the e.m.u. of charge is defined by setting a = c“^, where c is the 
velocity of light in c.g.s. units, that is in cm./sec. Thus in changing from 
e.s.u. to e.m.u. the magnitude of D becomes multiplied by c“^ and that of E 
by c, the magnitude of ED in ergs/cm.® thus remaining unaltered. This 
preamble is inserted to dispel the notion sometimes current that E and D 
have the same dimensions. 

Let us return to the condenser filled with matter. We now define three 
kinds of electric field inside the matter. Firstly we imagine the matter 
removed from a small pipe-shaped cavity parallel to the field. We call the 
field in this cavity the pipe force and denote it by Ep. Secondly we imagine 
the matter removed from a narrow crack-shaped cavity across the field. 
We call the field in this cavity the crack force and denote it by E^, Thirdly 
we imagine the matter removed from a small spherical cavity. We call the 
field in this cavity the sphere force and denote it by E^, Then by elementary 
electrostatics it can be shown that 

Ep^E, (1424,1) 

E.^Dja, (1424,2) 

E,^lE^\Dla. (1424,3) 

The measured dielectric constant S is defined as the ratio of DjE in the 
filled condenser to its value in the empty condenser. It follows that 

S^DIaE. (1424,4) 

* Of. Sommerfeld, Zeit, Techn, Phyaik, 16, 420 (19S5). 
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Using (4), we obtain in place of ( 1 ), ( 2 ) and ( 3 ) 

= (1424,5) 

E^ = SE\ (1424,6) 

W^ + S)E, (1424,7) 

Up to this point the exposition has been macroscopic and no reference 
has been or need be made to molecular structure. It can, however, be shown* 
that, if we regard the matter as consisting of point charges in vacuo, then the 
space-averaged field is E or E^. The average electric moment per unit 
volume in the direction of the field inJi/V, where JL is the average component 
of the molecular moment in the direction of the field and V is the molecular 
volume. This is related to the macroscopic field cjuantities by 

= D-aE = a(E^~Ej^) - a(S-i)E. (1424,8) 

As long as we use electrostatic units we can replace a throughout by unity 
and we shall do so just as we have done hitherto in previous paragraphs. 
If, however, any other units were used, we could not omit a and it is for this 
reason that we have insisted on difi'ercnt symbols for E^ and D, although in 
e.s.u. their values are equal. With this caution we replace ( 8 ) by 

47r/I/V = E^-E^, = {S~l)E. (1424,9) 


§ 1425. Refractive index of gases and liquids. According to the 
electromagnetic theory of light the refractive index ?i and the dielectric 
constant S are related by = S (1425 1 ) 

For ( 1 ) to be accurate ri and S must refer to electromagnetic waves of the 
same frequency. It is, however, customary to speak of the refractive index 
when referring to optical frequencies, and to speak of the dielectric constant 
when referring to much lower, including radio, frequencies. The dielectric 
constant S for low frequencies is not necessarily equal to the square of the 
optical refractive index ?i. The reason is that at optical frequencies the 
molecules have not time to readjust their orientations as the field alternates. 
Thus only the induced moment makes a contribution to n^. Corresponding 
to formula (1423, 2 ) for the dielectric constant of a gas, wo have thus for its 
refractive index ^ ^ 4 ^ ( 1425 _ 2 ) 

For a gas with non-polar molecules the equality ( 1 ) should hold even when 
n refers to an optical frequency and to a low frequency. For a gas with 
polar molecules the dielectric constant should always exceed the square 
of the refractive index owing to the j^ositive orientational term. These 
theoretical predictions are completely borne out by experiment. 

♦ Lorentz. The Theory of Electrons (Teubner, 1900); Dtirwin, Proc. Roy, Soc. A, 146, 17 (1934). 
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We turn now to consider liquids. The electron theory of the refractive 
index is due to Lorentz. The fundamental assumption of Lorentz’ theory* 
is that the field acting on an individual molecule is the sphere force 
We postpone for the moment any attempt to justify this assumption and 
we proceed to examine its consequences. We have now to modify formula 
(1418, 7) for Ji, the average component of the electric moment in the direc- 
tion of the field, in two respects. We have to omit the orientational term 
containing because we are considering optical frequencies, and, accepting 
Lorentz’ assumption, we have to replace E by Eg, We have then 


/* = yE,. 

We also have according to (1424, 7) 

Eg = ^(2 + n^)£, 

and according to (1424, 9) 

AiTTfijV = (n^—\)E, 


(1425.3) 

(1426. 4) 
(1426, 6) 


If we eliminate and Eg from (3), (4) and (6), we obtain 


3 n*-l ^ 
^ 4;rn* -h 2 


(1425, 6) 


From observed values of the refractive index n and molecular volume V we 
can compute the right-hand side of (6); this should be equal to the molecular 
polarizability y, a molecular constant independent of temperature and 
pressure. It is customary to multiply both sides of (6) by Avogadro’s 
number N for obvious reasons, and also by 47r/3 for no clear reason. One thus 
obtains the Lorenz-Lorentz formulaf 


The right-hand side of (7) is called the molar optical polarizatioriy an esta- 
blished but unfortunate name, since the optical polarizability per mole is 
Ny, or 3/47r times the optical molar polarization. 

A first test of Lorentz’ assumption is whether the right side of (7) is 
independent of temperature and pressure. In the gaseous state, or over 
the small range of variation of in the liquid state, the right side of (7) is in 
fact found to remain almost constant, but not much more accurately than 
(w*— 1)NF or various other empirical expressions. The crucial test of 
Lorentz’ assumption is whether the molar optical polarization has the same 
value in the liquid a^s in the gas. This equality has been confirmed to within 
1 part in 4000 for Nj, and to within 3 parts in 1000 for Og. Even for such an 
abnormal liquid as water the value of the molar optical polarization is only 


* See Lorentz, The Theory of Electrons , p. 138 (Teiibner, 1909). 
t Of. Lorentz, The Theory of Electrons, p. 145 (Teubner, 1909). 
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10% difiFerent from the value in the vapour, although the molar volume 
NF changes by a factor of 10®. 

We have now to consider the justification of Lorentz/ assumption that 
the field acting on each molecule is the sphere force defined as the value 
of £ in a small spherical cavity. The choice of a spherical cavity rather than 
some other shape is dictated by the need of simplicity. If the molecule were 
spherical, it would moreover be the obvious choice. Even if the molecule is 
not spherical, it is presumably rotating, and a sphere is perhaps not a bad 
approximation to the volume around it which is excluded for other mole- 
cules. Moreover, if one tried to use a cavity of sha|)e resembling that of the 
molecule, this cavity could be orientated in all directions and the average 
force for all orientations of the cavity would probably be nearly the same 
as the force in a spherical cavity. A much more serious objection to Loren tz’ 
assumption is that the average force in a cavity placed at random is not 
obviously equal to the average force in an imaginary cavity placed at the 
spot occupied by a molecule. Quite recently Van Vleck* has shown that in 
quantum theory, Loren tz* assumption would be accurate if the polarizable 
particles were harmonic oscillators arranged on a regular lattice with cubic 
symmetry. It is satisfactory that Lorentz* assumption has now been shown 
to be rigorous for just the very model that Lorentz was using. We may 
therefore expect the Lorenz-Lorcntz formula for the molecular polariza- 
bility y to be the more nearly accurate, the more nearly this polarizability 
resembles that of a harmonic oscillator. 


§ 1426. Dielectric constants of liquids. We turn next to the low 
frequency dielectric constants of liquids. There is now an important dilfer- 
ence between liquids with polar and those with non polar molecules. For 
liquids with non-polar molecules the low frequency dielectric constant is 
equal to the square of the optical refractive index n. Corresponding to 
formula (1425, 6) we have 


3 S-l 


( 1426 , 1 ) 


It is again customary to multiply both sides not by N but by jTtN. We thus 
obtain the Clausius-Mosotti relation 


InNy = 


S-J. 

S-h2 


NK. 


( 1426 , 2 ) 


The right side, a purely experimental quantity, is called the molar total 
polarization. For non-polar liquids it is found to have a value independent 
of temperature, equal to its value for the gas and to the molar optical 
polarization. 

• Van Vleck, J. Chtm. Phya. 6, 566 (1937); cf. Darwin, Proc. Roy. Soc. A. 146, 17 (1934). 

41*2 



644 


Electric and Magnetic Properties [1426 


For liquids with polar molecules, if we tentatively continue to assume 
that the electric field acting on a molecule is we have instead of formula 
(1418,7) 


n = (/tg/3*T+y)^,. 

(1426,3) 

Eliminating E, and ^ from (3), (1424, 7) and (1424, 9), 

we obtain 

4nS+2 ’ 

(1426,4) 

or on multiplication by f ttN 



(1426,5) 

Finally, subtracting (1425, 7) from (5), we find 


* 3*2’ S+2 n* + 2 ’ 

(1426,6) 


a formula due to Debye. The right side of (6), which is the difference between 
the molar total polarization and the molar optical polarization, is called 
the molar orientational polarization. It is a purely experimental quantity 
from which, subject to the assumption made, we can calculate by means 
of (6). 

It has never been seriously suggested that one can calculate reliable 
molecular moments by applying (6) to pure polar liquids, because it is 
realized that in polar liquids there is almost always some kind of associa- 
tion” in the most general sense of the word. Whether or not the “associa- 
tion ” consists in the formation of multiple molecules, it is unlikely that the 
molecules are sufficiently free to orientate independently of one another. 

Formula (6) is easily generalized for a mixture of two or more liquids, 
and the usual practice for determining electric moments in the liquid state 
is to use the extended form of (6) for a dilute solution of a polar substance 
in a non-polar solvent. Since there exists an extensive literature concerning* 
the application of this method of estimating electric moments we shall not 
devote any space to details, but shall rather confine ourselves to a critical 
discussion of the underlying assumption, namely that the electric field 
acting on a molecule may be taken to be Eg. 

§ 1427. Inadequacy of Debye’s formula. For a critical discussion 
of Debye's formula (1426, 6) it is convenient to introduce a characteristic 
temperature 0 q, defined by a 2 

*00 (1427.1) 

* See for example Oebye, Pclar Molecules (New York, 1929), and also Discussion by Faraday 
Society, Trans. Far. Soc. 30, 677 (1934). 
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where /Iq is the molecular electric dipole moment and V is the molecular 
volume in the liquid. For computational purposes it is convenient to rewrite 
(1) in the form 

' "■ (1427,2) 


- 


(/4q in Debye unit8/l-27 x 


molar volume in cm.* 


The following are some typical values of : 

HBr: ©o = 120^ HCl: 0p = 260°. 

HjjO: ©0 = 1200°. CfiHsNOa: C% = 1100°. 

Debye’s formula (1426, 6) can be written in the form 
0p __ S- 1 

T ' S+ 2 71* + 2 (>+ 2) (n^ + 2) ‘ 


(1427,3) 


If we define another temperature ©^ by 

©, = i(n* 4-2)00. (1427,4) 

we note that the ratio ©^/©o will never be very different from unity, and we 
can now rewrite (3) in the alternative form 

<^~~1 n*— 1 4 - 3(©^ /y) (1427 fi) 

#+2“ n24-2 ‘ 

According to (6) we can have finite positive values of d only when T > 0^. 
When T = &c formula (5) reduces to 

^zi=i, S = oo. (1427,6) 

S+2 

This implies the persistence of an electric moment in the absence of an 
electric field, an electrical analogue of ferromagnetism. Such a phenomenon 
is possible, but we can safely say that it does not occur as a rule in liquids at 
any temperature 0^ of the order of magnitude of the ©o values mentioned 
above. We conclude that Debye’s formula, if applied to pure liquids, is in 
direct contradiction with experiment. One might argue that the non- 
occurrence of permanent electric polarization is due to association of polar 
molecules to form non-polar (or less polar) complexes. It is true that the 
greater the polarity of a molecule the more likely it is to associate with 
other molecules, but, as we mentioned in §800, the extent and nature of 
association depend very much on the shape of a molecule and on where the 
electric moment is situated. A liquid such as chloroform, consisting of 
molecules with a dipole moment by no means negligible but situated more 
or less in the middle of the molecule, behaves as a normal rather than an 
associated liquid. It would be more satisfactory if one could explam the 
usual absence of an electric analogue of ferromagnetism without the need 
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of invoking association. It has been shown by Onsager* that this is in fact 
possible without making any ad hoc assumptions. We shall now summarize 
Onsager’s treatment and the conclusions to which it leads. 


§ 1428. Onsager’s improvement on Debye’s formula. The weakness 
in Debye’s treatment is that it assumes that the field acting on a given polar 
molecule is always which is parallel to the applied field and is independent 
of the instantaneous orientation of the given molecule. This defect is 
removed by Onsager, who uses the simplest possible electrostatic model. 
Following Onsager, we regard a molecule as a sphere of radius a, with a 
polarizability y related to a refractive index n by the Lorenz-Lorentz 
formula (1425, 6), which we can write in the form 


r = 


n®— 1 
^2 




(1428,1) 


We have already referred to Van Vleck’s justification of this formula in 
so far as the polarizability can be represented as due to harmonic oscillations. 
We further suppose that a molecule isolated in free space has a permanent 
electric moment We now suppose this spherical molecule to be immersed 
in a continuous medium of dielectric constant 5, in a homogeneous electric 
field E. Eventually this medium is to represent the smoothed effect of 
molecules exactly similar to the particular molecule under consideration, 
which we may call the central molecule. We now use Clarendon t 3 rpe to refer 
to vectors. By straightforward electrostatics it can be shown that for a 
given orientation of the central molecule the electric force F acting on it is 
given by 


F = 


25-1-1 

Using (1) we can rewrite this as 

35 




F = 


2(^-l) n*-l 

2<y+l^'''(25+l)y wa+2**' 


(1428, 2) 


(1428,3) 


If we denote by u the unit vector in the direction of the (instantaneous) 
orientation of the dipole we have by definition 

p. =/«oU-hrF. (1428,4) 

Eliminating F from (3) and (4), we obtain 


(n« + 2)(2(l +l) ^(n«+2) 


3(2(1+ n*) 

(n*+2)(2^+l) 
3(2(1 +n*) 




26 +h 

tf(«* — 1) 


26 +h 




(1428,6) 


OiiMgsr, J. Am. Chem. Soe. U, 1486 (1936). 
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(1). Tho (instaintftn6ous) couple &cting on the centr&l molecule is 
r. 3^ ^ 

= (1428,6) 

In deriving (6) we have used (3) and the identity |i x ji = 0. If we now sub- 
stitute from (5) into (6) and use the identity E x E = 0, we obtain for the 
couple acting on the central molecule 


5(n* + 2) 


/(qE X u. 


(1428,7) 


This is a couple at right angles to the instantaneous direction of and of 
magnitude 


<y(n*-|-2) 
2<S + na 


/tocsin d. 


(1428, 9) 


where 6 denotes the angle between u and E. The corresponding (instan- 
taneous) orientational energy e is, apart from an arbitrary constant, given by 


d(n^ + 2) _ . 


(1428,10) 


The average (equilibrium) value of cos 6 is determined by the usual statis- 
tical formula 

I BinOdO 

= _ - - . (1428,11) 


i: 


g-€/*r gin 0^ 


Inserting the value of e given by (10) into (11) and performing the integra- 


tions, we obtain 


COB 6^ = 


28^71^ 3ifcT' 


(1428,12) 


The instantaneous component of the moment along the field E is obtained 
by replacing u by cos 0 and E by in (6). To obtain the average (equilibrium) 
value of the dipole moment along the field we have merely to replace 

cobO by cos^ given by (12). We thus find 


- - (n^-^ 2 )( 28 +l) 8 (n^^ 2 ) 

3(2(y-hn*) 2S+n} ZkT 28+n^ 


(1428, 13) 


We now assume that this formula determines the average component of 
moment along the field not merely of a special central molecule, but of all 
the molecules in the liquid. We then have, by defimtion of the dielectric 
constant, 


(1428, 14) 
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where V is the molecular volume. Eliminating Ji from (13) and ( 14), we obtain 


^-1 


irr{n^ + 2){28^l)S(n^-\-2) fil /4;ra3\ 3^(n2- 1) 

V 3(2tf + n2) 2S+n^ Vj 2S + n^ * 


To proceed further we have to decide what value to assign to the molecular 

radius a. Onsager takes a to be the radius of a sphere of volume equal to 

the molecular volume so that 40 ,, y, 

|7ra® = r. (1428,16) 

This assumption seems arbitrary, but we may accept it for the purpose of a 
semi-quantitative investigation of formula (16). Using (16) we find that 
(16) reduces to 

(Onsager). (1428, 17) 


4^ ^ 

‘3F3A;T 


((y-n2)(2(J + n2) 


S(n^ + 2Y 


For convenience of comparison with (17) we write Debye’s formula (1426, 6) 
in the form . „ o/^ 

((5 + 2)(n* + 2) (1428,18) 


According to (17) in contrast with (18) we observe that S never becomes 
infinite except when T is zero. The quantitative usefulness of ( 1 7) is decreased 
by the inexactness of (16), and by uncertainty concerning the extent, nature 
and effect of association. The important achievement of Onsager’s treatment 
is rather the proof that, even in the absence of any kind of association, an 
electrical analogue of ferromagnetism need not occur at ordinary tempera- 
tures, as in fact it does not. 

In the trivial case d = n*, corresponding to non-polar molecules, formulae 
(17) and (18) agree, but whenever S > n*, as must be the case for polar mole- 
cules, the right side of-(17) is always greater than the right side of (18). For 
any given n* the ratio departs further from unity as S increases. 

It is of some interest to contrast the predictions of formulae (17) and (18) 
for highly polar liquids, that is to say liquids with high dielectric constants. 
For the purpose of rough comparison we suppose that ~ 2 , a reasonable 
average value for liquids. Debye’s formula (18) becomes 


^v'ikT 



whereas Onsager’s formula (17) reduces to 


(1428, 19) 


1_21 

3F3JfcT 81 S 


(1428, 20) 


The left side of (19) or (20) can be calculated from values of obtained 
either from measurements on the vapour or, with sufficient accuracy, from 
measurements made on dilute solutions in a non-polar solvent. Using these 
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values of and the experimental values of 8 for pure polar liquids, one can 
compare formulae (19) and (20) with experiment. It is found that, if one 
excludes water, alcohols and ammonia, i.e. typical associated liquids, while 
there is no agreement whatever with (19), there is a quite remarkable, 
albeit very rough, agreement* with (20). 


§ 1429. Comparison of Onsager’s and Van Vleck’s formulae. 

It is of interest to compare Onsager’s formula with a formula obtained by 
Van Vleck by an entirely different method. For the sake of simpheity and 
brevity we shall confine ourselves to the case when (n^— 1 )/(<J— 1)<^ 1, n* 
condition roughly fulfilled for small molecules with a large electric moment. 
We accordingly replace by 1 ; the distinction between the characteristic 
temperatures 0^ and ©q now disappears, and we accordingly write simply 0. 
Formula (1428, 17) can now be written 

^ ~ ^ (Onsager). ( 1 429, 1 ) 


This is a quadratic in S with the relevant root 

» , 3 1/, 20 90Y ,^301 

- 4|(^+ y + ya) f]' 

If we expand in powers of 0/7 , we obtain 


0 ( 0 02 03 

^ — 1 = rri rrihi "I” 




(1429, 2) 


(1429,3) 


ji ij }2 ys 

but we would emphasize that the condition for the convergence of this 
expansion is 


0 _ 
9 


= 0-24. 


(1429,4) 


Van Vleck has also obtained an expression for 1 as a power series in 
&/T. We shaU not describe the method here, because it is the same method 
as appUed to an analogous magnetic problem in § 1435, where the method 
is briefly described. If we continue to neglect the distinction between ©„ 
and Van Vleck’sf formula may be written 


0 

^-l = 3y{l + 




Here Q is defined by Q = (1^29, 6) 

where F is the molecular volume and is the distance from any selected 
molecule t to any molecule j other than » itself. Q is a pure number, whose 


♦ Cf. Wyman, J. Am, Chem. Soc. 68, 1482 (1936). 
f Van Vleck, J. Chem. Phya. 6, 666 (1937). 
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value depends on the manner of packing of the molecules. For simple cubic 
packing Q = 16*8, for face-centred cubic packing Q = 14*4, and for body- 
centred cubic packing Q = 14*5. To compare formula (5) with Onsager’s 
formula we have to replace Q by an analogous quantity for a continuum, 
and BO assume , , 

Q^2~\ r-«4wf*dr = 2lyj = 351. (1429,7) 

When we substitute this value of Q into (5), we obtain 

f-l = 3|[l+|-|*+0(|*)j, (1429,8) 


which agrees with Onsager’s formula (3) up to the highest term evaluated. 
This agreement is particularly satisfactory, since formulae (3) and (6) were 
derived by entirely different procedures. The agreement is maintained when 
the induced moments are not neglected, as they have been here by replacing 
n* by 1 . The analogous form of Debye’s formula (1428, 1 8), when n* is replaced 


by unity, is 


S-l = 


T-0 


, 0 02 , 
l + y + ^2+-" 


(1429, 9) 


which disagrees with Onsager’s formula in the third term. 

Van Vleck does not investigate the condition for the convergence of his 
series. There is no reason to suppose that the condition is any less severe 
than (4). The series is therefore likely to be completely unreliable when T/Q 
approaches unity. We therefore omit any further discussion of these series. 

From Onsager’s treatment we conclude that, quite apart from association, 
Debye’s formula is not accurate for liquids. There is no reason to suppose 
that the analogous formula for solutions is any more accurate. Values of 
electric moments obtained by the application of this formula to solutions 
are therefore likely to be only approximate. A detailed extension of On- 
sager’s treatment to solutions would be interesting. Onsager indicates very 
briefly how this might be done, but the method has not been developed in 
detail. 


§ 1430. Refractive index and dielectric constant of imperfect 
gases. We mentioned in § 1425 that Van Vleck has shown that the 


Lorenz-Lorentz formula 


n*— 1 47r 

^ + 2^“T^ 


(1430. 1) 


is accurate for a non-polar solid or liquid in so far as the polarizable molecules 
may be regarded as harmonic oscillators. It might be expected that this 
would be true a fortiori for an imperfect gas, but such is not the case. For 
the derivation of (1) is based on the assumption of a regular spacing of the 
molecules, a condition holding accurately in a crystal and with fair accuracy 
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even in a liquid. In a gas on the other hand, owing to the large fluctuations 
in the distances between pairs of nearest molecules, the mean inverse sixth 
power of the distance of separation is not at all the same as the square of the 
mean inverse cube. This has the effect, called the translational fluctuation 
effect, of causing deviations from (1), so that we have instead a relation of 
the form _ 

^ yrjl + A^+ . (1430. 2) 

The coefficient A has been calculated by Van Vleck* for spherical molecules 
with diameter D, polarizability y and mutual interactions corresponding 
to quantal harmonic oscillators of frequency i>. He finds for A the formula 




D»\ 


1 Ar\ 

■’‘iAr)'*' ■■■ 


(1430,3) 


If the second virial coefficient B of an imperfect gas is written in the approxi- 
mate form 

V/rr n 

(1430,4) 




a 

kT' 


corresponding to Van der Waals’ equation, then a is given by 

Tfhvy^ 


a = 




(1430, 5) 


We can therefore write (3) in the alternative form 


A = 


2^1 1 7 7 * a 


+ smaller termsj . ( 1 430, 6) 


For gases such as H 2 , N 2 , Oj the value yjD^ cr: 0*05, whereas al27TD^kT 0-6 
at ordinary temperatures. One may therefore without serious error replace 
(6) by the approximation 

a formula previously obtained by Kirkwood. f 

The calculated values of A for H 2 , Ng, O 2 at 0° C. are about 0*12 and the 
deviations from ( 1 ) are within the experimental error . A deviation of this 
type has been confirmed by recent measurements J on carbon dioxide and 
propane. 

For non-polar im perfect gases there is no need to distinguish between 
and d. For imperfect gases with polar molecules the two quantities are 
distinct, and there is a formula analogous to (2) for the dielectric constant. 


• Van Vleck, J. Chem, Phys. 6, 991 (1937). t Kirkwood. J. Chem, Phya. 4. 692 (1936). 

J Keyes and Onoley. CKem. Rev. 19, 196 (1936). 
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A formula for the coefficient analogous to A has been obtained by Van Vleck,* 
but we shall not consider it here. 


§1431. Entropy of paramagnetic salts. We now return to the 
subject of magnetism, to discuss the properties of salts containing a para- 
magnetic ion at very low temperatures, that is to say temperatures below 
10® K., and particularly temperatures between 1®K. and 0-01° K. For the 
purpose of this discussion we assume that the paramagnetic ions either are 
in S states like Gd++“^ and Fe+++, or are at least effectively in S states like 
Ti+++ and Cr+++, owing to complete quenching of the orbital angular 
momentum as described in §1415. The orientational electronic partition 
function e(H, T) for an ion in an S state, or in an effective S state, in a 
magnetic field H is, as we saw in § 1416, 


8inh{(2S+l)/?f?/fcr} 


(1431,1) 


Since we shall be particularly interested in reversible adiabatic changes, 
i.e. processes at constant entropy, we shall require formulae for the entropy. 
The orientational electronic contribution to the entropy of an assembly is 
due to the orientation of the resultant electronic spins of the paramagnetic 
ions and we shall denote it by 5®**. It is given by 


Nk ~ 


(1431,2) 


For the sake of brevity we introduce a dimensionless quantity x defined by 


x^fiHIkT. (1431,3) 

Substituting from (1) into (2) and using the abbreviation (3), we obtain! 

— ~ = log ^ ^ — (2<Sf -H l)a:coth{(25-l- l)x}-l-a:cotha:. (1431,4) 


At temperatures below 10® K. we may safely assume the validity of Debye’s 
limiting law for the acoustical modes, so that their contribution to the 
entropy is of the form 


^ac ya 


(a a pure number). 


(1431,5) 


In the temperature range 
batic process 


below 10® K. we have then for a reversible adia- 
_ const., (1431,6) 


since all other contributions to the entropy are either zero (e.g. rotations 


• Van Vleck, J, Chem. Phya. 5, 991 (1937). 

t There can be no fear of oonfuaing the quantum number 8 with the entropy 8, 



1432] Entropy of Salts due to Electronic Spins 653 

and internal vibrations of molecules or ions), or independent of the tem- 
perature (e.g, nuclear spin and other nuclear internal degrees of freedom). 
IVhen 1 (sufficiently small H), formula (4) takes the limiting form 


5»p 

Nk 


log(25-H)-'l^(A+J)^^_* 


(x^ 


(1431,7) 


In particular we have in the absence of a magnetic field 

S^^/Nk = \og(2S-^l) (// = 0), (1431,8) 

an obvious result, since 2iS + 1 is simply Uq, the electronic weight of the 
ground electronic state. 

When 1 (sufficiently small T with finite //), formula (4) becomes 

= (1431,9) 

The physical significance of (9) is that all the ions are parallel to the field 
and there is magnetic saturation. 

It is important to note that when H and T are varied simultaneously in 
a constant ratio so as to keep x constant, the value of remains unaltered. 


§ 1432. Cooling by adiabatic demagnetization. Although the 
production of low temperatures may require great exj)erimental skill and 
resources,' the theoretical principle involved is extremely simple.* Let us 
suppose that the state of an assembly is defined by the temperature and one 
or more other imrameters •••, so that in particular the entropy S is of 

S = (1432,1) 

Provided one of the quantities say can be controlled and varied 

reversibly, then evidently , by varying under reversible adiabatic conditions, 
one can obtain either a rise or fall of T according to the direction of the change 
in fj. From a practical point of view the important question is whether there 
is a suitable g, which will produce a sufficiently great change of T to make the 
process worth while. We shall now explain why the choice of a magnetic 
field H as the variable is a i)articularly u.seful one at low temperatures, 
and provides an efficient means of covering the temperature range with an 
upper end between 4°K. and O-PK. and a lower end between O Ol'^K. and 
0-001° K. This method of attaining such low temi)eratures was proposed 
almost simultaneously t by Giauque and by Debye. 

In an assembly whose state can be completely defined by the temperature 
T and the magnetic field H (all other degrees of freedom such as the pressure 

• Cf. Simon, “Very Low Temperaturea ”, Scienet Museum Handbook, no. 3, p. 58 (1937). 

t An intorMting account of the history of the subject and the results obtained is given by 
Giauque, Proc, 1th Ini, Cong, Refrigeration (1936). 
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and composition being either irrelevant or held constant), the equation for 
a reversible adiabatic process has the form 

S(H,T) = const. (1432,2) 

In a crystal containing paramagnetic ions, at not too high temperature, 
there are only two significant contributions to the entropy, a contribution 
8^^ of the acoustical modes and a contribution 8^^ of the electronic spins. 
We therefore rewrite (2) in the more explicit form 

8^^{T) + 8^^H, T) = const. (1432, 3) 

For an understanding of the efficiency of the use of a magnetic field for 
producing changes of temperature, the point of fundamental importance is 
the following. Whereas S^^{T) is positive and decreases as the temperature 
decreases, 8^^(H, T) - aS®p(0, T) is negative, and, for a given value of its 
magnitude increases as the temperature decreases. It is therefore im- 
mediately obvious that the lower the temperature the more important 
become variations of the term /S®p relative to variations of the term 8^^. 
We may therefore expect changes of temperature associated with adiabatic 
variation of the magnetic field to be more important at low temperatures 
than at high temperatures. We now verify this expectation and obtain 
quantitative relations by using the formulae of the preceding section. 

We have already mentioned that at temperatures below 10° K. we may 
safely assume 8^^ to be of the form (1431,5) and 8^^ to be of the form 
(1431, 4), and these values have to be substituted into (3). Usually 0^) has 
a value such that 8^^ becomes inappreciable somewhere between 5° K. and 
1°K. Formula (3) then reduces to 

T) = const. (1432, 4) 

In virtue of (1431, 4) this is equivalent to 

X = const. (8 const.), (1432, 5) 

T oc H (^ const.). (1432,6) 

Suppose that a magnetic field is applied to a suitable paramagnetic crystal, 
say ammonium ferric alum, and it is then cooled to 4° K. by means of liquid 
helium. If the crystal is then insulated and the magnetic field reduced to 
a quarter of its original value, the temperature will according to (6) fall to 
1°K. This is clearly illustrated in Fig. 8, which is due to Simon.* The part 
of the diagram to the left of 1 ° K. will be discussed later and for the moment 
should be ignored. If we compare the field strengths at 4°K. and 1°K. for 
equal entropy, we notice that the former are almost exactly four times the 
latter. At higher temperatures the relation (6) between T and H is no longer 
accurate, because of the contribution of the lattice vibrations to the entropy. 

* Simon, Conference on Magnetism (Strasbourg, May 1939). 
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The method just described has been used in recent years especially by* 
De Haas, Wiersma and Kramers at Leiden, by Giauque and MacDougall at 
Berkeley and by Simon and Kurti at Oxford. It has been used to reach 
temperatures below 0*01° K.; the low limit to the attainable temperature 
will be described in the succeeding sections. 



§ 1433. Unattainability of absolute zero. If formula (1432,6) were 
accurate, then by a(habatic reduction of the magnetic field to zero one 
would reach 7 = 0, in contradiction to the principle formulated m §638 
and called the third law of thermodynamics. Formula (1431,4), ho^^ver, 
from which formula (1432, 6) was derived, becomes inaccurate before T - 0 
is reached. ActusUy there .re two disUnct effects which invalidate these 


*°^trmla (1431,4) depends on the eosninption that in the absence of a 
ms«netie field each paramagnetic ion 1. in a (2.? + 1 ).fold de^ner.le state 

This is not strictly tree Ut is true only in so far a. o™ 

of the crystalline field on the spins. We have alremly ,n § 1415 descnbed how 

. ,» d«llta mfrrmw. » ta. 

lik Ini. C<mg. Kefrigeraiion (1936); Ind. Eng. Chem. 28, 743 (1936). 
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this field destroys the orbital degeneracy so that at low temperatures the 
ions are all efiectively in an S state. We also mentioned that this same field, 
through the coupling between the orbital motions and the spins, can also 
act on the spins but to an incomparably weaker extent. The effect of this is 
that what we have hitherto regarded as a (2 aS+ l)-fold degenerate S level 
in fact consists of several levels, but the separation between these levels is 
only about 10" ^ deg. Consequently at temperatures where 10~^ we are 
justified in ignoring these separations and treating the group of levels as a 
single (28 + 1 )-fold degenerate level. This is the procedure we have adopted 
hitherto, but it is no longer allowable when T becomes comparable with 
10“^. This Stark effect on the spins will be discussed in the following section. 

The other effect which invalidates formula (1431,4) at sufficiently low 
temperatures is the interaction between the paramagnetic ions. We have 
hitherto regarded these ions as completely independent of one another, so 
far as their orientations are concerned. Actually there is an interaction 
energy between every pair of magnetic ions depending on their mutual 
orientations. Consec^uently it is only an approximation to regard the 
assembly as com j)osed of N independent magnets, but the approximation is 
allowable as long as the interaction energies between pairs of ions is small 
compared with kT. The temperature at which this condition fails will be the 
lower, the farther apart are the paramagnetic ions. By choosing a crystal 
in which the paramagnetic ions are greatly diluted, one can make this 
temperature as low as one pleases, but obviously tlie practical utility of this 
is limited ; for the increase in the volume of crystal containing a given number 
of ions would soon become a disadvantage outweighing any advantage of 
the diminution of the magnetic interaction between the ions. We shall 
consider this magnetic interaction between the ions in § 1435. 

§ 1434. Crystalline Stark effect on the spins. The magnitude and 
nature of the crystalline Stark effect on the spins, like the corresponding 
effect on the orbital motions, depend on the symmetry of the field and on 
the multii:)licity of the degenerate state. We shall confine our discussion to 
a field with cubic symmetry acting on an ion in an state, that is to say 
having 2^?+! =8. The treatment therefore applies particularly to the 
Gd+‘*''‘' ion. The required quantal treatment has been given by Van Vleck 
and Penney,* and applied to this problem by Hebb and Purcell, f It is 
found that the cubic field splits the ®S state into two doubly degenerate 
levels and one quadruply degenerate level. The latter lies between the two 
former and the spacings are in the ratio 3 : 5. Thus the electronic partition 

* Van Vleck and Penney, Phil. Mag. 17, 961 (1934). 

t Hebb and Purcell, J. Chem. Phya. 6. 342 (1937). 
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In experimental meaeuiementB on ferromagnetic substances the quan- 
tities measured are H, and I. We shall therefore sometimes, for brevity, 
write simply H to denote H,. 


§ 1444. Note on thermodynamic formulae. It would take too much 
space to discuss all the important thermodynamic formulae for magnetic 
substances in magnetic fields. These formulae are more numerous than one 
might suppose, owing to the possibility of transformations from one form 
to another dependent on Maxwell’s equations. There is also some ambiguity 
concerning the thermodynamic functions, connected with the question 
whether in the work of moving a magnetic specimen one includes the work 
suppUed by batteries which feed the coils producing the field. Probably the 
most used, and possibly the most useful* thermodynamic function, is the 


function F defined by 


dF = -SdT-MdH^, 


(1444,1) 


where M ( = IV) is the total magnetic moment of the specimen. We shall 
not consider the controversial, but rather unimportant, question whether 
this F should be called the fioe energy; and if so, the firee energy of the 
specimen or the firee energy of the specimen plus the field. We shall rather 
devote a few remarks to the applicability of the formula and to the physical 
meaning of the work term — M dHg. 

It is to be noted that the field occurring in (1) is jEf,, not nor nor H,. 


Formula ( 1 ) is valid for a magnetic specimen of any size, shape and magnetic 
properties (except that hysteresis is excluded), provided that is uniform 
throughout the space occupied by the specimen. Incidentally we may apply 
formula (1 ) to a single atom (or ion), in which case includes the field due 
to all atoms other than the atom being considered. The formr^ will be used 
in precisely this way in discussing the theory of ferromagnetism. 

In the idealized case when the field is produced by rigid unpolarizable 
permanent magnets, there can be no ambiguity concerning the physioal 
meaning of the work term - MdH,. In the more real case when the field m 
produced by electromagnets fed by batteries or dynamos, the term -f dH, 
denotes the part of the work required to move the specimen from a field of 
strength to a field of strength H,+dH„ not counting the work, if any, 
.^nTlA by the batteries or motors to keep constant at each place when the 
specimen is moved fi^m one place to another; in other words not counti^ 
the work required to annul the currents induced in the electromagnets by 

moving the specimen. , . 

We conclude the discussion of (1) with a warning against the m^s- 
criminate use of (1) when H, is not uniform throughout the specimen. As a 


• See» for example, Stoner, Phil. Mag. 23, 833 <1937). 
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matter of fact (1) gives the right answer in such a cafe, provided that M is 
proportional to at constant T (absence of magnetic saturation); it will 
not give the right answer for a ferromagnetic specimen, even in the absence 
of hysteresis. 

From (1) we can derive various other thermodynamic formulae by 
elementary methods. We need only mention as an example 


/^\ 


(1444,2) 


Whereas F in (1) is a thermodynamic potential for the variables T, the 
corresponding thermodynamic potential for the variables T, Jlf is (F + MH^), 
We can transform (1) to 


d{F + MH^) (1444,3) 


from which we can 
example 


by elementary methods derive other relations; for 



(1444,4) 


§ 1445. Idealized ferromagnetism. The essential property of a 
ferromagnetic is that at low temperatures there is no proportionality 
between magnetization and field, but a very large intensity of magnetization 
I can be produced by a small field Moreover, this magnetization can 
persist after is removed, provided the temperature is sufficiently low. 
At constant temperature and I are not single valued functions of each 
other, but the diagram has the well-known form called a hysteresis 
loop, indicating irreversible production of entropy. 

The shape and size of the hysteresis loop is, however, not a primary pro- 
perty of a ferromagnetic; the hysteresis loop is highly sensitive to the precise 
condition of the metal; that is to say to its impurity content, its heat treat- 
ment, the amount by which its small crystals have been broken up or 
distorted by cold working, and so on. The fundamental property is rather 
that of acquiring rapidly in small fields a large magnetization which is 
then unaffected by further increase of the field and is within wide limits 
not sensitive to the condition of the metal. If one examines a crystal of iron 
or nickel, the better the crystal and the purer the metal the smaller the area 
of the hysteresis loop. One therefore concludes that the ideal I-H^ curve, 
which the theory of ferromagnetics must begin by explaining, is a dis- 
continuous but reversible curve of the type shown in Fig. 13. The dis- 
continuity + /o->-/o at = 0 must be a function of T which vanishes 
when T is greater than a certain temperature called the Curie tem- 
perature. As increases at constant temperature below the Curie tempera- 
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ture, I increases, but slowly, so that very strong fields are required to increase 
I significantly beyond 1q except near the Curie point, since 1 is already near 
its saturation value laa. 

A satisfactory formal theory of ferromagnetism was first given by Weiss, 
using Langevin’s theory for paramagnetics described in § 1 4 1 1 . In Lange vin 's 
theory the energy of an atom with a permanent magnetic moment /Iq at 
an angle 6 with a magnetic field is — cos as we have already mentioned 

it is unnecessary for a paramagnetic to distinguish between //„, //„ 



For a substance with a much larger susceptibility one would expect that 
cos would be a better approximation than for example cos 

This assumption, however, does not lead to anything like ferromagnetism 
at ordinary temperatures. If, foUowing Weiss, we suppose that we have 
somehow overlooked in the energy some important term proportional to 
the magnetization, we may then write for the energy 


The reason for denoting the constant coefficient of / by rather 

than by a single letter wUl appear later, ^onnuja ( 1 ) emboffies the esaence 
of Weiss’ theory, and the term in / is often called a Weiss field. In § I 
we shall see why such a terra in fact occurs. 


8 1446. Development end modiScetlon of Welee’ theory. W.» 
theory in it. oripinJ forn. m »»nti.lly ol«.i<=.l thnny, ..«pt m » 
fir Jit m.on,«l thee,i.ten» of elemenl^T pen"™"* Te”'*” 

» On the tneomption that them magnets can take np all jwimble onenta- 

tionT. 
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exactly parallel to the derivation of Langevin’s formula (1411, 2), leads to 


the formula 




(1446, 1) 

where L(x) denotes Langevin’s function defined by 

L(x) = cothic- Ijx. (1446, 2) 

By using the relations I = = NfiJV, (1446, 3) 

we can rewrite (1) in the form 

To take account of the quantal restrictions on the allowed orientations 
of the elementary magnets, we must replace Langevin’s function in (4) 
by Brillouin’s function 


2S+1 2/S+l 1 X 


(1446, 6) 


where 2/S + 1 is the number of distinct quantal orientations. The precise 
behaviour of the assembly will thus depend on the value of 25+1, the 
classical theory corresponding to 5-^oo, but the general behaviour is not 
very sensitive to the value of 8. For simplicity we shall confine our discus- 
sion to the case 8 which corresponds to reality if the elementary magnets 

are individual electrons. The expression (5) then reduces to tanhx, and 
formula (4) becomes , , „ 

= (1446,6) 

This quantal transcription of Weiss’ formula is due to Heisenberg.! In- 
vestigation of formula (6) leads to the following results. 

We first consider the behaviour of the assembly in the absence of an 
external field. Formula (6) now reduces to 

We have already met an equation of precisely this form in § 1316, where 
we described Bragg and Williams’ approximate treatment of order-disorder 
in €klloys. We recall that when T > 0* the only solution of (7) is / 0, but 

when T < 0* there are two solutions of (7), one of which is still zero. It can 
be shown that, when there are two solutions of (7) the miniTmim of the firee 
energy is that given by the non-zero value of /, which is therefore the stable 
state. Consequently, in the absence of an external field, there should be 
permanent magnetization below but not above the temperature 0*^. This 


t Hoiaenbeig, ZeU. Phyt. 49, 619 (1928). 
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is in agreement with experiment as first shown by Curie, and the character- 
istic temperature 0* is called the Curie temperature. 

When Hf. is not zero, formula (6) leads to the following semi -quantitative 
results. At temperatures above the Curie temperature 0*, as increases, 
I increases from zero, and approaches the saturation value more rapidly 
than for a paramagnetic. For small values of x we have 

tsxihx^x. (1446,8) 


Consequently for not too large and at sufficiently high T formula (1) 

becomes approximately , ij a* f 

± + (1446,9) 

j i.m ' m T ^ ' 


or 


kT T 4 

1 = 

/„ k(T-(d*y 


(1446, 10) 


This relation is a particular example of the law 

IIH^ocll{T-&w). (1446,11) 

called Weiss’ law. We have already mentioned in § 1416 that a relation of 
this form empirically represents the experimental data for rare earth ions 
at low temperatures, but only over a restricted range of temperatures. For 
ferromagnetics Weiss’ law represents the experimental data over a rather 
wide range of temperatures, above and not too close to the Curie temperature. 
But the value of 0„r which is found to fit is not quite equal to the Curie 
temperature. This discrepancy between theory and experiment is removed 

in the improved theory described in § 1448. 

According to formula (9) at temperatures below 0* and not too near 0 , 
the equilibrium value of 1 is not much less than /„ and is rather insensitive 
to H . This is in agreement with the experimental facts. 

We shall not pursue Weiss’ formulae any further in detail, becauw we 
shall be more concerned with more modem variations of the thwpr. Weiss 
theory gives a good general account of ferromagnetics, provided we may 
chooM 0* suitably. The Weiss coefficient which we have denoted by 
hQVnJ. is about 10«, in contrast with the demagnetizing coefficient which 
is only | 7 r. Weiss’ theory depends on the ad hoc assumption of ™ 

proportional to / in the energy of a single orientated 
L development of quantum theory did it become possible to explain 

origin of this important term in the energy. 


81447 Quantal explanation of Weiss’ field. Accor<^ to cla^ical 

thLlTthe origin of the high field proportional to I postulated ^>7 We« 
remised a m^ry. Its explanation by quantum theory was provided by 
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Heisenberg.* In metals we may safely assume that orbital angular momen- 
tum is quenched and we need consider only the orientation of spins. It is 
not within the scope of this book to give details of quantum theory, nor 
shall we do so here. We shall merely recall the explanation of molecule 
formation (covalency) first given by Heitler and London, t and state that 
there will be an interaction of a similar type between neighbouring atoms 
in a metal if each atom has a resultant spin. At least we can be sure that 
there will be a non-zero difference in the energy of the lowest quantum state, 
allowed by the requirement of antisymmetry in aU electrons, according as 
each pair of neighbouring atoms have their spins parallel or antiparallel. 
To deduce the existence of ferromagnetism, one has to assume that the 
state of lower energy is that in which the spins are parallel. In the opposite 
case one would find at low temperatures a decrease and eventual disappear- 
ance of paramagnetism. This phenomenon is sometimes called anti- 
ferromagnetism but it has not yet been studied in detail, { and we shall not 
refer to it again. The conditions under which the energy difference between 
states of parallel and anti-parallel spin of neighbours has the right sign and 
is sufficiently large to produce ferromagnetism have as yet been only in- 
adequately determined, and we shall not discuss them. We shall take it as 
a fact that the energy difference, which we know must always exist in fact, 
has the right sign and is sufficiently large in certain metals, notably iron, 
cobalt and nickel. 

Having thus explained the origin of large terms in the energy of the 
assembly depending on the mutual orientations of atoms with electron 
spin, Heisenberg proceeded to develop a quantitative treatment of ferro- 
magnetism. In this treatment the assembly is regarded as a cooperative 
assembly of magnetic atoms. The method of attack is rather similar to that 
described in Chapter xiii for the explanation of order-disorder in crystals, 
but the algebra is somewhat more complicated. In the first approximation 
the relation between I and //^ obtained for atoms in a doublet state (^S = i) is 
precisely formula (1446, 6). The reader, who is interested, will find accounts 
of the method either in Heisenberg's papers or elsewhere.§ We shall instead 
describe an alternative and considerably simpler treatment due to Stoner, 
in which the atomic structure of the metal is ignored and the elementary 
magnets are assumed to be the electrons. 

§ 1448. Collective electron ferromagnetism. In the detailed treat- 
ment of ferromagnetism Heisenberg’s method of approach has proved in 
many ways less convenient than the alternative treatment of electrons in 

* Heisenberg, Zeit. Phya. 48, 619 (1928). f Heitler and London, Zeit, Phya. 44 , 465 (1927). 

t See, however, Hulthen, Proe, Sac. Set. Amaterdam, 39 (2), 190 (1936). 

§ For example: Van Vieck, Chap, xn; Stoner, p. 358; S.M. pp. 4S5 aeq. 
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metals already described in Chapter xi. Tlie first approximation in this 
treatment is that of free electrons, for which the energy is purely kinetic, 
the number of states per unit energy range then being proportional to the 
square root of the energy. The effect of the periodic field of the lattice is to 
modify the distribution of states, giving rise to a series of energy bands, 
separate or overlapping. This model of a metal was first applied to ferro- 
magnetism by Bloch,* and has been elaborated in great detail by Stoner, 
who calls the model collective electron ferromagnetism. The account which 
we give here is based entirely (and largely verbatim) on a paper by Stoner, t 
to which we refer the reader for all details. 

Although elaborate calculation is ne(;essary to determine the form of the 
electron bands with any precision, the energy density of states near the 
bottom of a band generally depends on the energy in the same way as for 
free electrons, but with a different proportionality factor; this holds also 
near the top of a band, the energy being measured downwards from that 
limit. The salient characteristics of metals depend on the electrons in unfilled 


bands. In particular, in the ferromagnetic metals, iron, cobalt and nickel, 
the ferromagnetism may be attributed to the electrons in the partially filled 
band corresponding roughly to the rf-electron states in the free atoms. The 
exchange interaction is such that, at low tem])eratures, instead of the 
electrons occupying the lowest states in balanced pairs, there is an excess 
of electrons with spins pointing in one direction, giving rise to a spon- 
taneous magnetization. The decrease of energy due to the exchange effect 
with increase in the number of excess parallel spins is accompanied by an 
increase due to the electrons moving to states of higher energy in the band. 
The equilibrium magnetization depends on the number of electrons, the 
form of the band, the magnitude of the exchange interaction, and the 
temperature, and must be calculated on the basis of Fermi-Dirac statistics. 
The purpose of the theory is the determination of the form of the magnetiza- 
tion-temperature curves for bands of the standard type and for a range of 


values of the exchange interaction energy. 

With the assumption of a standard energy distribution of states in a band, 
precise calculations of the magnetization as a function of the temperature 
can be made. Owing to the peculiarities in the forms of the electromc energy 
bands of particular metals, it cannot be claimed that the results will neces- 
sarily be strictly applicable to any actual ferromagnetic. For the results 
to be applicable with fair approximation, however,- it is merely necessary 
that the band form should approximate to the standard type over part of 
its range, up to and somewhat beyond the top of the Fermi distnbution. 


t 166. 372 (1938), where references are given to earlier work. 
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As far as can be judged from the graphical representation of the form of the 
d-band in nickel (see Chapter xi, Fig. 4), the approximation is here reasonably 
close; the energy density of states near the top of the band (the portion here 
relevant) being roughly proportional to the square root of the energy 
measured downwards. It is difficult to say how far the general Character of 
the results is likely to be affected by special peculiarities in the form of 
bands; but this question opens up such a wide range of possibilities that it 
is hardly profitable to pursue it, except with reference to more detailed 
information about the band form for a particular metal. The choice of the 
standard band form has the formal advantages that precise calculations 
are possible covering a wide range of variation of the relevant parameters, 
and that in the limit the results pass over into those obtained on the basis 
of classical statistics. 

Following Stoner (with slight alteration of his notation) we use the 
following parameters: e* denotes the energy, measured from the bottom of 
the unfilled band, such that, in the absence of any external field and in the 
absence of exchange interaction, the number of states with energy less 
than €* is equal to the number of electrons. Alternatively, for an almost full 
band, — e* denotes the energy, measured from the top of the unfilled band, 
such that the number of states with energy greater than — e* is equal to the 
number of holes in the band (electrons needed to complete the band). 
O’** is a characteristic temperature, such that is a convenient measure 
of the exchange interaction energy. The more precise definition of @* is 
given below, and is chosen such that in the classical limit e* 0 the Curie 
temperature 7J., at which the spontaneous magnetization becomes zero, is 
equal to 0*. The relative magnetization, denoted by is defined as the 
ratio of the number of excess parallel spins to the total number of potentially 
effective spins. Alternatively g is the ratio of the intensity of magnetization 
I to the saturation value /«. The value of f at T = 0 will be denoted by So- 
According to classical theory So shall find that according to 

Fermi-Dirac statistics So ^ i^ot always unity. 

We have still to define 0* more precisely. It can be shown that the effect 
of exchange interaction is to introduce into the energy a term proportional 
to the square of the magnetization. To an approximation analogous to that 
of Bragg and Williams in the theory of order-disorder (§1314), this is 
equivalent to assigning an energy term per electron of the form 

T a/3I {a const.), (1448, 1) 

where fi is Bohr’s magneton and a a constant; the — refers to electrons 
parallel, the + to electrons antiparallel to /.We now define O'** by the formula 

ifce* - 


(1448.2) 
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Substituting for a from (2) into ( 1 ) we obtain for the energy term per electron 
due to exchange interaction 

+ k(d*~ =:+k&%. ( 1 448, 3) 

^ao 

Thus k@* is a measure of the exchange interaction energy such that 2/:0*^ 
is the change in total energy when the spin of a single electron is reversed. 
The difference in total energy per electron in the completely magnetized 
state (f = 1) and the unmagnetized state ^ = 0 is 

It is convenient to denote by e the energy of any given state in the absence 
of an external field and in the absence of interaction. The complete form of 
the energy per electron in the presence of an external field is then 

(1448,4) 

If we denote the number of states of each spin in the range e to e -f de by 
g{€) ck, then for a band of the standard form containing N electrons in all 

Sr(€) = (1448,6) 

In the presence of an external field or of exchange interaction we have to 
treat states of opposite spin separately. Using (4) we obtain for the grand 
partition function 


S =J^ jf(e)log[l+Aexp{-(e-fc©*S-/ff77e)/A;r}]d!c 

+1^^ gr(e)Iog[H-Aexp{-(€ + i:0*g + /ff^«)/fc7’}J(i€. (1448,6) 


Substituting for g{e) from (6) into (6), we obtain 

S = ^ I (^) J ** ^ ^ ~ ^ dx 

* Ain . A c ^ I ou\nMrr^^4t, 


The value of A is determined, as usual, by 

(1448,7) 

^ ~ aiogA’ 

and the magnetization /F by 

(1448,8) 

IV. -^T§. 
which can be written in the equivalent form 

(1448, 9) 

kT as 

(1448, 10) 


We may note that, if we omit the exchange interaction terms kQ*i from (7), 
we recover formula (1439, 4) for a paramagnetic electron gas. 
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If one can eliminate A from (8) and (10) one can obtain ^ as a function of 
T and H^. This has been done numericaUy by Stoner. We shall here only 
summarize the results very briefly, and we refer the reader to Stoner's 
paper t for all details. 

We first recall the definition of a Curie temperature as the upper bound 
of the temperature region in which g is not zero when = 0. The calculation 
of ^ as a function of above the Curie temperature 2J. is straightforward. 
The method of calculating the spontaneous magnetization below the Curie 
temperature is first to obtain values of corresponding to a series of 

values of JfcT/e* and of From these, values of jfcT/e* as a function of g for 
a series of values of were obtained by inverse interpolation. The 

computational work was based largely on the use of accurate tabulated 
values of Fermi-Dirac functions prepared by McDougall and Stoner. J 

The character of the dependence of i on kTje* depends on the ratio 
the classical results of Weiss being obtained when 
A necessary condition for ferromagnetism is found to be 

kQ^fe* > J (condition for ferromagnetism). (1448, 1 1 ) 
When kQ* = the Curie temperature is at the absolute zero. In the range 
of 0* defined by = 0-794 > ifc0*/e* > (1448, 12) 

as kQ*le* increases, the value of the relative magnetization at T = 0 
increases steadily from 0 to 1. In the range 

ke*l€* > 2-* = 0-794 (1448, 13) 

go is unity. In particular in the classical limit, e* 0, the value of go is unity. 
Thus classically the saturation value of magnetization deduced from para- 
magnetism above the Curie temperature should be equal to the limiting 
value of the spontaneous magnetization at T = 0. Experimentally such 
an equality is not found. This difficulty of the classical theory is removed 
by the improved theory. 

The results are conveniently summarized in diagrams. Fig. 14 shows the 
relative magnetization g plotted against hT/e* for T < 7J., and the quantity 
proportional to the reciprocal of the susceptibility, plotted against 
kT/e* for 3r>7J.. Fig. 15 shows the same results plotted somewhat dif- 
ferently. The abscissa is here T/T^; for T>3J. the ordinate is ^^pEJ^kT^, 
proportional to the reciprocal of the susceptibility; for JJ. the ordinate 
is the spontaneous magnetization expressed as the fraction g/gg of its value 
at T = 0. It is to be noticed that these curves do not change monotonically 
with kQ'^je* in the neighbourhood of kQ*l€* = 0-79. As well as the numerical 

t Stoner, Proc. Roy, Soc. A, 166, 372 (1638). 
t McDougall and Stoner, PhU, Trains, Roy, Soc, A, 287, 67 (1938). 
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Fig. 14. The falling curves (scale on left) give the spontaneous magnetization below the (>irie 
point, the rising curves (scale on right) a quantity proportional to the reciprocal of the 
susceptibility above the Curie point. The numbers on the curves give the values of 


Fig. 15. The falling curves (scale on left) give the reduced spontaneous magnetization below the 
Curie point, the rising curves (scale on right) a quantity proportional to the reciprocal of the 
susceptibility above the Curio point. The numbers on the curves give the values of ; 

the limiting curves labelled ® correspond to the use of classical statistics. 
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results summarized in these dia^ams, Stoner gives series expansions, 
appropriate for various ranges, for several relations, and in particular the 
relation between kQ^je* and kTJe*. 

In a later paper Stoner uses exactly the same methods to calculate the 
anomalous heat capacity due to the interaction between the spins, and in 
particular to calculate the discontinuity in this heat capacity at the Curie 
temperature. The reader is again referred to Stoner’s paperf for details. 

§ 1449. Preliminary comparison with experiment. In spite of 
the immense amount of experimental work on ferromagnetics, there are 
only extremely few data obtained under such conditions and with such 
materials as to avoid hysteresis. A systematic analysis of suitable data for 
comparison with the theory has been undertaken by Stoner, but he has as 
yet published only a discussion of the susceptibilities of iron (fi- and S- 
phases), cobalt and nickel. The data of Sucksmith and Pearce are chosen 
by Stonerf as being more reliable than any previously obtained. For cobalt 
and nickel there is a closely linear relation between the reciprocal of the 
susceptibility and the temperature over a considerable temperature range. 
This was also found for vanadium alloys of iron containing sufficient 
vanadium (5 %) to suppress the y-phase, which for pure iron extends from 
about 1 190° K. to 1660° K. ; the extrapolated slope for zero vanadium agreed 
closely with that obtained by joining the curves for pure iron in the /3~ and 
^-phases. Actually the experimental curves are not linear right down to the 
Curie point, the curves being convex towards the T-axis. Moreover, the 
temperature 0^ occurring in the Weiss law 

//ff,ocl/(T-©^), (1449,1) 

valid over the straight portion, is considerably higher than the experimental 
Curie temperature 7^. 

The experimental curve is, however, strikingly similar to the theoretical 
curves corresponding to Stoner’s treatment described in the preceding 
section. The comparison is shown in Fig. 16, where the reciprocal of the 
reduced susceptibility is plotted against T/7^. Theoretical curves are drawn 
for several values of 40 ♦/e*, including the curve (1) corresponding to the 
classical limit e*->0; the curve (2) corresponds to the minimum value of 
40*/e* for which fo = ^ ^ ^7 for which the spontaneous mag- 

netization at 7 = 0 is equal to the saturation magnetization. The experi- 
mental data for the three metals are all fitted by the same curve corre- 
sponding to a value of k&*l€* slightly less than 2“*, and to a value of 
between 1*0 and 0*9. 


t Stoner, Proe, Boy. Soc. A, 169, 339 (1939). t Stoner, Proc. Luds Phil. 8oe. 8, 467 (1938). 
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This preliminary teat of Stoner’s formulae is striking evidence of their 
usefulness, and it is to be hoped that other comparisons with ex i>eri mental 
data may become available in the near future. 



Fig. Hi. Reciprocal of n'diiccd siisiH ptdulity as a fiim.tion of reduced temperature. Theoretical 
curves according to Stoner. 

1. i, = 1-0. 2. kfd^je* = 0 794, U - l t>- 

3. ifce*/c* = 0 733, = Od). 4. = 0-711, ^ 0-8. 

Expenmentol points obtained by Sucksmith and Pearce: 

O Nickel, x Iron O- and S-phaaes). + Cobalt. 
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APPENDIX 

NoU on p. 131 

§ A 1. Quite recently Kellermann* has determined rather accurately g(v) 
for NaCl. A notable piece of theoretical work followed by prodigious calcu- 
lations led to the evaluation of about 280 characteristic frequencies corre- 
sponding to about 6700 normal modes. From these he was able to obtain 
a good approximation to the distribution of all frequencies. The only experi- 
mental data used were the lattice constant and compressibility of the crystal. 
However a useful check was obtained in that for two other independent 
elastic constants of the crystal there was agreement between theory and 
experiment within the accuracy of the latter. 

The form of g{v) obtained by Kellermann is shown in Fig. A 1 , which shows 
a strong resemblance to the distribution found by Blackman who, by using 
a much simpler model of the crystal, was able to determine the frequencies of 
as many as 30,000 normal modes. We refer belowf to the use of the computed 
g{v) to obtain the heat capacity of the crystal. 


I5r 



0 0-6 1-2 1-8 2-4 13-0 3-6 4*2 4*8 5*4 6-0 

iVVj^ 

2wv X 10-“ 

Fig. Al. Frequency distribution of the sodium chloride crystal, 
frequency of residual rays. 

* KeUermann, Phil Trans. Roy. Soc. A, 288, 613 (1040). f See § A2. 
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Note on p. 147 

XT mentioned above, Kellerraann has computed g(v) accurately for 

aCl. Irom this g(v) he has* then calculated t')„(7’) as a funct ion of T ami 
compared this with values obtained experimentally from the heat capacity. 

The result of this comparison is shown in Fig. A 2. The agreement couid 
hardly be better. 



Fig. A 2. Temperature dependence of The smooth line is drawn 
from expcrimeiitH. 0» calculated values. 

* Kellerrnann, Ptoc. Boy. Boc. A, 178, 17 (H)4I). 


Note on p. 197 

§ A3. The use of chemical constants is rapidly dying, their }>lace being 
taken by numerical values of the thermodynamic functions //, // and S. 
For this purpose the following table giving in numerical form contributions 
of several kinds of degrees of freedom may be found convenient. 


Table A 1 



A , P 

- -log, - - 
kf atm. 

H 

ief 

Translation 

-7-86- log, A/l(T/IOO)» 

2-50 

Rotation 

- 0-925 - 1‘>K. 1 (^7 1 W)/<T 

100 

(linear molecules) 



Rotation 

- 1-96 - log, 10“(A/i(;)»(7’/100)V<r 

1-50 

(non-linear inolecules) 



EcM;h internal vibration 

-Iog,(l-e'®»'’’) 

0./T 

Residual energy 

EJkT 

EJkT 
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In the table M denotes the conventional 'molecular weight*. B, C are 
moments of inertia measured in g.cm*. cr denotes the symmetry number. 

is a characteristic temperature related to the frequency vhyhv = k @^ . 
£*0 is a constant determined by the choice of zero of energy. 

Corresponding expressions for the molecular entropy can be immediately 
derived from the identity 

kT‘ 


Note on p, 202 

§ A4. It is stated in the main text that neglect ofthe term in r"^inlogr(r) 
will introduce an error into i. This statement is misleading, if not quite un- 
true. Its neglect will in fact* lead to assuming for x ^ value differing slightly 
from its true value. Only if the true value of x were known a priori would any 
discrepancy be apparent. 

* We are indebted to Dr A. 8. Ooolidge for pointing this out. 

NoU on p. 286 

§ A 5. Quite recently Comerf has critically examined the experimental 
data for neon and argon. He comes to the conclusion that the experimental 
data on the density and energy of evaporation of the solid require a value of 
m close to 12. He further finds that with m = 12 these experimental data 
together with those on the second virial coefiicients of the gases are best 
fitted by the following values of the constants 

Neon m = 12 r* = S-lfiA. — c* = 5*01 x I0“^®erg. 

Argon m = 12 r* = 3-87 A. —e* = 16-6 x 10“^*erg. 

The values for argon are very close to those previously chosen by Bucking- 
ham on the basis of the gas data alone. 

t Corner, Trans. Fara. Soc. 44, 914 (1948). 

NoU on p. 307 

§ A 6. The essential difference between reducible and irreducible clusters is 
wrongly described in the main text. A cluster is reducible if it consists of two 

parts connected by a single molecule. Thus is reducible to ^ and PI . 


NoU on p, 847 

§ A 7. More extensive calculations have been carried out subsequently by 
Prigogine and Haulier. f Their results are given in Table A 2, which includes 
values of ft, defined by (809, 2), (809, 3) respectively as well as of F/P* 
t Pkigogine and lUuilier, Phpoiea, 0 , 896 (1942). 
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and of g defined by (808, 25). It should be emphasized that these sets of 
values satisfy the equation (811, 2). Since this equation itself is valid only 
provided PV ^ it is only applicable at temperatures a})preciably below the 
critical. We have accordingly included only the calculations forA*jkT >10. 
Assuming the correctness of these computations, we must regard Table A 2 
as superseding Table 7 in the main text, and must suppose that J^ennard- 
Jones and Devonshire’s computations contained small numerical errors. 
In this case comparison between theory and experiment for all properties of 
the liquid may require some slight revision. 

Table A 2 


A* 

kT 

i 

g X 10* 

9i X 1<>* 


111 

M83 

13-87 

666 

120 

131 

MIO 




16 

1063 

400 

74 

17 

18 

1026 

2-94 

44-6 

100 

21 

1(K)2 

2-225 

16-2 

6-0 

26 

1-000 

1-65 

14-4 

3-8 

30 

1-000 

1-33 

11 

2-8 


The relation (811,11) between vapour pressure and temperature found by 
Lennard-Jones and Devonshire, namely 

= l-92 - 0-678^* , (A7, 1) 

according to Prigogine,')' requires no modification. It is not made clear 
either in the main text or in the original paper that this formula does not 
represent at all accurately the real dependence of vapour pressure on tem- 
perature which is more like 

= 0-48-0-544^. (A7, 2) 

If we regard formulae (1) and (2) as describing graphs of log p plotted 
against T-^, both are straight lines. The two straight lines intersect at a 
point where A*/*:7' = 10-7. If we take the critical temperature T, to be given 
by A*lkT^ = 9, we find that the intersection occurs at T/T^ = 0-84. The 
boiling-point is at about 0-67;, which is near enough to the intersection for 
the discrepancy between the two formulae (1) and (2) to correspond to 
a difference of less than 10 % in T for a given p. But for a given T the dis- 
crepancy in p is a factor of nearly 2. 

f PrigogunBf J. de 5, 16 (1944). 
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NoU on p. 367 

§ A8. Considerable progress has been made in the evaluation of com- 
binatory factors of this kind. 

Let Nff denote the number of molecules of types A, B respectively. 
Let each molecule A occupy sites and each molecule B occupy sites. 
The number of sites which are neighbours of any one site are as usual 
denoted by z. It will be assumed that the structure of both kinds of molecules 
are such that the elements which occupy a single site are interconnected in 
the molecule as a simple chain or a branched chain, but that there are no 
closed rings in the molecule. Parameters are defined by 

= 2(r^-l)» (A 8, 1) 

= 2(r5--l). (A 8, 2) 

The physical meaning of q^ is that zq^^ is the number of sites neighbours of 
the Tji sites occupied by a molecule A^ excluding those neighbours of each 
site occupied by the next element of the same molecule. The physical 
meaning of qj^ is similar. 

Let denote the number of distinct configurations of a molecule A when 
one of its elements is fixed on a given site, is defined similarly. In the 
trivial case of molecules occupying a single site p = 1 . For molecules occupy- 
ing two sites p = z/(r where cr is the symmetry number of the molecule. For 
molecules occupying three sites there are three distinct cases. If the mole- 
cules are linear and rigid p = zjcr. If the molecules are non-linear and rigid 
p = zz' jcr where z' is the number of alternative sites for the third element 
when the first two elements have been placed. If the molecules are flexible 
p = z(z—\)j(x. For molecules occupying more than three sites there are 
numerous alternatives. The minimum value for p is zja for rigid straight 
molecules. The maximum value for p is approximately z(z—\y-^l(T for 
entirely flexible molecules, but this is slightly inaccurate because it includes 
certain configurations in which a long molecule bends back on itself and two 
elements occupy the same site; such configurations should of course be 
excluded, but the error due to their inclusion is probably small. 

The number of distinguishable arrangements g(N^, N^) of this assembly 
has been shown* to be 


9{^a^^b) 


N^\N^\ 


\ (9a^a'^9b^b)^' 





(A 8, 3) 


Guggenheim, Ptoc. Roy. 8oe. A, 188, 203 (1944). 
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From (3) we obtain for the partial vapour pressures of the species A and R 
respectively. 




(A8,4) 


V B + "^A ^aI^B \ ^A b\ 


(A8,5) 


It is to be observed that, whenever = r^, from which ~ q^ follows 
automatically, formulae (4) and (5) reduce to Raoult’s law. 

We may mention the following special cases of The case ~ 2, 

= I, is that discussed in § 821. As there mentioned, the formulae for 
were first derived for this case by Chang.* Subsequently Miller! 
following a procedure similar to Chang derived the formulae for the case 
^^ = 3, rjj = 1. Furthermore through comparison of the formulae for 
= 2, r,j = I with those for = 3, = 1. Miller by analogy correctly 

guessed the general formulae for r ^ = any value, — 1. Although Miller 
gave no proof of these formulae this was an important step towards the 
solution by much simpler methods of the general case for any values of 
r/j- 

Incidentally the extension of (3) to a mixture of more than two species 
presents no difficulty. 


* Chang, Proc, Roy. Roc. A, 169, 512 (1939); Proc. Camh. Phil. Roc. 85, 205 (1939). 
t Miller, Proc. Camb. Phil. Roc. 38, 109 (1942); 89, 54 (1943). 


Note on p. 399 

§ A 9. It should be noted that the functions cr and t are int^errelated by 
^T{x) + itr{x) = (A9, 1) 

Note on p. 597 

§ A 10. In the main text the equivalence between Bethe’s method (in the 
usual first approximation) and the quasi -chemical equations has been proved 
for assemblies of two kinds of molecules each occupying a single site. It can 
in fact be shown that for the most general mixture of several kinds of mole- 
cules each occupying any number of sites, Bethe’s method always leads to 
the quasi-chemical equations of equilibrium. More precisely one would say 
that these quasi -chemical conditions are implicitly assumed in Bethe’s 
method (in its usual first approximation). The proof, which is extremely 
simple, is as follows.* 

* Guggenheim, Proc. Roy. Soc. A, 1S8, 222 (1944). 


44-2 
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In Bethe’s method an approximate grand partition fimotion is oonstruoted 
for one (or two) central sites and their neighbours. There is one term in this 
grand partition function for each distinct manner of occupation of all the 
sites. Let (A, A, 8) denote the term in the grand partition function corre- 
sponding to a selected central site being occupied by an element of an ^ 
molecule, a selected nearest neighbour being occupied by an element of 
a different A molecule, and all the remaining sites central and neighbours 
being occupied in some specified manner denoted s 3 rmbolioaUy by S. Let 
(B, By 8) be similarly defined. Let (Ay By 8) denote the term corresponding 
to the selected central site being occupied by an element of an molecule, 
the selected neighbour site by an element of a molecule, aU the remaining 
sites, central and neighbours being occupied in the manner 8. Let (By Ay 8) 
be defined similarly and correspond to the converse manner of occupation of 
the selected central and neighbour sites. 

The essential approximation of Bethels method is the assumption 


(A 10,1) 


(Ay Ay 8)l(Ay By 8) ludependent of 5,1 
(By Ay 8) I (By By 8) iudepeudent of 5, j 

According to this assumption the two Bethe parameters e and rf can be 
defined by ^ ^ ^ 2) 

(B, A, S)I{B, B, 8) = ei/. (A 10, 3) 


It is usual to obteun further information oonoeming the relation between 
6 and rf by using the fact that the central site and its neighbour are physically 
equivalent. The following alternative procedure is simpler and at least as 
profitable. 

Sum (2) and (3) over all 8 obtaining 


(A, A)I{A. B) ^ eh. (A10,4) 

(B, A)I(B, B) = eTi. (A 10, 5) 


where (A, A) denotes the sum of all terms in the grand partition function 
corresponding to the selected central site being occupied by an element of an 
A molecule and the selected neighbour site by an element of a differout 
A molecule; the (A, B), (B, A) and (.8, B) are similarly defined. Now divide 
(5) by (4) thus eliminating e and obtaining 

(A,B)(B, A) 


(A,A)(B,B) 


= 7 *. 


(A 10, 6) 


Since the central site and its neighbour are physically equivalent, it is 
obvious that 


(A, B) = (8, A) 


(A 10, 7) 
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and consequently (6) is equivalent to 




(A 10,8) 


Now each term in the grand partition function is proportional to the fre- 
quency of occurrence of the manner of occupation to which tliat term refers. 
Moreover, there is no special significance attaching to the particular pair of 
sites selected as central site and its neighbour. The nuinliers of pairs of sites 
occupied both by elements of different A molecules, both by elements of 
different B molecules and one by an element of an A moleimle. the other by 
an element of a molecule are therefore jiroportional n'speetively to (A A), 
(BB) and {(.(4, B)i-{B, A)}. Hence (8) is equivalent to the condition of 
quasi-chemical equilibrium, provided 




(A !(),») 


which is precisely the values assumed for i/ in Hethe’s method. 

To sum up, the two essential approximate a.ssumptions of Bethe a method 
are (1 ) and (9). The two assumptions toget her lead immediately to the quasi- 
chemical conditions of equilibrium. 
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510, 535 

Activation energy, for Transport in Imperfect 
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Simple and refined theories of, compared, 
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Cauchy's theorem, use of, 34, 48 
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Charles’ I^w, 71 
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in Practical units, 197 
Chemical Equilibria, 156 sqq. 
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Chemical Kinetics, 489 sqq. 
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Clusius and Bartholem6, Heat capacity of 
HD, D„ 93 
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Collisions in Solution, Number of, 531-534 
Number of energetic, 533 
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Compressed gases. Critical point for, 345 
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Compressibility, effect of, on Thermodynamic 
functions for Electrolytes, 398 
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solid, 435-437 
General theory of, .301 sqq 
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Partition function for, 129 
Cooling, by adiabatic Demagnetization, 653-6,55 
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Correspondence principle, 9 
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Crystals, 145 

of Liquid and (Compressed gas, 342-345 
Crack field, 640, 671 

(^ritical Temperature, for Compressed Gas, 302, 
345 

of (Condensation on Solid, 435-437 
Customary theory of, 314—318 
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Nature of Isotherms near, 311, 316 
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with inert gas, 1 77 
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Effect on Entropy of, 666-658 
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626-629 

,Tahn and Teller’s theorem on, 628 
Kramers’ theorem on, 627 
Crystals, Bands of Electron states in, 466 
CujAu, Comparison of theory and experi- 
ment for, 604, 606 
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Distribution Laws in, 135 
Equation of state of, 149 
Heat capacities of, 141-149 
for Molecular, 7’*-law, 153 
Heat capacity, law of corresponding states 
for, 145 

Heat capacity of, from Elastic const<ants, 148 
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Molecular, Thermodynamic functions for. 
150-154 
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Debye’s approximation for, 133 
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Partition function of, Debye’s approxima- 
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for Order, 573 

Variation with composition, 589 
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619, 626, 629 

J>alton’B Law, 71 

Deactivation rate, importance of, 520 
Debye, Approximation lor normal modes of 
(Vystals, 1.33 

Electrolytes, theory of, dvr Electrolytes 
Heat capac ity of (’rystals, 126 
Second Vinal coefficient tor polar molecules, 
294-29fi 

Degenerate systems, 50 
liegrees of freedom. Classical, 78 
Electronic, 79 
Unexcited, 79 

Delbruck and Moli^ro, (2rand partition func- 
tions, 232 

Demagnetization, Cooling by adiabatic, 653 -655 
Demagneiizing eoeffieicnt, 671 
Dennison, Heat capacity of Hg, 91 
Desorption, energy ol, 444 
Devonshire, Mobile Moncdayois, 425 
Diamagnetie suscoptibility, Atomic, 613-615 
Defined, 610 

of Elec tron gas, 668-670 
Eliminated from Paramagnetic, 616 
Diatomic molecules. Dissociation of, 165-169 
Heat cajiacity of, see Heat capacity 
Dielectric constant, of Imperfect gases, 650 
of Liquids, 643-650 

Debye’s formula for, 644-646 
Onsager's formula for, 646-649 
Gnsager’s and Debye’s, compared, 648 
Onsager’s and Van Vleck’s, compared, 649 
in Theory of Electrolytes, 394-396 
of VVator. 405 
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Dieterici, Equation of state, 276 
Dilute Solutions, 370-374 
Heat of dilution of, 374 
Homogeneous chemical equilibria in, 375 
Dipole moments, 639, see aUo Electric sus- 
ceptibility 

Dispersion energy, 277 
Dissociation, of Diatomic molecules, 165-169 
of Isotopic diatomic molecules, 167-169 
Dissociative Equilibrium, Constant of, 173 
in Electrolytes, 377-379 
Simple examples, 158 
Distribution Laws, in Crystals, 135 
for Electron velocities, 459-461 
Fermi- Dirac, for Electron gas, 454—461 
in Imperfect gases, 259-261 
DuBridge, Photoelectric effect, 483 
Dulong and Petit's Law, 142 

Ehrenfest, meaning of adiabaiiach-reveraibel, 
255 

and Oppenheimer, Accessible states, 20 
and Trkal, Dissociation theory, 156, 162 
Symmetry numbers, classical, 87 
Eigen functions, Antisymmetrical, 16 
Defined, 4 
Symmetrical, 16 

Einstein, Heat capacity of Crystals, 126 
Normal modes of Crystals, 131 
Einstein -Bose, see Bose- Einstein 
Elastic constants. Heat capacity of Crystals 
from, 148 

Electric field inside matter, 640 
Electric susceptibility, 608 sqq. 

Atomic, defined, 613 
for Independent systems, 633-639 
Debye’s formula for, 634 
Effects due only to non-rotating systems, 
636-638 

Experimental values, 638 
Quantal theory of, for Rigid rotator, 635 
Electrolytes, 377 sqq. 

Activity coefficients in, 381-383 
Anomalies of strong, 381-383 
Boltzmann’s formula, use of, in, 388 
Debye’s theory of, 385 sqq. 

Oitique of, 405-409 

Dependence on Dielectric constant of, 
394-396 

Self-consistency of, 391 
Dissociation, degree of, in, 377-679 
Hydration effects on, 379 
Heat of Dilution in, 403-405 
Osmotic coefiicientB in, 381-383, see Osmotic 
Partition functions for, see Partition function 
for Electrolytes 

Poisson’s equation, use of, in, 385-387 
Electronic Heat capacity, in Diatomic gases, 
102-106 

for NO at low temperatures, 104 
for 0| at high temperatures, 104-106 
Electrons, Absolute Activity of, 458 


Electrons (cotUd.) 

Atmosphere of. Elementary theory of, 475 
Degrees of freedom of. Partition function for, 
79 

Free, in Metals, defined, 465-469 
Gas of. Diamagnetic susceptibility of, 068-670 
Formulae for, adapted to Metals, 463-465 
Paramagnetic susceptibOity of, 667 
Statistics of, 453-461 
Thermodynamic functions for, 461-463 
in Metals, Heat capacity of, 472^75 
Thermodynamic functions for, 472 
Rate of evaporation of, 477 
Transmission coefficient of,acroB8 barriers, 478 
Vapour pressure constant of, 476 
Encounters, in Solutions, defined, 534 
Energy, of Activation, see Activation energy 
Equipartition of, 121-124 
Free, see Free energy 
Molecular, see. Molecular energy 
of Vibrations, distribution of, 495-497 
Entropy, Absolute, 191 
Calorimetric, Defined, 196 

and Spectroscopic compared, 210-215 
effect of Crystalline field on, 656-658 
Defined, 57 

of Evaporation at boiling point, 334 
General form of, below 1° K., 661 
of Liquids, Glasses and Solutions, 217-219 
effect of Magnetic interactions on, 658-660 
of Meltmg, 329 
of Mixing, 163 

Molecular, of Gas and Crystal, 189-191 
of Paramagnetic salts, 652 
Spectroscopic (spins omitted), defined, 196 
Equal areas. Rule of, see Rule of equal areas 
Equation of state, of Crystals, 149 
of Imperfect gases, empirical, 273-276 
of Perfect gases, 7 1 
Reduced, 316 

Equilibrium, Chemical, 156 sqq. 

Chemical, general, 164 
Equivalence of Thermodynamic and Statis- 
tical laws for, 62-65 
for Heterogeneous reactions, 183 
Homogeneous gaseous, Comparison of theory 
and experiment, 215-217 
in External fields, 229 
for Order-disorder, 567 sqq. 

Ortho-para separations, effect of, on, 187 
Phase, condition for, 64 
Theory, applicability of, to Reaction rates, 
517-519 

Thermodynamic form of laws of, 65-67 
between Vapour and Crystal, 175-177 
Equipartition of energy, 121-124 
Euoken, Heat capacity of Diatomic gases, 101, 
104 

Vapour pressure constants, 204, 216 
Eulerian angles, 106 

Evaporation, Entropy of, at boiling point, 334 
Exclusion principle, 17 
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External fields, classical Hamiltonian for 
systems in, fi08-610 
External reactions of Assembly, 54 
Eyring, Entropy of Liquids, 327 

and Hirschfelder, Free volume of Liquids, 
332 

and others. Refined theory of Reaction rates, 
614-617 

Fermi-Dirac Statistics, 47, 49, 159 
for Electron gas, 453 

Ferromagnetism, Collective electron, Stoner’s 
treatment, 678-685 
Curie temperature for. 677 
Heisenberg's explanation of. 677 
Ideal, laws for, 674 
Weiss's theory of, 675-077 
Free energy, of Adhesion between Liquid and 
Vapour, 445-448 

Configurational, power senes for, 574-576 
for Non-equivalent sublattices, 598-604 
Defined, 58 

of Electrolytes, Debye’s approximation, 392 
of Liquid, form of, 322 -324 
in Magnetic field, 673 
of Perfect gas, 7 1 
Free volume of Liquid, 331-334 
Fugacity, defined, 266 
Fundamental formula, defined, 59 
J'uoss’s treatment of Ionic association, 413-415 

Gases, Compressed, see Compressed gases 
Imperfect, see Imperfect gases 
Mixtures of, Entropy ot, 162-164 
Free energy of, 162-164 
Perfect, see Perfect gases 
Refractive index for, 641-643 
Qiauque, Comparison of Calorimetric and 
SpectrOHCopu' Entropy, 196, 210-215 
Definition of ice pomt, 69 
and others. Vapour pressure data, 203 
Gibbs, Adsorption formula, 423, 444 
Chemical potential, 301 
Condition for Dissociative equilibrium, 162 
Definition of Partial potentials, 59 
Elementary principles in Statistical me- 
chanics, 55 
Function, 233 

Grand Canonical ensemble, 231 
Gibbs-Duhem relation, 233, 422 
Gillespie and others, solubility of H in Pd, 561 
Glasses, Entropy of, 217-219 
Gorsky, approximation for Order, 574 
Grand Canonical ensemble of Gibbs, 231 
Grand Partition function, 231 sqq. 
Constructed and used, 234 
for Ciystals, 240-242 
General Imperfect, 552 
Perfe?t mixed, 242-244 
for Electron gas, 667, 681 
for Gases, 236-239 
for Groups of sites, 589-595 


Grand Partition function {contd.) 
for Regular Assemblies, 244-253 
for Surface phase, gaseous, 239 
Gronwall and others, solution of Poisaon- 
Boltzmann equation, 408 
Giintelberg. Activity coefficients, Ionic, 407 

Hamiltonian, Classical for systems in External 
field, 608-filO 

Hamiltonian Energy for Rigid body, 106 
Hamilton's equations of motion, 8 
Harmonic oscillator, 25-28 
Partition function for, 40-42 
Heat capacity, Anomalous Configurational, 
583-586 

of Crystals, 141-149 
Atomic, 7’*-law for, 142 
Debye’s approximation, 141-144 
Molecular, 7’*-law for, 153 
of Hydrogen gas at high temperatures, 98 
via Partition functions, 68 
of Perfect gases, 80 sqq. 

Diatomic, 90 
Polyatomic, 111-121 

Rotational, for at low temperatures, 91-94 
Vibrational, for Diatomic molecules at high 
temperatures, 94-102 
Slow attainment of equilibrium, 100-102 
Heat of Dilution, of Elc( trolytes, 403-405 
of Solutions, ddutc, 374 
Heat of Evaporation of Ijiquids, 349 
Heitler and London, Overlap energy, 278 
Helmholtz, Free energy, 233 
Henry, Heat capacity of simple gases, 101 
Horzfeld, Diameters of molecules, 277 
Heterogeiioous Reaiitions, Equilibrium of, 183 
Hildebrand, Regular Solutions, defined, 246 
Rule, 350 

Solutions of molecules of different lengths, 370 
Hinshelwood, Unimolecular reactions, 628 
Hirschfelder and others, Entropy of Molting, 330 
Equation of state at high pressures, 289 
Joule-Thomson coofticients, 288 
Homogeneous Reactions, Equilibrium of, 
156 sqq. 

in Solutions, dilute, 375 
Hovorka and Rodebush, Osmotic coefficients. 
402 

Huckol, Electrolytes, theory of, 394 
Hund, Paramagnetic susceptibility, 619 
Hydration in Electrolytes, Effects of, 379 
General discussion of, 379-381 

Ice point, Giau quo’s definition of, 69 
Ideal Assemblies, defined, 244 
Im pacts on a plane, number of, in Perfect gas, 1 24 
Imperfect Crystals, 641 sqq. 

Activation energy for transport m, 549 
of Binary salts, .545-549 

with Exetss of one component, 549-552 
General, Grand Partition function for, 562 
Simple pure, 542-545 
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Imperfect Oates, 255 sqq. 

Chemical Equilibrium in, 271 
Dielectric constant of, 650 
Distribution laws in, 259-261 
Empirical Equations of state for, 273-276 
in External 56lds, 300 
General theory of, 301 sqq. 
at High pressures, 289-291 
Partition function for, first approximation, 
262-265 

for Potential energy, 256-259 
Refractive index of, 650 
Simple models, 272 

Thermodynamic functions for, 256-259, 265- 
267 

Impurities, Solutions of, in Crystals, 552 
Insulators and Metals, compared, 465-469 
Intermoleoular energy, 276 sqq. 

Analysis of, 291-296 

Internal Rotations, in Polyatomic molecules, 
107-10#\ 

Ionic Association, Bjernim’s theory of, 409-412 
Fuoss's treatment of, 413-415 
Ionic Atmosphere, Mean thickness of, 393 
Ionic Diameter, Effect of, in Debye’s approxi- 
mation, 397 

Ionic Interaction, Specific, 415-420 
Ionic Strength of Electrolyte, defined, 303 
Isomeric Equilibrium, 157 
Isotherms, for CO, , observed, 302 
near Critic^al temperature, 314-318 
Langmuir’s Adsorption, 427 
Motastable, 304, 314 

Pressure-composition, for H in Pd, 560-563 
Isotopic Diatomic molecules, Dissociation of, 
167-169 

Isotopic Mixed Crystals, Vapour pressure of, 186 
Isotopic Mixtures, C’hemical constants of, 174 

Jahn and Teller, theorem on Crystalline fields, 
628 

Joule-Thomson coefficient, 266, 288 
for Binary mixtures, 299 
Inversion temperature for, 267 

Kahn, Equation of state of gas, 256, 301 
Kamerlingh Onnes and Keesom, Equations of 
state of gases, 273 

Keesom, Equation of state of gas, 273 
Second Virial coefficient for polar molecule, 
294 

Kelvin, Temperature scale, 39 
Kinetic salt effects, in Bimolecular Reaction 
rates, 536-540 

Kirkwood, Configurational Free energy, 674 
Critique of Debye’s theory, 406 
Kramers, Crystalline fields, theorem on, 627 
Electrolytes at high Dilution, 406 

Lacher, Adsorption Isotherm, refined theory, 
442 

Solubility of H in Pd, 668 


Landau, Electron Diamagnetism, 660 
Lange and Robinson, Heat of dilution of 
Electrolytes, 404 
Langevin, Function, 630, 676 
Paramagnetic' susceptibility, theory of, 620 
Langmuir, Adsorption Isotherm, 422, 427 
Larmor’s theorem, 616 
Leonard- Jones, Second Virial coefficient, 280 
Lennard -Jones and Devonshire, Free volume 
of Liquids, 332 

Method of evaluating G for Liquids, 323 
Lewis, Fugacity, defined, 266 
and Gibson, Third Law of Thermodynamics, 
224 

Limiting principle, 9, 25, 26-29 
Lindemann, Unimolecular Reactions, 519 
Liquids, 319 sqq. 

Associated, defined, 320 
Crude models of, 324-326 

Thermodynamic functions for, 328 
Dielectric constant of, ate Dielectric constant 
Entropy of, 217-219 
Free volume of, 331-334 
Harmonic oscillator model for, 325 
Heat of evaporation of, 349 
Normal, defined, 319 
Refined model of, 336-350 
Corresponding states for, 342-346 
Thermodynamic functions for, 342-345 
Refractive index for, 641-643 
Relationship to Gases and (’rystals, 326 
Smoothed potential model for, 325 
and Vapour, equilibrium of. Refined model, 
340-349 

and Vapour interface, Surface energy of, 
448-451 

Localized Assemblies, Complexions enumerated 
for, 29 

London, Dispersion energy, 278 
Second Virial coefficient, 296 
Lorenz- Loren tz formula for Refractive index, 
642 

Maclood, Equation for Surface tension, 460 
Magnetic Field, Free energy in, 673 
Magnetic Interactions, effect of, on Thermo- 
dynamic functions, 658-660 
Magnetic Susceptibility, 608 sqq., see alao 
Diamagnetic s.. Paramagnetic s. 
of Alkali metals, 670 
Atomic, defined, 613 
of Metals, 666-671 
Magneton number, 621 
Matter, Atomic constitution of, 3 
Maxwell’s Law, 73-77 
Mayor, Equation of state of gas, 276, 301 
Mechanism of gas Reactions, Bimolecular, 
defined, 500 

Unimolecular, defined, 500 
Melting, Elementary theory of, 329-331 
Entropy of, 329 

Metallic Alloys, Order-disorder in, 563 sqq. 
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Metals, Electron theory of, 462 sqq. 
and Insulators, compared, 465-469 
Magnetic susceptibility of, 666-671 
Solutions of H in, 554-563 
Mixing, Entropy and Free energy of, in Gases, 163 
Molecular energy, defined, 72 
Molecules, Diatomic, see Diatomic molecules 
Polyatomic, see Polyatomic molecules 
Monolayer, Ideal localized, 426-428 
Spreading pressure for, 443 
Mobile, 423-426 
Regular localized, 429-443 
Crude approximation, 430-433 
Grand Partition function for, 438-441 
Refined treatment of, 437-443 
Two-phase, 433-435 

Nemst’s Formula for Equilibrium constant, 173 
Heat theorem, 92, 184, 191, 223 
Conditions for validity of, 226-229 
Deduced from Third Law, 226 
Identification of V^apour pressure and 
Chemical constants, 183 
Principle of unattainability of Absolute zero, 
224 

Non-localized Assemblies, (Complexions enu- 
merated for, 30 

Normal modes, of Crystals, 130-134 
Bom's analysis of, 152 
Debye terms, 161 
Einstein terms, 151 
of Elastic Continuum, 127 
Nuclear Spin, 84-87 
in Atomic Partition functions, 87 
Nuclear Symmetry in Diatomic molecules, 84-87 

Onsager, Critique of Debye’s theoiy of Electro- 
lytes, 405 

Order, long range, defined, 567 
Order-disorder in Metallic alloys, 563 sqq. 
Comparison of approximations, 581 
Comparison of theory and experiment, 586- 
689 

Curie temperature for, 573 

Variation with composition, 589 
Quasi-chemical method, 576-581 
Variations of type of, 605 
Zeroth approximation for, 570-674 
for AB^ lattices, 600-603 
Orientational degeneracy frozen in, 220-223 
Ortho-molecules, defined, 91 
Ortho-para separations, effect of, on Equili- 
brium, 187 

Oscillators, Harmonic, see Harmonic oscillator 
Localized, Assemblies of, 30-34 
Osmotic coefficients in Electrolytes, 381-383 
Compared with experiment, 401-403 
from Debye's approximation, 399-401 
Overlap energy, 277 

Paramagnetic Salts, Entropy of, 652 
Below V K., 661 


Paramagnetic Saturation, 629 
Paramagnetic Susceptibility, of Atoms, 618 
in Crystalline field, 626-029 
Curie’s law for, 619 
Defined, 610 
of Electron gas, 667 
of Free molecules, 631-633 
Hund’s formula for, 619 
Lange vin’s formula for, 620 
of Rare earth salts, 621-624 
of Transition element salts, 624 
Weiss’s law for, 627 
Para- molecules, defined, 91 
Partial Molecular volume, defined, 72 
Partial Potential, Defined, 69 
of Crystal, final proof, 178 
Partial Pressure of Perfect gas, 7 1 
Partition function, (Uassical.for Rigid body, 106 
for (Configurations of given Order, 568 
for Continuum. 129 

for (Vystals, Debye’s approximation, 133 
Electronic factors for, 134 
Nuclear factors for, 134 
Perfect mixed, 154 
Defined. 33 

for Electrolytes. Dimensional analysis, 384 
Effect of Electrostatic forces on, 383 
Milner’s formula. 384 
for Electron spins in Crystalline field, 667 
for Electronic Degrees of freedom, 79, 102-106 
Grand, see Grand Partition function 
Further generalization of, 253 
for Harmonic oscillators, 40-42 
for Imperfect gases, Evaluated by Associa- 
tion theory, 267-270 
First approximation, 262-265 
Structure of, general theory, 301 sqq 
for Perfect gases, see Perfect gases 
for Rigid rotators, 43-45, 106 
with Electric dipoles, 633, 635 
with Magnetic dipoles, 620, 629, 652 
Rotational, for H,at low temperatures, 91-94 
for Structureless particles in a box, 52-54 
for Systems of several freedoms, 39 
in External fields, 612 
for Temperature radiation, 129 
Pauli, Exclusion principle, 17 
Theoiy of Electron Paramagnetism, 667 
Pauling, Entropy of ice, 214 
Rotations in solids, 151 

Peierls, Order in Non-equivalent sublattioes, 603 
Perfect gases, 70 sqq. 

Diatomic, 82 sqq. 

Heat capacity, Electronic for, 102-106 
Rotational for, 83 
Vibrational for, 94-102 
Nuclear symmetry in, 84-87 
Partition functions. Rotational for, 83 
Vibrational for, 97 

Thermodynamic functions for, 88-90 
Distribution laws for, 73 
Eneigy of, 72 
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Perfect gasee {oontd,) 

Equation of itate of, 71 
Piie energy of, 71 
Monatomic, 8(i-82 
Heat capacity for, 81 
Partition function for, 80 
with Nuclear spin, 87 
Thermodynamic functions for, 81 
Number of impacts on a plane in, 124 
Partial pressure of, 71 
Polyatomic, Heat capacity of, 111-121 
Internal rotations in, 107-100 
Partition functions for, final form, 100-111 
Symmetry numbers for, 107 
lliermodynamic functions for, final form, 
100-111 

Vibrational freedoms for, 107 sqq. 
Pressure of, 71 
Perfect Solutions, 353-356 
Perrin's determination of Avogadro's number, 
77 

Phase equilibrium, condition for, 64 
Photoelectric effect, 481-480 
Pipe field. 640, 671 
Planck’s Constant, 3 
Law of temperature radiation, 130 
Poisson-Boltzmann equation, refined solution 
of, in Electrolytes, 407-400 
Polarization, molar Optical, Orientational, and 
Total, defined, 642-644 

Potential energy of Imperfect gases. Partition 
function for, 256-250 
Potential, Partial, see Partial potential 
Thermodynamic, see Thermodynamic po- 
tentials 

Quasi-chemical method for Order, 576-681 
Equivalent to Bethe’s method, 605-508 
Quasi -static process, defined, 255 

Radiation, Partition function for temperature, 
120 

Planck's Law for temperature, 130 
Raman spectra of Liquids, 321 
Raoult's Law for Perfect Solutions, 354 
Rayleigh, calculation of Surface energy, 446 
Reactions, between Crystals, Transition points 
of, 108 

External, see External reactions 
in Gases, Bimolecular, see Bimolecular re- 
actions 

Classified, 400-501 
Mechanism of, defined, 500 
Order of, defined, 400 
Unimolecular, see Unimolecular reactions 
in Solutions, Use of Activated complex, 535 
Rectilinear diameter, 318 
Reduced Equation of state, 316 
Refractive index, of Gases and Liquids, 641-643 
of Imperfect gases, 650 
Regular Assemblies, Defined, 245 
Grand Partition function for, 246-251 


Rdsgular Assemblies (contd.) 

Thermodynamic functions for, 261-253 
Regular Solutions, 351, 355-366 
(^de theory, 356-368 
Defined, 351 

Partial Vapour pressure of, 358 
Refined theory, 358-366 
Residual energy, 41 

Richardson 's Emission formula for £lectrons,478 
Rigid body, classical Rotational Partition 
function for, 106 
Rigid rotator, 28 

Rotational Partition function, classical, for 
Rigid body, 106 

for Hg at low temperatures, 91-04 
Rotations, free, in C^stals, 151 
Rotator, rigid, 28 
Rule of equal areas, 315 

Saturation, Paramagnetic, see Paramagnetic 
saturation 

Sobrodinger's equation, 5 sqq. 

for Systems in External fields, 610 
Sedimentation, 77 
Semi-conductors, 467 
Simon, Nemst's Heat theorem, 223 
Proof of Third Law, 225 
and others. Heat capacity, anomalous, of 
H., 207 

and Simeon, Rotations in crystals, 151 
Solutione, Activated complex in, used, 535 
Bimolecular Reaction rates in, 530-536 
Collisions in, 531-534 
of £leotrol 3 rteB, see Electrolytes 
Encounters in, 534 
Entropy of, 217-219 
of H in Metals, 554-563 
of H in Pd, 558-563 
Ideal, Dilute, see Dilute Solutions 
of Impurities in Crystals, 552 
of Molecules of widely different size, 366-370 
Perfect, see Perfect solutions 
Strictly Regular, see Regular solutions 
Sommerfeld, Electron theory of Metals, 452 
Specific interaction, Brdnsted’s principle of, 417 
Spectroscopic stability, 619 
Sphere field, 640, 671 
Spin, Nuclear, see Nuclear spin 
Spreading pressure. Thermodynamic theoiy of, 
422 

Stark effect, Crystalline, 626 
Linear and Quadratic, 611 
State, stationary, of an Assembly, defined, 4-7 
Statistical construction of Xx, 234 
Statistical mechanics, relationship to Thermo- 
d 3 mamics in dissociating Assembly, 
160-162 

Statistical temperature scale, 37-39 
Statistics, Bose-Einstein, see Bose-Einstein 
statistics 

Classical, see Classical statistics 
Fermi-Dirac, see Fermi-Dirac statistics 
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Steepest desoents, method of, 34-37 
Stoner, Collective electron Ferromagnetism, 
678-686 

Susceptibilities, 608 sqq. 

Structureless particles. Partition function for, 
in a box, 52-54 
Superlattice, defined, 564 
Superlattice lines, X-ray, 564 
Surface Fnergy of Liquid -Vapour interface, 
448-451 

Surface Tension, near Critical point, 450 
Thermod 3 mamic theory of, 422 
Surfaces, 421 sqq. 

Susceptibility, see Klectno s.. Diamagnetic a.. 
Magnetic s. or Paramagnetic s. 
Symmetrical Eigen functions, 16 
Symmetry, Nuclear, sec Nuclear symmetiy 
Number, defined. 87 

for Polyatomic molecules, 107 
l^pe, for actual Assemblies, 17 
System, Defined, 1 
Degenerate, 50 

Temperature, Absolute, Defined, 57 
Measurement of, below 1® K., 665 
Principles of measurement of, 662-665 
Scale of, 39 

Critical, sec Critical temperature 
Curie, sec Curio temperature 
Statistical scale of, 37-39 
Thermal expansion, Anomalous, for Metallic 
alloys, 606 

Thermionic Emission of Electrons, 476-481 
Experimental data, 479-481 
Temperature dependence ot x Xo» 484486 
Thermodynamic Functions, for Crystals, 137— 
140 

Molecular, 150-154 
Perfect mixed, 184 
for Dissociating Assembly, 160-162 
for Electron gas, 461463 
Extrapolation of, to Absolute zero, 192-194 
for Imperfect gases, 266-269, 266-267 
for Liquids, and Compressed gases, 342-345 
Crude models, 328 
with Magnetic interactions, 668-660 
for Perfect gases, 81, 88, 109 
for Regular Assemblies, 261-253 

Special, 232-234 ^ ioa- 

Statistical, compared with experiment, 194- 

197 

Thermodynamic Potentials, defined, 69 
Thermodynamics, for Classical Statistic, 67 
Derived from Stotistical mechanics, 62-66 
lAWB of, 56-62 

in Magnetic field, 673 iio 

Second t6w of, alternative form, 60-6^ 


Thermodynamics {contd.) 

Third Law of, 219-229 
Historical sketch, 223 
Nemst’s Heat theorem deduced from, 226 
Statistical interpretation, 227-229 
Tolman, Principles of Statistical mechanics, 7 
Theorem on Bimolecular reactions, 503 
Unimolecular reactions, 521 
Transition points of Reactions between Crystals, 
198 

Transmission coefficient for Electrons across 
barriers, 478 

Trouton’a Rule, 319, 332-336, 360 

Uniform integrals and Equations of motion, 1 1 
Unimolecular Reactions, Absolute rates of, 629 
Kate constant fur, 519-521 
Reverse processes of, 522 
Revised theory of rate of, 526-629 
Temperature coefficient of rate of, 521 
Theory and experiment compared for, 623—629 
Ursbll’g method £or evaluating Ci, 264 

Van der AVaals, Equation of state, 273 
Theory of Liquids, 321 
Van Vleck, Susceptibilities, 608 sqq. 
Vapour-Crystal Equilibrium, 176—177 
Vapour-Liquid Equilibrium, 346-349 
Vapour Pressure, Constant, 182 
of Electron, 476 
m Practical units, 197 
Related to Chemical constant, 183 
of Crystals, General form of, 181 
Isotopic mixed, 1^6 
Diatomic vapours, 202-206 
of Hydrogen, 205-210 
Monatomic vapours, 199-202 
Vibrations, Distribution of energy of, 496497 
Heat capacity of, Heat capacity 
of Polyatomic molecules, 107 
Virial of Clausius, 270 
Virial coefficients, 276 

Second, for Binary mixtures, 296-300 
Compared with experiment, 282—289 
for Polar molecules, 294r-296 
Theoretical form of, 279-282 
Volta potential, 486488 

Volume, Partial molecular, see Partial mole- 
cular volume 

Weight, 23-28 . 

Weiss’s law, for Ferromagnetics above Cune 
point, 677 

of Paramagnetic susceptibility, 627 

Zeeman effect, for Atoms, 616-618 
Linear and Quadratic. 61 1 



